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Abstract 

ABSTRACT 

This work focuses on the modelling of diesel fuel heating process taking into account 

temperature distribution inside droplets, and their semitransparency with a view to 

potential application to diesel engines. Suggested approaches to numerical modeling of 

droplet heating are based on new analytical solutions of the heat conduction equation 

inside a spherical droplet. They are obtained for constant, almost constant and arbitrary 

convection heat transfer coefficients (h) in the presence of thermal radiation. To take 

into account the semitransparency of diesel fuel droplets, the absorption spectra of four 

types of diesel fuel are studied experimentally in the range between 0.2 µm and 6 µm. It 

is shown that the solution based on the assumption of constant heat transfer coefficient is 

the most computer efficient for implementation into numerical codes. This approach is 

shown to be more effective than the approach based on the numerical solution of the 

discretised heat conduction equation inside the droplet, and more accurate than the 

solution based on the parabolic temperature profile model. Droplet evaporation and the 

effects of time dependent gas temperature and convection heat transfer coefficient are 

taken in the limit of slow evaporation. The relatively small contribution of thermal 

radiation to droplet heating and evaporation allows us to adopt a simplified model, 

which does not consider the variation of radiation absorption inside droplets. The 

suggested models for temperature gradient inside semitransparent droplets are applied to 

the investigation of the effects on droplet evaporation, break-up and the ignition of fuel 

vapour/ air mixture based on a zero-dimensional code. This code takes into account the 

heat and mass exchange between liquid and gas phases and describes the autoignition 

process based on the Shell model. Even in the absence of break-up the effect of 

temperature gradient inside droplets leads to a noticeable decrease of the total ignition 

delay. In the presence of the break-up process the temperature gradient inside droplets 

can lead to substantial decrease of the droplet evaporation time and ignition delay. The 

numerical algorithm based on the analytical solution of the heat conduction equation 

inside droplets for constant h is implemented into KIV A2 CFO code. The predictions of 

the new model were validated against available experimental data. It is recommended 

that both the effects of temperature gradient inside droplets and their semitransparency 

are taken into account in computational fluid dynamics codes not only in diesel sprays 

but also in a wide range of spray applications. 
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1. INTRODUCTION 
1.1 Statement of the problem 

Chapter 1: Introduction 

Heating of droplets by a hot surrounding gas in diesel engines is driven by convective 

and radiative heat transfer. In the case of convective heating, there is an initial increase 

of temperature at the surface of the droplets, from where the heat is transferred to their 

main body by conduction. In the case of radiative heating of realistic semi-transparent 

droplets, the thermal radiation is absorbed inside the droplets (Dombrovsky et al, 2001). 

If the droplet is moving the circulation inside the droplet becomes significant and 

convective heat transfer inside the droplet should be taken into account (Sirignano, 

1999). 

A considerable progress has been achieved in developing models of droplet 

convective and radiative heating (Abramzon and Sirignano, 1989; Lage and Rangel, 

1993a; Griffiths and Barnard, 1996; Aggarwal, 1998; Sirignano, 1999; Dombrovsky, 

2000; Sazhina et al, 2000; Sazhin et al 2001a, 2004a, b, c; Dombrovsky, 2002b; 

Dombrovsky and Sazhin, 2003b, 2004). At the same time the application of these 

models in computational fluid dynamics (CFD) codes, used in engineering applications, 

is still limited (see Bertoli and Migliaccio, 1999; Sazhin et al, 2002). This leads to the 

need to develop the models of these processes to describe the essential features of the 

phenomena while keeping them simple enough for implementation into CFD codes. 

These models, which take into account radiative heating of realistic semi-transparent 

droplets, temperature gradient and the effects of recirculation inside droplets, shall be 

implemented into a CFD code to provide more accurate modelling of fluid dynamics, 

heat transfer and combustion processes in diesel engines. 

1.2 Background 

Bertoli and Migliaccio (1999) were perhaps the first who drew attention to the fact that 

the accuracy of CFD computations of heating, evaporation and combustion of diesel fuel 

sprays could be substantially increased if the finite thermal conductivity of the liquid is 

taken into account. They suggested that the numerical solution of the heat conduction 

equation inside the droplet is added to the solution of the other governing equations in 

any CFD code. The authors performed some numerical tests for a combustion bomb to 

analyse the influence of the modified model on droplet heating, evaporation rate and 

droplet lifetime. The results showed that this approach increased the accuracy of CFD 

predictions. However, the additional computational cost of this approach might be too 
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Chapter I: Introduction 

high for practical applications. Also the authors did not take into account the thermal 

radiation effects. 

Sazhin and Krutitskii (2003) derived the solution of the heat conduction equation 

inside droplets using simplified assumptions. They assumed constant heat transfer 

coefficient and constant initial temperature distribution inside droplets. The authors also 

neglected the thermal radiation term. In the limiting case of infinitely large thermal 

conductivity, this solution is reduced to that predicted in the 'rapid mixing limit'. 

An alternative approach to taking into accounts the effect of finite thermal 

conductivity and recirculation inside droplets has been suggested by Dombrovsky and 

Sazhin (2003a). This model is based on the parabolic approximation of the temperature 

profile inside droplets. This approximation does not satisfy the heat conduction equation 

with appropriate boundary conditions, but satisfies the equation of thermal balance at the 

droplet surface. Comparison with numerical solutions of the transient problem for 

moving droplets showed the applicability of this approximation to modelling the heating 

and evaporation processes of fuel droplets in diesel engines. The simplicity of the model 

makes it practically convenient for implementation into multidimensional CFO codes. 

This model was implemented into a research version of the CFO code VECTIS of 

Ricardo Consulting Engineers and preliminary results were published by Sazhin et al 

(2002). This model can be used in CFO codes if the high accuracy of calculations is not 

essential. The predicted error for the evaporation time from this model has not been 

investigated. 

The model suggested by Dombrovsky et al (2001) took into account the semi

transparency of fuel droplets but assumed that the radiation is absorbed uniformly inside 

the droplets. Detailed Mie calculations were replaced by the approximation of the 

absorption efficiency factor for droplets with an analytical formula aR!, where Rct is the 

droplet radius, a and b are quadratic functions of gas temperature (the authors implicitly 

assumed that the external gas temperature, responsible for radiative heating of droplets is 

equal to the ambient gas temperature, responsible for their convective heating). The 

coefficients of these functions were found based on the comparison with rigorous 

calculations for a realistic diesel fuel, for droplet radii and gas temperatures in the ranges 

5 - 50 µm and 1000 - 3000 K respectively. This model allowed the authors to attain a 

reasonable compromise between accuracy and computational efficiency. This is 

particularly important for the implementation of a thermal radiation model into a 

multidimensional CFO code designed to model combustion processes in diesel engines. 
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Chapter l: Introduction 

The coefficients a and b were obtained based on values of index of absorption in the 

wavelength ranges: 0.2-1 µm and 2- 6 µm. 

Dombrovsky and Sazhin (2003b) developed a simple analytical approximation for 

normalised absorbed radiation power assuming that the geometrical optics 

approximation is valid. The authors used the simplified MDP0 approximation 

(Dombrovsky, 2000; 2002b). It was shown that the radiation power absorbed in the 

droplet core is rather large and almost homogeneous. Also, the absorbed power is large 

in the vicinity of the droplet surface, but is minimal in the intermediate region. It is 

worth pointing out that these results were obtained based on the limited data of diesel 

fuel index of absorption reported in Dombrovsky et al (2001). Although this 

approximation is more accurate than that based on the assumption of uniform thermal 

radiation absorption inside the droplet the additional computational cost might be too 

high for practical applications. 

1.3 Objectives of the research project 

There are two main objectives of the present research project. The first objective is to 

develop accurate and computer efficient physical models for convective and radiative 

droplet heating and the method of their implementation into CFD codes. The second is 

to investigate the applicability of the models to realistic conditions in diesel engines and 

their usefulness. 

These objectives are expected to be achieved based on the following investigations: 

1) Extending the applicability of the model suggested by Dombrovsky et al (2001) 

for a wider range of droplet radii, external and ambient gas temperatures and for 

various types of diesel fuel. This will be based on the experimental 

measurements of the index of absorption in the whole range of wavelength (0.2 -

6 µm) for various types of diesel fuel. 

2) The applicability of the absorbed radiation power model by Dombrovsky and 

Sazhin (2003b) for diesel fuels will be investigated based on a wider range of 

measured data for the index of absorption for different types of diesel fuel. Also 

the comparison of this model with that based on the assumption of uniform 

radiation distribution inside the droplet (Dombrovsky et al, 2001) will be 

performed. 

3) The parabolic temperature profile model suggested by Dombrovsky and Sazhin 

(2003a) will be investigated in details taking into account the effect of 
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evaporation on the droplet surface temperature calculations. The accuracy of this 

approach will be discussed based on the solution of the heat conduction equation 

inside the droplets. 

4) The analytical solution of the heat conduction equation inside the droplets for 

constant h, almost constant h and an arbitrary h will be developed taking into 

account the thermal radiation effects on heating and evaporation of diesel fuel 

droplets. This will allow us to take into account the temperature variation inside 

the droplet more accurately and computer efficiently than in the case of the direct 

numerical solution of the heat conduction equation. 

5) The numerical algorithms based on the analytical solution of the heat conduction 

equation inside the droplet for constant h, almost constant h and an arbitrary h 

will be developed and compared with the numerical algorithm based on: 

a) The numerical solution of the discretised heat conduction equation inside the 

droplet. 

b) The numerical algorithm based on the parabolic temperature profile model 

(Dombrovsky and Sazhin, 2003a). 

c) The numerical algorithm based on the assumption of no temperature gradient 

inside the droplet. 

6) The zero-dimensional algorithm taking into account radiative heating of droplets, 

temperature gradient inside droplets, droplet evaporation, coupling with 

surrounding gas will be developed and tested. Effects of droplet motion and 

break-up will be taken into account. Also the ignition of the fuel vapour / air 

mixture will be taken into account based on the Shell autoignition model using 

the mathematical formulation developed by Sazhina et al (1999, 2000). 

7) The numerical algorithms based on the analytical solution of the heat conduction 

equation inside the droplet for constant h will be implemented into KIV A2 CFD 

code and tested for the realistic diesel engine condition. 

Recommendations on the applicability of the new models for numerical modelling of 

fluid dynamics heat transfer and combustion processes in internal combustion engines 

will be made. 

1.4 Layout of the Thesis 

The following chapters present the methodology and the results of the work. The 

review of literature is discussed in Chapter 2. This literature review is divided into three 

4 



Chapter 1: Introduction 

main parts. The first is focused on the global heat transfer processes in diesel engines 

(Section 2.1). The second is focused on the heating of diesel fuel droplet (Section 2.2) 

and the third is focused on modelling the processes in diesel engines (Section 2.3). The 

results of measurements of spectral index of absorption of diesel fuels, the 

approximation of the absorption efficiency factor in various ranges of droplet radii and 

external gas temperature and the implementation of the results into a stand-alone code, 

which assumed that there is no temperature variation inside the droplet, are presented 

and discussed in Chapter 3. The solutions of the heat conduction equation inside a fuel 

droplet are presented and discussed in Chapter 4. Three approximations for the 

convection heat transfer coefficient are considered. Firstly, the coefficient is assumed 

constant and an explicit formula for the time dependent distribution of temperature 

inside droplets is derived (Section 4.3.1). Secondly, the general case of time dependent 

convection heat transfer coefficient is considered. In this case the solution of the original 

differential equation is reduced to the solution of the Volterra integral equation of the 

second kind (Section 4.3.2). A numerical scheme for the solution of this equation is 

suggested. Thirdly, the case of almost constant convection heat transfer coefficient is 

considered. In this case the problem has been solved using the perturbation theory. A set 

of solutions corresponding to ascending approximations is obtained (Section 4.3.3). In 

Chapter 5 the numerical algorithms based on direct numerical solution of heat 

conduction equation inside the droplet, the analytical solution of this equation for 

constant h and almost constant h, the solution for an arbitrary h, the parabolic 

temperature profile model and the assumption of no temperature variation inside the 

droplet are developed. The performances of these numerical algorithms and their 

comparisons with and without the effect of thermal radiation are discussed. The 

investigation of the radiation term is performed by comparing two codes, when the 

distribution of radiation power inside the droplet is neglected and when it is taken into 

account. In Chapter 6 further development of the numerical algorithm based on the 

analytical solution of the heat conduction equation inside a droplet described in Chapters 

3-5 is discussed. This will take into account coupling between droplets and gas and the 

autoignition process in the frame work of a zero-dimensional code. Results of its testing 

and application to modelling the processes of heating, evaporation, ignition, and break

up of diesel fuel droplets are presented. The effects of droplets' velocities, heating and 

evaporation on the surrounding gas are shown to lead to acceleration of gas by moving 

droplets. Cooling of gas, accompanying heating and evaporation of droplets, diffusion of 
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fuel vapour through the gas and, finally to the ignition of fuel vapour/ air mixture are 

taken into account. All values of gas parameters (velocity, temperature, fuel vapour 

concentration etc) are assumed to be spatially homogeneous. Parameters typical for a 

diesel engine combustion chamber are used. This code is tested against sets of several 

available experimental data. Results of sensitivity studies of the effects of temperature 

gradient inside droplets and radiation on droplet evaporation time, ignition delay and the 

break-up process are discussed. The results of implementation of the new model in 

KIV A2 CFD code is described in Chapter 7. The main results of the Thesis are 

summarized in Chapter 8. 
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Chapter 2: Review of Literature 

2. REVIEW OF LITERATURE 

This literature review includes three main parts. The first part is focused on the global 

heat transfer in diesel engine combustion chamber (Section 2.1). The second part is 

focused on the heating of diesel fuel droplet by surrounding gas (Section 2.2). The third 

part is focused on modelling of the processes in diesel engine (Section 2.3). The main 

conclusions of this chapter are summarized in Section 2.4 

2.1 Heat transfer in diesel engines 

The heat transfer from the combustion chamber to the cooling medium in diesel engines 

has been studied by various investigators (Lichty, 1967; Woschni, 1967; Taylor, 1979; 

Xu et al, 1984; Crook et al, 1985; Assanis and Heywood, 1986; Alkidas, 1987; Borman 

and Nishiwaki, 1987; Woschni, 1988; Heywood, 1988; Assanis and Badillo, 1989; 

Saeed, 1989; Shyler and May, 1993; Lingen et al, 1996; Rakopoulos Mavropoulos, 

1998; Abdelghaffar et al, 2002). The instantaneous heat flux inside the diesel engine 

combustion chamber was studied by Baker and Assanis (1994), Han and Reitz (1997), 

Uchimi et al (2000), Yamada et al ( 2002) and Reichelt et al (2002). The details of these 

studies are beyond the scope of this research. 

The radiation is particularly important during the combustion period of the cycle. It is 

estimated that up to 40 % of heat is transferred to combustion chamber walls by 

radiation (Chapman et al, 1983). Its share depends on the engine type, speed and load. 

The main sources of radiation are soot particles formed in the areas of locally rich fuel

air mixture (Chapman et al, 1983). The radiation heat transfer process has been studied 

by a number of authors. Flynn et al (1972) studied the radiation heat transfer in an 

operating diesel engine under a wide range of operating conditions. The result of this 

work indicates that the radiation temperature during the heat release event is much 

higher than the average bulk gas temperature and is much closer to the flame 

temperature. Annand and Ma (1972) developed an approximate relation to compute the 

instantaneous radiative heat flux from the flame to the wall in a diesel engine 

combustion chamber. Kunitomo and Matsuoka (1975) studied the instantaneous 

radiative heat flux from the flame to the wall in a diesel engine combustion chamber. 

Chapman et al (1983) developed a three-dimensional spatial model to determine the 

instantaneous radiation heat transfer in direct injection diesel engines, based on the 

assumption that the primary source of radiation is the soot formed on the fuel-rich side 
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of the combusting spray plumes. The radiation from the soot was assumed to be that of a 

grey body. Their study indicated that there are significant spatial and temporal variations 

in the incident radiation in various regions of the diesel engine combustion chamber. 

Chang and Rhee (1983) developed a radiation heat transfer model of diesel combustion. 

They indicated that the radiation absorption and emission by gaseous combustion 

products could be neglected when compared with that of soot. They also indicated that 

in the very beginning of the combustion process, the thermal radiation is insignificant 

due to the low gas-soot temperature even though the soot concentration is potentially 

high at the time. Menglic et al (1985) used the P-1 and P-3 approximations 

(approximations for the radiative transfer equation for optically thick medium (see 

Sazhina et al (2000b)) to calculate the radiative heat loss to the combustion chamber 

surfaces at different times during the combustion events. The results showed that the P-3 

approximation is more accurate than P-1 approximation in predicting the radiative 

transfer for the conditions in diesel engines. Based on the balance between the accuracy 

and computer efficiency, they indicated that the P-1 approximation is acceptable for 

modelling heat transfer in diesel engines due to the presence of soot. This approximation 

is valid for optically thick media. Cheung et al (1994) indicated that the gas radiation in 

diesel engines is negligible when compared with soot radiation, and gave the 

dependence of the absorption coefficient on crank angle for a direct injection diesel 

engine. The value of the absorption coefficient could reach 40 m-1
, and it increased with 

engine load. Furmanski et al (1997) presented a mathematical and numerical model of 

radiation in an internal combustion engine chamber to get a local distribution of the 

radiative flux on the piston crown as a function of a crank angle. The results showed that 

uneven distribution of radiative heat flux might lead to considerable increase of the 

maximum temperature of the piston crown. The contribution of thermal radiation heat 

transfer was taken into account via the absorption coefficient or emissivity of multiphase 

medium, the value of which was a priori specified depending on soot concentration 

(Kunitomo et al, 1975; Chang and Rhee, 1983; Chapman et al, 1983; Menglic et al, 

1985; Viskanta and Menglic, 1987; Wahiduzzaman et al, 1987; Cheung et al, 1994; 

Abraham and Magi, 1997; Furmanski et al, 1999). 

Abraham and Magi (1997) solved the radiative heat transfer equation using a discrete 

ordinates method and applied the solution to the study of the radiant heat loss 

characteristics in a diesel engine (bore = 13.97 cm, stroke = 15.24 cm). The results of 

this study showed that the ratio of radiant heat loss to total heat loss is about 12% at 
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equivalence ratios of 0.3 and 0.4 and rpm of 1500 and 1900. However, it reaches 15.5% 

for an equivalence ratio of 0.5. It was also shown that as speed is increased from 1500 

to1900 rpm both the radiant and the total heat loss increased but the ratio of radiant to 

total heat loss remained about the same. 

From the above analysis we can conclude that a number of thermal radiation models 

have been discussed in review papers and monographs (e.g. Viskanta and Mengiic, 

1987; Siegel and Howell, 1992; Modest, 1993; Dombrovsky, 1996a, b, c). There is no 

universally accepted radiation transfer model that could be applied to all industrial 

problems, and the choice of the model is often based on engineers' experience and 

intuition. The radiation model, which seems to be most widely used in mathematical 

modelling of combustion processes in diesel engines, is the so-called P-1-model (Sazhin 

et al, 1996; Dombrovsky et al, 2001). This model uses indirect discretisation in different 

directions based on the expansion of the radiation intensity in an orthogonal series of 

spherical harmonics (Siegel and Howell, 1992; Sazhin et al, 1996). In this model the 

radiation temperature 0R can be obtained as (Sazhin et al, 1996): 

_l V l V04 -04 +T4 =0 
R R g ' 

3a a+us 
(2.1.1) 

where a and Us are the absorption and scattering coefficients T8 is the gas temperature, 

subject to appropriate boundary conditions. These conditions are usually formulated in 

the form suggested by Marshak (Siegel and Howell, 1992): 

u(T,:- 0;) 
qn = l 1 (2.1.2) 

where q,, is the normal component of the radiation heat flux at the boundary, Tw is the 

boundary temperature, Bw is the emi ssivily of the boundary. 

Once the distribution of 0R in a given domain has been found from Equation (2.1.1) 

the the1m al radi ation flux can be estimated as (Sazhin et al, 1996): 

q = 4a V04 

3(a + u .,) R 

(2. l.3) 

Equation (2.1. l ) has the same structure as most of transport equations used in CFD 

codes. This means that the P-1 model is particularly appropriate for implementation into 

these codes. The mai n disadvantage of the P-1 approxi mation is its poor accuracy in the 

case of concentrated sources or sinks of radi ation (Sazhin et al, 1996). This means that 

the reliabili ty of this approximation for modell ing of real istic thermal radiation processes 
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can in general be established mainly by trial and error rather than rigorous analysis 

(Sazhin et al, 1996). 

2.2 Heating of diesel fuel droplets 

Evaporation of fuel droplets and ignition of fuel/air mixture is preceded by droplet 

heating. The heating of droplets is driven by convective and radiative heat transfer from 

the surrounding medium. In the case of convective heating, there is an initial increase of 

temperature at the surf ace of the droplets, from where the heat is transferred to their 

main body (Dombrovsky et al, 2001). In the case of radiative heating of realistic semi

transparent droplets, the thermal radiation is absorbed mainly inside the droplets 

(Dombrovsky, 2000; Dombrovsky et al, 2001). Radiative heat transfer may be 

significant whenever (1) the temperature difference between the radiative heat source 

and the droplets is large; (2) the emissivity of the heat source is large, and the 

absorptivity of the droplets is appreciable at the most intensely radiated wavelength; (3) 

the turbulence level in the system is low, and the importance of convective transfer is 

thereby reduced; and ( 4) the droplets are large (Friedman and Churchill, 1965). During 

combustion, there is radiative interchange between the fuel droplets, the flame, the 

combustion walls, and the products of combustion (Friedman and Churchill, 1965). 

Heating of diesel fuel droplets by convection and conduction heat transfer are 

discussed in Section 2.2.1, while the role of the radiation heat transfer is outlined in 

Section 2.2.2. 

2.2.1 Convection and conduction 

2.2.1.1 Classification of the models 

Sirignano (1999) considered the following classification of models for heat transfer 

inside droplets in order of increasing complexity: 1) constant droplet temperature; 2) 

infinite liquid thermal conductivity; 3) conduction-limit; 4) effective conductivity; 5) 

vortex model of droplet heating; 6) Navier-Stokes solution. 

Model 2 is perhaps the most widely used in multidimensional commercial CFD codes 

(e.g. Aggarwal, 1998; Sazhin et al, 2001; Sazhina et al, 2000; Utyuzhinikov, 2002) and 

analytical studies (e.g. Gorelov et al, 1999; Dombrovsky et al, 2001; Bykov et al, 2002). 

The main attractive feature of this model is its simplicity. However, model 3 can give a 

noticeable improvement in the prediction of diesel spray evaporation processes when 

compared with model 2 (Bertoli and Migliaccio, 1999). It is known that model 3 may 
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not lead to an improvement in the accuracy of computations in the case when the 

contribution of recirculation inside droplets is significant (Sirignano, 1999; Levich, 

1962; Abramzon and Sirignano, 1989). In this case, models 4 - 6 would have to be 

applied. Direct application of models 5 and 6, however, would require considerable 

computational resources to take into account 3D effects (Abramzon and Sirignano, 

1989). Model 4, where the effect of convective heat transfer inside droplets is accounted 

for by replacing the actual thermal conductivity of liquid k1 by the so-called effective 

thermal conductivity keff, seems to be a reasonable compromise between accuracy and 

computational efficiency. In this model it is assumed that keff = zk1, where the coefficient 

.z varies from about 1 (at droplet Peclet number Ped= Red1 Prd < 10) to 2.72 (at Ped> 

500) and can be approximated as (Abramzon and Sirignano, 1989): 

x= 1.86+0.86 tanh [2.225 log10 (Pei30)], (2.2.1.1.1) 

where the values of the liquid-phase Peclet number can be obtained as (lncropera and 

DeWitt, 2002; Hohmann and Renz, 2003): 

2p, !Ud - u s!Rd 
Re 111 = ------, 

µ, 
Pr = c1µ1 

I k ' 
I 

µ 1 is the liquid viscosity, Ud and U8 are the droplet and gas velocities respectively, Red1 

and Pr1 are liquid Reynolds and Prandtl numbers respectively, c1 is the liquid specific 

heat capacity and /JI is its density. This factor z describes the heat transfer enhancement 

due to internal circulation as an increase in the effective liquid thermal conductivity 

(Lage and Range, 1993). This model can predict the droplet average surface 

temperature, but not the distribution of temperature inside droplets. In our case, 

however, we are primarily interested in the accurate prediction of the former 

temperature, which controls droplet evaporation. Hence, the applicability of this model 

can be justified. The aforementioned classification of the models was suggested based 

on the assumption that droplet heating is driven by convection. However, it can be 

equally applied to the case when the contribution of radiation is to be taken into account. 

The contribution of radiation is particularly important in the case when fresh droplets are 

injected after the onset of combustion in diesel engines. The temperature of gas in this 

case can approach 2500 K (Mengi.ic; et al, 1985; Flynn et al, 1999; Kavtaradze, 2001). So 

far the modelling of droplet convective and radiative heating, taking into account its 

finite effective thermal conductivity, has been performed based on the numerical 

simulation of the underlying equations. 
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Based on model 2 (infinite liquid thermal conductivity) Chin and Lefebvre (1985) 

studied analytically the factors governing the duration of the heat-up period in fuel 

droplet evaporation for n-heptane, JP4, JPS and DF2. The heat-up period was defined by 

the duration from starting of heating until dTsf dt becomes zero. It was calculated for 

droplets of different size and fuel composition under different ambient conditions of 

temperature, pressure and velocity. The results showed that increasing the initial 

temperature of fuel affects only the heat-up period and has no influence on the 

subsequent evaporation processes. However, increasing ambient temperature reduces 

both the heat-up and evaporation periods. The heat-up period increases with increasing 

gas pressure and is proportional to the square of fuel droplet diameter. The proportion of 

droplet lifetime occupied by heat-up period increases with increasing fuel droplet size. It 

also increases markedly with increasing velocity because of enhancing evaporation rates 

and thereby reduces evaporation time, while the heat-up period remains almost constant. 

Haywood and Renksizbulut (1986) and Renksizbulut and Haywood (1988) considered 

the case of droplet fuel evaporation in air at 800 K and 1 bar of pressure, and the 

problem of droplet fuel evaporation in fuel-vapour environment at moderate elevated 

pressure (p = 10 bar) using model 4. They considered the temperature dependence of 

liquid fuel and fuel vapour properties. Their model was extended by Chiang et al (1992) 

to high-temperature and high-pressure environment. They also considered the 

temperature dependence of multicomponent gaseous mixture properties. The authors 

showed that the constant property calculations could overpredict drag coefficient by as 

much as 20%. 

For model (3) the problem of heating of droplets without external sources (radiation) 

reduces to the solution of equation: 

(2.2.1.1.2) 

where Kc =ki/(ct pt) is thermal diffusivity. T = T (R, t) is the droplet temperature, R is the 

distance from the centre of the sphere and t is time. Equation (2.2.1.1.2) was derived 

under the assumption that kt, Ct and Pt are constants that do not depend on time and R. It 

can be solved analytically subject to the initial condition T(R, t) = To = canst and the 

boundary condition at the droplet surface: 

2 . 2 aT 
41lRdh(Tg -T_,) = mL+411:Rdk/ aR, (2.2.1.1.3) 
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where h is convection heat transfer coefficient, Rd is the droplet's radius, Tg is the gas 

temperature at large distance from the droplet's surface, m ~ 0 is the rate of droplet 

evaporation, L is the specific heat of evaporation. Ignoring the contribution of m L 

during the initial heat-up of the droplet and assuming that Nusselt number (Nu) = 2 and 

h = kg!Rd = const (droplet is considered stationary or almost stationary), the analytical 

solution of Equation (2.2.1.1.2) can be presented in the form (Luikov, 1968): 

T_'° - Tg k 11 L~ sin /411 sin(.-1.11 R / R ,1) ( 12 T =T +--"-- · exp -KA t) 
g RI R k = 1211v 11 2 " ' ti d n I A 11 11 

(2.2.1.1.4) 

where Tso is the droplet initial surface temperature, k8 is gas thermal conductivity, 

K = k1 l(c1 P1 R~) and IIV,. f = 0.5(1- sin 2/4,. / 2}.,n ). The values of /411 are found from the 

solution of the equation A cosA +ho sinA = 0; ho = hT8R/k,1• It has been shown that the 

droplet surface temperature increases from 300 K to 400 K about 30% faster when the 

realistic thermal conductivity of diesel fuel droplets is taken into account when 

compared with the case when this conductivity is assumed to be infinitely large for Rd= 

50 µm and T8 = 880 K (Sazhin and Krutitskii, 2002). 

For model 5 and 6, Chiang et al (1992) studied the transient droplet heating and 

vaporization by solving the unsteady Navier-Stokes equations governing droplet 

vaporization in the intermediate Reynolds number flow. They took into account the 

internal circulation inside the droplet and the droplet deceleration but neglected the 

thermal radiation effects. The results showed that the drag coefficient depends not only 

on the Reynolds number but also on the Spalding number (see Equation (2.2.1.2.18)). 

The rapid mixing droplet model (infinite liquid thermal conductivity model) can over

estimate the drag coefficient due to the inaccurate consideration of the rate of droplet 

heating. The temperature gradient inside the droplet is significant near the droplet 

surface at the very early time of heating and the energy transfer mode within the droplet 

is dominated by conduction. As the internal circulation inside the droplet increases, 

convection gradually tends to dominate. The results also showed that the droplet with 

higher initial temperature uses most of the available heat energy on the evaporation 

process, while the droplet with lower initial temperature uses most of the available 

energy to heat itself first, with the remaining energy used for vaporization. 

Dombrovsky and Sazhin (2003a) suggested a simplified model for convective heating 

of the droplets called parabolic temperature profile model. This model is based on the 

parabolic approximation of the temperature profile inside droplets: 
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T(r, t) = Tc (t) + [T. (t) -Tc (t)]r 2
, (2.2.1.1.5) 

where Tc, Ts are the temperatures in the centre and on the surface of the droplet 

respectively and r = RIRct is the normalized radius. T defined by Equation (2.2.1.1.5) 

does not satisfy Equation (2.2.1.1.2) but it can satisfy the energy balance equation for 

droplets for appropriate values of Ts and Tc. Although Equation (2.2.1.1.5) can predict 

accurate results for large times it can be poor for small times. Introducing the 

dimensionless temperatures Bs = (T.~ - To) I (Tg - To) it was found that 0,,. presented in the 

form (Dombrovsky and Sazhin, 2003a): 

0 = B+0.2q [1-exp(-qFa)] 
• 1 + 0.2q 

(2.2.1.1.6) 

where 0=1-exp(-3qFa/(l+0.2q)), Fo = KJIR~ (Fourier number), q= Nu kgl(2k1). 

Equation (2.2.1.1.6) describes the so-called 'corrected' parabolic model. In the limit of 

large times it reduces to conventional parabolic model (Equation (2.2.1.1.5)). In the limit 

t ➔ 0 it predicts Bs = 0 or Ts= To which agrees with the result of the rigorous solution of 

the heat conduction equation. For isothermal model (Tc =T. = T ) 0=1-exp(-3qf'a), 

T is the average droplet temperature. When predictions of Equation (2.2.1.1.6) were 

compared with the rigorous numerical analysis of the transient heat conduction equation 

inside a spherically symmetrical droplet and predictions of the isothermal model, it was 

shown that the 'corrected' parabolic model is noticeably more accurate than the 

isothermal model. 

Lorenzo et al (2003) studied the vaporization behaviour of xenon submicron droplets 

in nitrogen under subcritical and supercritical conditions using a molecular dynamics 

method which involves identifying each molecule and following their motion in time 

through the basic laws of classical mechanics. The authors showed that the rate of 

droplet evaporation increases with increasing ambient temperature and initial droplet 

temperature. The submicron droplet maintains the spherical shape during its lifetime, 

under subcritical condition. Also for subcritical case, an initially elliptical droplet attains 

the spherical shape rather early in its lifetime and its temperature increases during 

heating stage, when the vaporization rate is relatively low, followed by nearly constant 

liquid-temperature evaporation. For supercritical case, the initially elliptical droplet 

never returns to the spherical configuration and its temperature increases continuously 

during the vaporization process. 
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Kim and Sung (2003) studied the effect of ambient pressure on the evaporation of a 

single droplet and a spray of n-heptane injected into gaseous nitrogen. The temperature 

distribution inside the droplet is ignored in the evaporation model. The results showed 

that the droplet's lifetime is increased with increasing ambient pressure (40 bar) when 

the ambient temperature is low ( <600 K) and decreased with increasing ambient pressure 

when the ambient temperature is high (>800 K). This is because the droplet's 

temperature rose at the final stages of evaporation at high pressure. In the final stages of 

evaporation, the factor determining the phase equilibrium was switched from the 

ambient pressure to the droplet's temperature at high ambient temperature. The latent 

heat of evaporation was reduced by increasing the droplet temperature. These effects are 

amplified at the high ambient temperature due to the higher increase in the droplet 

temperature. These results are in accord with the results in Chin and Lefebvre (1985). 

The results also showed that the evaporation of a spray was enhanced at higher ambient 

pressure. This effect was significant at a higher ambient temperature, because both 

atomisation and evaporation of a single droplet Ire increased. At a low ambient 

temperature, the effect of ambient pressure on the evaporation of a spray was reduced, 

because the droplets evaporated slowly. 

As the diesel fuels consist of hundreds of different hydrocarbons, Pagel et al (2002) 

developed a multicomponent fuel evaporation model for sprays using the principles of 

the continuous thermodynamics. Fuel mixture properties are described by using the 

Gamma distribution function in the transport equations: 

f(M) = (M - y)a- l exp[-(M -r)] 
p a. r(a) /3 

(2.2.1.1.7) 

where M is the fuel component molecular weight, a and /3 are shape parameters and y 

determines the origin. The evaporation model was applied to single component single 

droplet, multicomponent single droplet, and diesel fuel spray under engine condition. 

They showed that for the diesel fuel the lighter fuel component evaporates much quicker 

than the heavier fuel component. 

From the above analysis it can be noticed that, based on the classifications of models 

for heat transfer inside droplets (Sirignano, 1999), model 4 has the advantages of relative 

simplicity when compared with models 5 and 6 and high accuracy when compared with 

models 1, 2 and 3. In this model temperature gradient inside the droplets and the effects 

of internal recirculation are taken into account. It can also be implemented into CFO 
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codes to provide more accurate modelling of fluid dynamics, heat transfer and 

combustion processes in diesel engines. 

2.2.1.2 Approximations for Nusselt and Sherwood numbers 

A number of correlations for Nusselt number (Nu) and Sherwood number (Sh) of 

moving and evaporating droplets have been suggested. The one for non-evaporating 

droplets, which is most widely used, can be obtained by the correlation (Ranz and 

Marshall, 1952; Incropera and DeWitt, 2002; Bird et al, 2002): 

Sh = 2 + 0 6 Re 112Sc 113 
0 • d d • 

(2.2.1.2.1) 

(2.2.1.2.2) 

. R Id b P - c1.1 µ x . d 1 b 1s eyno s num er, rd - -=- 1s Pran t num er, 
kx 

Scd = µ x is Schmidt number, p8 , µ
8 

and c
8 

are gas density, average viscosity and 
P11 D,2 

average specific heat capacity at constant pressure, respectively. Sometimes the 

coefficient 0.6 in Equations (2.2.1.2.1), (2.2.1.2.2) is replaced by 0.552 (Abramzon and 

Sirignano, 1989). 

An alternative correlation for Nu0 and Sh0 Ire suggested in the form (Clift et al, 1978; 

Abramzon and Sirignano, 1989): 

where 

Nu 0 =l+(l+Red Prd) 113 f(Red), 

Sh 0 = 1 + (1 + Red Scd )113 f(Red ), 

when Red :::; 1 

when 1 < Red :::; 400 

(2.2.1.2.3) 

(2.2.1.2.4) 

Equations (2.2.1.2.3) and (2.2.1.2.4) approximated the numerical results by different 

authors in the range of 0.25 < (Prct, Sect) < 100 with an error less than 3 % (Abramzon 

and Sirignano, 1989). 

The effect of evaporation on Nu and Sh can be taken into account by modifying Nuo 

and Sh0 to (Abramzon and Sirignano, 1989): 

ln(l + B.,.) 
Nu = Nu 0 ----'--

BT 
(2.2.1.2.5) 

16 



Chapter 2: Review of Literature 

Sh=Sho ln(l+BM) 
BM 

where BT and BM are Spalding heat transfer and mass transfer numbers. 

(2.2.1.2.6) 

These expressions Ire originally obtained assuming that the thickness of the boundary 

layers around droplets is infinitely large (e.g. T (R = 00) = T80). 

Further development of the model (Abramzon and Sirignano, 1989) led to considering 

the finite thickness of these boundary layers (film thickness). For the thermal boundary 

layer this thickness 8r was introduced via assuming that the resistance to heat exchange 

between a non-evaporating droplet surface and a gas, as calculated from a molecular 

transport theory and the Newton's law are the same. This leads to the equation 

(Incropera and DeWitt, 2002): 

kg (Tg -Td) -'----'-----= h(Tg - Td) 
R - R,; 

" R,, +Oro 

Hence (Abramzon and Sirignano, 1989): 

8. = 2Rc1 
ro Nu - 2 

0 

(2.2.1.2.7) 

(2.2.1.2.8) 

Similarly I can introduce thickness of mass boundary layer oM as (Abramzon and 

Sirignano, 1989): 

0 = 2Rd 
MO Sh -2 

0 

The effects of evaporation modify the values of these thicknesses to: 

<5 0 
_r =Fr; ~=FM. 
0ro 0Mo 

Model calculations led to the following correlations for FT and FM: 

F =(l+B )0.1 ln(l+Br) 
T T B 

T 

(2.2.1.2.9) 

(2.2.1.2.10) 

(2.2.1.2.11) 

(2.2.1.2.12) 

Introducing Nu• and Sh* via the film thickness we can write (Abramzon and 

Sirignano, 1989): 
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; : N;:~2] 
M Sh* -2 

(2.2.1.2.13) 

From (2.2.1.2.8), (2.2.1.2.9), (2.2.1.2.10) and (2.2.1.2.13) we obtain (Abramzon and 

Sirignano, 1989): 

N 
* 

2 
Nu 0 -2 

u = + --=----
FT 

Sh*= 2+ Sho -2 
FT 

(2.2.1.2.14) 

(2.2.1.2.15) 

Note that for stationary non-evaporating droplet we have Nu*= Nu 0 = Sh• =Sh 0 = 2 

andJT ➔ oo,JM ➔ oo. 

In the case of moving droplets, factors Fr and FM lead to modification of Nuo and Sho 

to (Abramzon and Sirignano, 1989): 

2ln(l + B ) [ Re
113 

Pr
113

] Nu = T 1 + 0.3 d d 

BT FT 

Brand BM are calculated as (Abramzon and Sirignano, 1989): 

c,.(T 
8 
- T.r) 

BT = -----"--- ' 
Leff 

(2.2.1.2.16) 

(2.2.1.2.17) 

(2.2.1.2.18) 

(2.2.1.2.19) 

Leff = L + QH I md, QH is the heat spent on droplet heating and cv is the specific heat 

capacity of fuel vapour, Y1 is the fuel mass fraction; subscripts 's' and 'od refer to the 

conditions at droplet surface and external gas flow, respectively. It can be noticed that 

(Abramzon and Sirignano, 1989): 

(2.2.1.2.20) 

where 

=(_s_J(~J-1 ~ N * Le' c
8 

u 

D 12 is the binary liquid diffusivity. In the case of weak evaporation we can assumed that 

Br <<1 and Equations (2.2.1.2.5), (2.2.1.2.6) are simplified to Nu = Nuo, Sh = Sho. 
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An alternative correlation for Nu and Sh, to take into account the effect of finite film 

thickness for a motionless droplet in an infinite and stagnant gas, were suggested in the 

form (Yao et al, 2003): 

(2.2.1.2.21) 

(2.2.1.2.22) 

where Jr and J M are the thermal and mass film thickness based on the numerical values 

of Nu and Sh, as obtained from the rigorous numerical analysis of heat and mass transfer 

during the droplet evaporation process (e.g. see Haywood et al, 1989). Equations 

(2.2.1.2.8) and (2.2.1.2.9) were used in which Nu0 and Sh0 were replaced by the values 

of Nu and Sh obtained from numerical calculations. 

In some earlier models, evaporation and heating of fuel droplets was accounted for by 

modifying Nu and Sh to (see Feath, 1977; Lefebvre, 1989): 

Nu= 2ln(l+BM) (l+0.3Re~2Pr~13) 
BM 

Sh= 2 In(l +BM) (1 + 0.3 Re~2Sc~3) 
BM 

(2.2.1.2.23) 

(2.2.1.2.24) 

The difference between BT and BM is not large in most cases and the analysis of this 

thesis will be based on Equations (2.2.1.2.23) and (2.2.1.2.24) following Lefebvre 

(1989). 

2.2.1.3 Experimental observations 

There exists very little experimental data that droplet vaporization models can be 

validated against. This is mainly due to the inherent difficulties encountered in 

investigations employing realistic liquid-fired combustion devices (insufficient 

instrumentation access, obscuration due to the presence of combustion generated 

particulates, high temperatures, turbulence, etc.) (Megaridis, 1993). Relevant 

experiments have produced an array of data on the variation of global droplet 

parameters, but have produced very limited quantitative information on the character of 

temperature field. A recent experimental study by Wong and Lin (1992) produced 

internal temperature distributions of large, hydrocarbon droplets that vaporize after 

being exposed to a 1000 K gaseous stream at atmospheric pressure. The droplets studied 

by Wong and Lin (1992) were of initial diameter 2 mm, and were suspended by a thin 
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shell-shaped probe specially designed to minimize interface to the internal liquid motion. 

The experimental conditions investigated corresponded to Reynolds numbers between 

17 and 100. In this study individual droplets of diameter 2000 ± 50 µm were suspended 

on a ceramic shell suspender, which was attached to a 100 µm diameter glass filament. 

The temperature distributions within the droplet interior were measured by using fine 

thermocouples (25 µm diameter, 70 µm bead diameter) that were introduced and 

maintained in the bulk of the suspended droplets at either one or three fixed locations; 

the droplet centre and two mutually symmetric locations with respect to the vertical axis. 

The droplets were heated by a hot (1000 K) free stream produced by a flat-flame burner 

or an electrical heater. Three test conditions were investigated corresponding to 

Reynolds numbers 17, 60 and 100. Two pure fuels were tested by Wong and Lin (1992): 

n-decane and JP-10. The results showed that for n-decane, the temperatures at the 

droplet centre are lower than the temperatures in the vicinity of the droplet surface. For 

this large droplet, the temperature distribution inside the droplet showed that the 

minimum temperatures occur around RiRdo = 0.6 - 0.7. These results were qualitatively 

validated numerically by Megaridis (1993). 

In the experiment conducted by Belardini et al (1992) 10-9 g of tetradecane was 

injected at temperature of 300 K and initial velocity of 6 mis through a hole of 0.28 mm 

diameter into a 100 cm3 chamber. The chamber was filled with air at 1 bar, and the 

initial temperatures in the range from 473 K to 673 K. The evolution of droplet diameter 

during the evaporation process was measured starting with droplet diameter equal to 72 

µm. The experimental characterization was carried out using a light scattering technique 

allowing the simultaneous measurement of droplet diameter, velocity and temperature. 

The experimental results were compared with the numerical results based on KIV A2 

CFD code using the Spalding evaporation model. The comparison showed that the code 

underestimated the evaporation rates compared with the experimental results. 

The experimental data reported in Nomura et al (1996) were obtained for a suspended 

n-heptane droplet in nitrogen atmosphere at pressure in the range between 0.1 and 1 

MPa and temperatures in the range between 400 K and 800 K. Droplet initial radii varied 

from 0.3 mm to 0.35 mm. The authors studied experimentally the effects of ambient 

temperature and pressure on droplet evaporation under microgravity conditions. The 

results showed that, at an ambient pressure of 0.1 MPa the ratio of heat-up time to the 

evaporation time is almost independent of ambient temperature and the range of its value 

is about 0.1 - 0.2. The evaporation lifetime decreased with increasing ambient 
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temperature for various ambient pressures. The evaporation life time decreased with 

increasing ambient pressure for ambient temperature above 550 K, while it increased as 

ambient pressure increased at ambient temperature below 450 K. The authors suggested 

that the evaporation lifetime is almost independent of ambient pressure at an ambient 

temperature of about 480 K. 

Lavieille et al (2000) developed an efficient laser-induced fluorescence technique in 

the liquids, to measure the temperature of monodisperse droplets. The droplets were 

seeded with an organic dye (rhodamine B), and the temperature dependence of the 

fluorescence quantum yield was used to determine droplet temperatures. The droplet 

velocity was measured simultaneously using LDA optics and a single argon laser source. 

The experimental set-up consisted of droplets generator, which can produce different 

droplets diameter and different initial droplet temperature, and a 1-D LDA optical 

device, which can obtain the droplet temperatures and velocities. The probe volume, 

corresponding to the intersection point of two laser beams, is adjusted on the droplet 

stream. The method was validated on an evaporating monodisperse ethanol droplet 

stream, previously heated. The technique was demonstrated to be capable of determine 

the droplet temperature within 1 °C in a monodisperse stream, where size changes due to 

evaporation were neglected. The major problem was that the fluorescence signal also 

depended on the droplet volume, which may change in evaporating or combusting spray. 

An alternative strategy was suggested by Sakakibara and Adrian (1999): a second 

fluorescent agent, whose fluorescence spectral band is well separated from the first one 

and with different temperature sensitivity, can be dissolved in the fuel. The ratio of the 

fluorescence signals measured on the two spectral bands can eliminate the volume 

dependence. Lavieille et al (2001) developed another laser-induced fluorescence 

technique based on a ratiometric measurement of fluorescence signals detected on two

colour bands of a single fluorescence dye (rhodamine B). This technique allowed the 

laser intensity, dye concentration and drop volume dependence to be eliminated, keeping 

the sole effect of temperature. Validation of the technique was provided on a 

monodisperse ethanol droplet stream either in evaporation or combustion. This 

technique succeeded to measure the average droplet temperature. However, with the use 

of small measuring volume, the technique has potential for detecting the temperature 

gradient inside the droplet. The two-colour laser-induced fluorescence technique was 

extended by Lavieille et al (2002) to measure the temperature distribution within the 

ethanol fuel droplets on a combustion monodisperse droplet stream, with 200 □m 
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droplet diameter. In this technique the droplet was scanned by a sufficiently small probe 

volume. The results showed that the heat transfer from the surrounding hot gas occurred 

at the droplet surface and the hot liquid fuel is convected from the droplet surface to the 

wake side of the droplet and to its central section. 

Castanet et al (2002) studied experimentally heating and vaporization of a 

monodisperse ethanol stream, injected in a thermal boundary layer of vertical heated 

plate. The droplet size reduction was measured using the light scattering technique 

(interferential method) and the average droplet temperature was measured using the two

colour laser-induced fluorescence technique. The results showed that for distance 

parameter (the ratio between the inter-droplet distance and the droplet diameter) higher 

than 5, the droplet heating time is limited by the heat diffusion mechanism within the 

droplet, resulting from pure conduction in the liquid fuel and from convection due to the 

formation of internal circulation, while it is limited by the heat flux transferred from the 

gaseous phase to the liquid droplet for smaller distance parameter. This demonstrated the 

necessity to investigate the internal heat diffusion phenomena by measuring the 

temperature distribution inside the droplet. The results also showed that the convectional 

heat transfer coefficient is higher in the heating phase than in the vaporization phase. 

Castanet et al (2003) extended the technique used in Castanet et al (2002) to the 

measurements of the temperature distribution inside a droplet. They scanned the droplet 

volume by a sufficiently small probe volume compared to the droplet volume itself. The 

authors applied this technique to a monodisperse ethanol stream with initial droplet 

diameter equal to 200 Om and droplet injection velocity in the range from 2 mis to about 

10 m/s. The results showed that the heat transfer from the hot gas environment occurs at 

the droplet surface, and the heated liquid fuel then convected from the droplet surface to 

the droplet central region. These results are in qualitative agreement with the numerical 

simulations performed by Chiang et al (1992). 

It can be noticed that the only direct observation of temperature gradient inside large 

(Rd > 100 µm) droplets is that reported in Laveille et al (2002), Castanet et al (2002) and 

Castanet et al (2003), to the best of our knowledge. This is not directly relevant to diesel 

engine environment as droplets are typically much smaller there. Also, the results 

reported by these authors refer to instantaneous measurements and cannot be used for 

validating of the model for droplet heating process. It seems that the only feasible 

validation of the model for droplet transient heating at the moment are those based on 
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the comparison of the predicted time evolution of droplet radius and the predicted 

ignition delay with experimental observations. 

2.2.2 Radiation 

Absorption and scattering of radiation by a particle depends on particle geometrical 

parameters and wavelength, as well as on complex refractive index of refraction of 

particle material m = n - iK, where n is the index of refraction, K is the index of 

absorption and i = H . For homogenous spherical particle the only geometrical 

characteristic which controls the absorption of thermal radiation is the size parameter x 

= 211:R/A (Dombrovsky, 1996). 

The models suggested so far for radiative exchange between fuel droplets and gas can 

be subdivided into two main groups: those which take into account the semi

transparency of droplets in the infrared range (Lage and Range, 1993; Chang and Sheil, 

1995; Dombrovsky, 1996; Dombrovsky; 2000; Dombrovsky et al, 2001, 2002, 2003) 

and those which assume that droplets are grey opaque spheres (Marchese and Dryer, 

1997; Sazhin et al, 2000). Although the latter models are less accurate than the models 

of the first group, their application was justified by their computer efficiency. This is 

particularly important in the multidimensional modelling of combustion processes in 

diesel engines where the effects of thermal radiation are generally secondary when 

compared with conduction and convection (Sazhin et al, 2000). 

Hottel et al (1955) and Berland and Hibberd (1952) have examined the effect of 

radiation on droplet combustion. These studies were concerned primarily with 

measuring the effect of radiative heat gain at the droplet surface on the burning rate. The 

results suggested that radiative heating is relatively unimportant for small droplets (e.g., 

droplet sizes representative of diesel spray combustion). Conversely, many theoretical 

studies like that by Chang and Shieh (1994) predicted an increase in burning rate due to 

radiation. Friedman and Churchill (1965) studied theoretically the absorption of the 

radiation heat transfer by JP-4 fuel droplets from the combustion walls (assumed to be a 

blackbody). The authors indicated that the fraction of infrared radiation, which is 

absorbed by the fuel droplet, rises continuously with increasing droplet radius. 

Harpole (1980) was the first to predict complex profiles of absorption of thermal 

radiation in water droplets by computing the volumetric heating due to radiation 

absorption as a function of radial position for spherical water droplets in a black body 

surrounds of temperatures up to 1450 K. Lage and Rangel (1993a) studied theoretically a 
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single-droplet vaporization using three liquid phase heating models, the infinite

conductivity model, the conduction-limit model and the effective-conductivity model. 

The authors showed that the radiation absorption distribution pattern is not important in 

the single-droplet vaporization process, under the conditions analysed; only the total 

absorbance values are needed for vaporization studies. The authors also showed that 

absorption of thermal radiation in the n-decane droplet core is almost constant and 

predicted that most of the thermal radiation is absorbed near the droplet surface. Lage 

and Rangel (1993b) studied the total directional and hemispherical radiation absorption 

distributions, based on electromagnetic theory, for water and decane droplets irradiated 

by a blackbody at different temperatures. Also, they studied the total absorbance for 

water droplets of up to 1500 µm radius. They found that the total hemispherical 

absorption radial profile varied little with the blackbody temperature for the same 

droplet size for spherically symmetric irradiation. Also they found that the geometrical

optics approximation introduce more than 20 % of error for the absorbance of droplets 

with radii less than 10 µm. This error drops with increasing droplet radius to about 6 % 

for droplets with radii greater than 50 µm. Saitoh et al (1993) studied the effect of gas 

radiation on n-heptane droplet combustion and predicted a 25 % reduction in flame 

temperature due to radiation losses. Marchese and Dryer (1997) studied the effect of 

radiative heat loss from isolated droplet. The authors indicated that the radiative heat 

loss from isolated droplet of methanol is negligible for small droplet sizes (Rct < 1 mm). 

The effect of radiation becomes noticeable for fuel droplets with diameters greater than 

1 mm. This model predicted a decrease in burning rate of fuel droplet with increasing its 

diameter. 

Goldfarb et al (1999) focused on the impact of thermal radiation on the delay time of 

fuel droplet ignition. The authors assumed that the gas contains evaporating ideal 

spherical droplets of fuel with the same radii (monodisperse spray). These spheres were 

treated as opaque grey and the medium was considered spatially homogeneous. It was 

pointed out that the effect of thermal radiation could be largely ignored in the case of the 

thermal explosion of tetralin, while in the case of n-decane these effects can be 

important. 

Yang and Wong (2001) explained the discrepancies between the experimental and 

theoretical results for microgravity droplet evaporation. All the experiments for 

microgravity droplet evaporation, such as Ristau et al (1993), were conducted in a hot 

furnace with the droplet suspended by a fibre. The authors proposed that the 
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discrepancies came from ignoring the heat conduction into the droplet through the fibre 

and the liquid phase absorption of radiation from the furnace wall. The model developed 

by the authors took into account the previous two effects. The results of this model 

showed a good agreement between experimental and theoretical results. Radiative 

absorption and fibre conduction enhanced the droplet evaporation rate significantly. At 

temperature of 470 K, the discrepancies are mainly due to the additional fibre 

conduction, while at a high temperature of 750 K, the liquid phase radiative absorption 

was mainly responsible for the discrepancy. 

Sazhin et al (2001b) analysed the evaporation and ignition of liquid droplets in 

monodisperse sprays in the presence of convective and radiative heat exchanges with the 

surrounding hot gas. The radiative exchange between fuel droplets and hot gas was 

described using P-1 approximation and Marshak boundary condition (Marshak, 1947) at 

droplet's surfaces. As in the paper by Goldfarb et al (1999) droplets were assumed to be 

opaque grey spheres. The authors found a reasonably good agreement between analytical 

results and the results predicted by the CFD package VECTIS. 

The grey medium approach for droplets, used in Goldfarb et al (1999) can lead to 

noticeable errors both in estimated absorption and scattering of thermal radiation, 

emitted in a non-isothermal enclosure, and in the integral thermal radiation flux to 

combustion chamber walls. These errors are related to the fact that fuel droplets absorb 

and scatter thermal radiation from the high temperature regions of the engine, and the 

spectrum of the incident radiation turns out to be considerably different from the 

blackbody one at local temperature (Dombrovsky et al, 2003). Dombrovsky (2000) 

suggested a new differential approximation for radiation heat transfer in a semi

transparent particle (droplet) called MDP0 (modified DP0). This approximation is much 

simpler than the solution of the general radiation transfer equation. 

Dombrovsky et al (2001) developed a simple analytical expression to approximate 

absorption and transport spectral efficiency factors for spherical semi-transparent 

droplets. These expressions were used for calculation of the average (over wavelength in 

a given range) absorption and transport coefficients. These were applied to the 

modelling of the thermal radiation transfer in diesel engines in the presence of liquid fuel 

droplets. When particles (droplets) of different size are present in the medium the 

general equation of transfer of a non-polarized thermal radiation at position R along the s 

-direction can be written as (Dombrovsky et al, 2001): 
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I 

"O'i-l(d ) f ' ' .QVI,i (R,.Q)+ a,i<,xnl,i (R,.Q) = LJ; ~ I,i (R,.Q)J;(.Q,.Q )d.Q +a,i<gas>B,i (T
8

) 

(2.2.2.1) 

where I;,,= I;. (A, s, .Q) is the spectral intensity of radiation in the unit solid angle .Q, 

a ,l(gas) is the spectral absorption coefficient of the gas per unit volume, a~<d> and a ;,i<d> 

are spectral absorption and scattering coefficients of the ith droplet per unit volume, 

a A(exl) = a ,l(gas) + ~( a ~<d) + a,;,l(d) ) is the spectral extinction coefficient, /; is the 

scattering phase function of the ith droplet, B ,i (Tg(i)) is the Planck function defined as 

(lncropera and DeWitt, 2002): 

(2.2.2.2) 

C1 = 3.742xl08 Wµm2 , C2 = l.439xl04 µmK. When deriving Equation (2.2.2.1) it was 

assumed that the spectral density of the radiation of the medium and droplets is that of a 

black body. The scattering phase function /; can be presented as a sum of isotropic 

component and forward scattering (Dombrovsky, 1996b): 

J;(µo) = (1-A) + 41lµ;O(l- µo), 

where µ 0 = .Q.Q' and A = -
1 

J(.Q.Q')/; (.Q.Q')d.Q'. 
41l 

(2.2.2.3) 

The first term in Equation (2.2.2.1) describes the variation of the spectral radiation 

intensity in direction .Q. The second term takes into account extinction of radiation by 

absorption and scattering in other directions. The third term takes into account the 

scattering of the radiation from other directions. The fourth and fifth terms take into 

account the radiation of the medium (Dombrovsky, 1996a; b). Using the P-1 

approximation, introducing the radiation temperature ( /hi) and taking into account the 

contribution of droplets, Equation (2.1.1) can be generalised to (Sazhin et al, 1996; 

Dombrovsky et al, 2001): 

.! v ! v e; + ag (T/ - e;) +Ia; (Td4 
- e;) = o, 

3 at, 
(2.2.2.4) 

1 ,l? 

where e; = - J11dJ, I1 (R) = f I ,i (R,.Q)d.Q, a is Stefan-Boltzmann constant, a; ,ag 
40' ,i, 

and at, are average absorption coefficient of droplets, average absorption coefficient of 

gas and average transport extinction coefficient of the medium, respectively. In the limit 
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of optically thick gas (a
8 
➔ 00) Equation (2.2.2.4) predicts ~ = T8 • The summation is 

over all droplets in a unit volume. To find the distribution of ~ based on Equation 

(2.2.2.4) the values of droplet absorption coefficient a~<dl and transport scattering 

coefficient a;;.<d> have to be calculated. They can be related to droplet radii (Rd;), 

absorption efficiency factor Qa; (-i) and transport scattering efficiency factor Q_:;Ul via the 

equation: 

I ; ; } 1fR;; IQ Q'' } 
la A(d) '(J'sA(d) = v 1 ai(A)' si(,l) (2.2.2.5) 

For individual droplets the authors approximated Qai(-i) and Q!;<;.l as: 

Qai(,l) = 1-exp(-21';) (2.2.2.6) 

Q,, = A(lO)(J 
si(A) • 

X; 
(2.2.2.7) 

where r =2Tai is the optical thickness of liquid droplets, x; = 21l Rd; IA is the diffraction 

parameter of droplets, and A=l-Tt·13 and q = 4/(log10 ,q2[1+2(1.5-n)exp(-200,q]. The 

average value of the droplet absorption coefficient (a;) was presented as (Dombrovsky 

et al, 2001): 

where 

- - nR;; A a--- ' 
I V 

A,, J exp(-2a,iR,u) dA 
,i ,1.5 [exp(C2 /(,1.T>: ))-1] 

A= 1--'---------
~ d1t. ' 1 A5 [exp(C2 l(AT

8 
))-1] 

(2.2.2.8) 

(2.2.2.9) 

the coefficient C1 and C2 are the same as in Equation (2.2.2.2)and a;, = 41lK;, I A. 

Having substituted Equations (2.2.2.6) and (2.2.2.7) into Equation (2.2.2.9) and using 

the experimentally measured values of K,i in the ranges of A: 0.2 - 1.1 and 2-6 □m, 

Dombrovsky et al (2001) found a simple analytical approximation of A for diesel fuel 

droplets with radii in the range 5- 50 µm and external temperature in the range 1000-

3000K: 

(2.2.2.10) 

where a= 0.095268-0.049415(T
8 

I 1000)-0.0072018(T
8

, /1000)2 , 
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b = 0.38947 + 0.13089(Tg / 1000)-0.014647(T
8 

/ 1000)2 , for unboiled white 

diesel fuel, Rd is in µm. It was assumed that gas was optically thick and0R = T
8

• 

Equation (2.2.2.10) was implemented into research version of VECTIS CFO code of 

Ricardo Consulting Engineers with the P-1 thermal radiation model. It was shown that 

the effect of thermal radiation on heating and evaporation of realistic semi-transparent 

diesel fuel droplets is considerably smaller when compared with the case when droplets 

are approximated as black opaque spheres (Dombrovsky et al, 2001; Sazhin et al, 2002). 

Dombrovsky et al (2003) studied experimentally the absorption spectra of several 

types of diesel fuel. The measurements were taken for diesel fuel used in cars (white) 

and diesel fuel used in off-road equipment in which dye was added for legislative 

purposes (red). Similar measurements were repeated for these diesel fuels after they had 

undergone a simulation of ageing process by prolonged boiling for six hours. The index 

of absorption of diesel fuels was measured in the ranges 0.2-1.1 and 2-6 µm. The linear 

interpolation of the values of index of absorption in the range 1.1-2 was used due to the 

absence of the measured data in this range. The index of refraction of diesel fuel n(A) 

was calculated by using the so called subtractive Kramers-Kronig analysis based on the 

equation: 

(2.2.2.11) 

where 

f (A,A 1
) = 2 A:K(A:) 

12 
, J is a small parameter, n(A.1) is the measured value of 

(A - A -)(A, -A ) 

refractive index at a certain wavelength A.1, and Amin and Amax are determined by the 

location of main absorption bands in the spectrum (Arnin=0.2 µm and Arnax=6 µm). The 

authors used the following approximation for absorption efficiency factor Qa and the 

transport efficiency factor of scattering Q/' (Dombrovsky, 2002): 

Qa = 4n/(n+1) 2 [1-exp (-4KX)] (2.2.2.12) 

Q lr { Cq 
,. - CI qr 

when q~l 
when q >l, 

(2.2.2.13) 

where C = l.5n(n-l) exp (-15 K), r= 1.4-exp (-80K), q= 0.4(n-l) x. 

These equations give slightly better approximation for Qa and Q/' for droplet radii under 

consideration over the whole spectrum when compared with those given Equations 
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(2.2.2.6) and (2.2.2.7). It was shown that the index of refraction depends only slightly on 

the type of fuel and this dependence can be safely ignored in the calculation of 

absorption and scattering of thermal radiation by fuel droplets. For the calculations it 

was assumed that n (A1) = 1.46 for all four types of fuel. The measurements showed that 

the peaks of absorption practically coincide for all types of diesel fuels but there is a 

noticeable difference between them in the regions away from absorption peaks at A=== 3.5 

µm. The study also showed that the absorption of the boiled diesel fuel in the ultraviolet

near infrared range is noticeably larger than that of the unboiled fuels. Their calculations 

were performed in the range 0.5 <A< 6 µm and droplet radii were taken in the range 5 < 

Rd < 50 µm, which are realistic values for radiation heat transfer in diesel engines. They 

showed that the influence of the type of fuel on the values of the absorption efficiency 

factor Qa and transport extinction efficiency factor Qrr is strong in the range of semi

transparency (A< 2 µm, A close to 2.8 and 5 µm). Except near the absorption peaks, the 

scattering of radiation dominates over absorption. This indicates the importance of 

taking into account the scattering of radiation by fuel droplets in radiation heat transfer 

calculations in diesel engines. By comparing the calculations for polydisperse and 

monodisperse sprays, it was shown that the monodisperse approximation is applicable 

for the analysis of infrared radiative properties of realistic polydisperse diesel fuel 

sprays. Using the P-1 approximation and the expression for the average absorption 

efficiency factor Qa; the droplet temperature (Tct) can be found from the equation 

(Sazhin et al, 2002): 

(2.2.2.14) 

Variation of droplet temperature with radius inside droplets is ignored in Equation 

(2.2.2.14 ). 

Dombrovsky (2002b) developed an approximate model called a wide band model 

(box model) with constant coefficients of absorption and extinction in each spectral 

band. This approximation reduces computational time by approximately three orders of 

magnitude in comparison with the detailed spectral calculation. This model used the 

approximations of absorption efficiency factor Qa and the transport efficiency factor of 

scattering Qt by Equations (2.2.2.12) and (2.2.2.13). The spectral range was divided 

into seven bands with constant coefficients of absorption and extinction in each band. 

The comparison of the prediction of this model with the results of Mie calculations for 
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the conditions of diesel engine, showed that the seven bands model is rather accurate 

whereas the grey model, developed by Dombrovsky et al (2001), can overestimate 

significantly the radiation absorbed and scattered by fuel droplets and gives too low 

values of radiation flux to the cylinder head at small crank angles. The errors introduced 

by the gray approximation are related to the fact that fuel droplets absorb and scatter 

thermal radiation from the high temperature regions of the engine, and the spectrum of 

the incident radiation turns out to be considerably different from the blackbody one at 

local temperature (Dombrovsky et al, 2003). 

Dombrovsky and Sazhin (2003b) developed a simple analytical approximation for 

normalised absorbed radiation power inside droplets assuming that the geometrical 

optics approximation is valid. When the droplet's thermal radiation could be ignored, the 

radiation transfer equation in a spherical droplet was presented as (Siegel and Howell, 

1992): 

(2.2.2.15) 

where µ = cos 0 (0 is measured from the R- direction). As the solution of Equation 

(2.2.2.15) is rather difficult, the authors used the simplified MDP0 approximation 

(Domrovsky, 2000; 2002b). In this approximation it was assumed that in the droplet core 

(R :5 R* =R/n) radiation intensity is constant in the angular ranges -1 < µ :5 0 and O < µ 

:5 1. At the droplet periphery (R* < R :5 Rd) however, constant values of the radiation 

intensity were assumed only when -1 :5 µ < -µ* and µ* <µ :5 1, 

whereµ* = .J1 - (R. I R) 2 
• Outside of this range it was zero. 

The radiation power absorbed per unit volume inside the droplet was estimated as: 

P(R) = 0~151Q"w(R)I1(ext)dA, 
d 0 

(2.2.2.16) 

where 

(2.2.2.17) 

I I 

I 1(ext) = J1tx1>(µ)dµ, P;.(R)=a,J1(R) and I1(R)= JI1(R,µ)dµ. Qais the same as 
~ ~ 

in Equation (2.2.2.12). Equation (2.2.2.17) was simplified to (Dombrovsky and Sazhin, 

2003b): 
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( )
- [l - u.0(r - l/n)](r2 + y) 

wr - s J 2 - :i ' 
[0.6(1 - u,. ) - Ur / 17. ] + y(l - Ur ) 

where y = (1.51 ri)- (0.6/ n2
), u,=ffi), 

T0 = a,R, = 4mdl., /),, 0(x) = {~ 

and 

when 

when 

x<O 
x~O 

w(T) = erg exp[-?(r0 -T)] 

3 r 0 (~T0 - 2)+(2/4)[1-exp(-?i-0]' 

(2.2.2.18) 

(2.2.2.19) 

where4 = 2/(1 + uJ. Equation (2.2.2.18) was used when T0 < n✓'l.5; otherwise 

Equation (2.2.2.19) was used. The power absorbed in the droplet core was shown to be 

rather large and almost homogeneous. Also, the absorbed power is large in the vicinity 

of the droplet surface, but is minimal in the intermediate region. 

Dombrovsky and Sazhin (2004) developed a theoretical model of thermal radiation 

absorption in semi-transparent droplets at the surface and inside a fuel spray taking into 

account asymmetry of droplet illumination. Its results showed that the absorption of 

thermal radiation is inhomogeneous inside the droplet. The results also showed that, as 

in the case of symmetrical droplet illumination (Dombrovsky and Sazhin, 2003b ), an 

increased absorption of thermal radiation in the central area of the droplet (R "° 0.65Rd) 

and in a thin layer near the surface of the droplet at its illuminated side is predicted. 

Liu et al (2002) studied the transient coupled radiation-conduction in a 

semitransparent spherical particle surrounded by isothermal black walls. The energy 

equation for transient coupled radiative and conductive heat transfer in a semitransparent 

particle was given by: 

C oT(R,t) = !.I__j_[R2 oT(R,t)] + S(R t) 
P, ' ar. R2 aR aR ' 

(2.2.2.20) 

where S (R, t) is the radiative heat source. The radiative heat source term was calculated 

by the radiative transfer coefficient and the transient energy equation was solved by an 

implicit finite difference method. They obtained the radiative transfer coefficients by 

using the ray tracing method (tracing an incident ray from the surroundings through the 

particle) with Hottel and Sarofim's zonal method (Hottel and Sarofim, 1967). The 

authors based their analysis on the assumptions that the space between the particle and 

the wall is filled by a vacuum. Hence convection heat transfer to the particle from the 

31 



Chapter 2: Review of Literature 

surroundings is neglected. The particle emits and absorbs thermal radiation; the 

temperature dependence of density, specific heat and the thermal conductivity of the 

particle can be neglected. The results show that when the size parameter x (x = 2 n:Rd I A) 

of the particle is greater than 30, the results of the ray tracing method is close to that of 

Mie theory, and the Mie theory can be approximated accurately with the geometrical 

optics if the size parameter of the particle is greater than 400. The results also show that 

the radial radiative heat source reaches its peak in the interior shell of the particle with 

small optical thickness. This phenomenon might result in the internal burst or 

overheating during radiant heating because the interior of particle is the first to reach the 

phase change temperature and undergoes phase change or overheating. For the particle 

or droplet with small optical thickness (x < 1), the particle inner temperature is larger 

than its surface temperature. 

From the above analysis I can conclude that a number of algorithms for calculation of 

absorption of thermal radiation inside fuel droplets have been discussed in many 

reviews. It is also shown that the algorithm suggested by Dombrovsky and Sazhin 

(2003b) was effectively reduced to a simple analytical approximation to calculate the 

absorbed radiation power inside droplets. The calculations require the knowledge of the 

spectral optical properties of the liquid fuel: index of absorption and refractive index. 

The former was measured experimentally for diesel fuel in the ranges 0.2-1.1 and 2-6 

µm, while the latter was calculated from the measured index of absorption using the 

subtractive Kramers-Kroing analysis (Ahrenkil, 1971). 

2.3 Modelling of the processes in diesel engines 

Computational fluid dynamics (CFD) has become an essential tool for the design and 

understanding of practical combustion systems. Multidimensional CFD simulations have 

achieved a reduction in the need for physical experimentation, the benefit of which has 

been a reduction in product development time and cost. 

The internal combustion engine represents one of the most challenging problems to 

model because the turbulent flow is compressible with large density variations. There 

are large spatial gradients and cyclic time dependence (Reitz and Rutland, 1995). 

The main events that occur during the diesel combustion were identified more than 70 

years ago (Ricardo, 1930). Since that time a number of mathematical models of the 

combustion process have been suggested and, with varying degrees of success, used to 

understand the relative importance of the various phenomena involved. However, a 
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universally accepted model does not yet exist and the development of a predictive 

method for diesel combustion remains one of the most difficult tasks facing automotive 

researchers. There are a number of reasons for this. Firstly, many individual processes, 

including air motion, fuel spray dynamics and evaporation, turbulent mixing, relatively 

low gas temperature preceding autoignition, and high gas temperature during 

combustion are quite important and cannot be ignored for a realistic model. Secondly, 

the mechanism governing many of these phenomena, such as atomisation and detailed 

chemistry, are either poorly understood or too complicated to be incorporated into a 

comprehensive model. Finally, it is only in recent years that the computing power 

required for solving the equations resulting from detailed modelling has become 

generally available (Johns, 1990). 

The studies in the simulation of the processes in diesel engine can be divided to two 

broad categories. The first one refers to the models, which deal with individual processes 

in diesel engine (e.g. heating, evaporation, break-up, etc). The second one refers to the 

multidimensional CFO simulation which employs the CFO codes (e.g. VECTIS, KIVA, 

STAR-CD, etc) to simulate most of the processes in diesel engine. 

For the first category, Hiroyasu et al (1980) studied the spray characteristic in diesel 

engines. Spray penetration, spray angle, droplet size, vaporization rate, and ignition 

delay were measured in a constant volume chamber with several injection and ambient 

conditions. The authors expressed most of their measured data in empirical correlations 

providing benchmarking tool for numerical simulation of diesel engine combustion. The 

results showed that the spray tip penetration decreased with increasing the ambient gas 

pressure while the spray angle increased. Both spray tip penetration and spray angle 

were increased with increasing the injection pressure. The spray angle decreased with 

increasing the ambient gas temperature while its effect on spray tip penetration is 

insignificant. The experimental studies of the droplet sizes and distributions showed that 

higher injection pressure produces smaller droplets due to the increase in the velocity of 

discharge. The results also showed that the more small droplets are in the periphery of 

the spray and the Sauter mean diameter increased with the increasing in ambient gas 

pressure. Increasing the amount of fuel injection increases the droplet diameter because 

of the high probability of coalescence among the neighbouring droplets. The results of 

studying the vaporization of fuel droplets showed that the droplet bulb temperature rose 

with increasing ambient pressure and temperature and the evaporation rates increased 

with increasing the gas temperature at all gas pressures. Large expansion due to liquid 

33 



Chapter 2: Review of Literature 

density being dependent on temperature causes the size of the droplet to exceed its initial 

size. This is especially pronounced for slow evaporation. The results of studying the 

ignition delay of fuel spray showed that the injection conditions produced a minor effect 

on the ignition delay compared with the effect of gas conditions. Ignition delay increased 

with an increase in the amount of fuel injected, which was significant at low gas 

temperatures. The results also showed that ignition delay was independent of nozzle 

opening pressure and nozzle orifice diameter. 

Papageorgakis and Assanis (1996) developed a spray break-up model under low 

injection pressure. The authors obtained the internal pressure inside the droplet by 

solving the momentum equation inside it assuming the flow inside the droplet is 

potential and axisymmetric. When the surface of the droplet is slightly perturbed from its 

equilibrium position, the difference between the internal and external pressure forces 

acting on the droplet surface due to the internal liquid field and the aerodynamic force 

respectively is balanced by the pressure force due to surface tension. The authors 

assumed that the break-up process occurs when the radial displacement of the distorted 

droplet at the flow direction exceeds 8% of the radius of the undistorted spherical 

droplet. This break-up model was implemented in KIV A3 code and was tested based on 

2-D axisymmetric simulation studies. The results showed that increasing the injection 

velocity leads to increase turbulent dispersion, increase spray cone angle and decrease 

the droplets size. For a given axial distance from the nozzle, the droplets are decelerated 

and decrease in size with increasing radial distance from the injector tip. Bazari (1992) 

formulated and developed a model for the prediction of combustion and exhaust 

emission of DI diesel engines. This model took into consideration details of fuel spray 

formation, droplet evaporation, air-fuel mixing, spray wall interaction, swirl heat 

transfer, self-ignition and rate of reaction. The emissions model was based on chemical 

equilibrium, as well as the kinetics of fuel, carbon monoxide, NO, and soot production in 

order to calculate the pollutant concentrations at each point in the cylinder. In this 

model, injection was characterised as intermittent parcel of fuel being injected through 

the nozzle, at a given time step. The injected fuel was distributed within the spray angle. 

This angle was unique to each spray parcel and varied, albeit not significantly, from one 

time step to the next. The author calculated the delay period time rz using the formula 

(Nishida and Hiroyasu, 1989): 

Tz = 0.004.p;:·5 .¢~·04 .exp(6000.0/Tcyt) (2.3.1) 
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where Pcyt is in-cylinder pressure, Tcyl is its temperature and rA, is crank angle. In this 

model the heat transfer from each zone was calculated taking into account both carbon 

(soot) radiation and convection. 

Gogos et al (2003) developed an axisymmetric numerical model to study single 

droplet evaporation over a wide range of ambient pressure under normal and 

microgravity conditions. The mass, momentum, species and energy equations were 

solved using the finite volume method. The model was applied to n-hexane droplet 

evaporating within a high-pressure nitrogen environment. The results showed that the 

droplet lifetime decrease with increasing ambient pressure under normal gravity more 

significantly than under microgravity due to increase the effect of natural convection 

heat transfer. Under the normal gravity conditions, increasing ambient pressure 

increased the droplet surface temperature and the evaporation constant with time due to 

the same reason. Comparison of the results with experimental results of Matlosz et al 

(1972) and Nomura et al (1997) showed that the discrepancy can be attributed to the heat 

conduction along the wire supported the droplet and the droplet movement, in theoretical 

model. Hohmann and Renz (2003) studied the numerical simulation of the vaporization 

of an unsteady fuel spray at high ambient temperature and pressure solving the 

appropriate conservation equations. The author studied the effects of high ambient 

pressure on the vaporization motion of the diesel fuel droplet. They showed that the 

droplet thermal conductivity and its diffusion coefficient have to be multiplied by the 

correction factor X, which is defined in Equation (2.2.1.1.1) to take into account the 

circulation inside the droplet in modelling its vaporization process. The results showed 

that for higher Biot number (the ratio of droplet internal thermal resistance to its 

boundary layer thermal resistance) the temperature gradient inside the droplet is 

significant. This effect was pronounced in high gas temperature and pressure because the 

gaseous thermal conductivity increases with temperature while the liquid thermal 

conductivity decreases with temperature. The results also showed that modelling the 

physical processes within the spray in diesel engine, such as primary and secondary 

break-up, droplet collision and coagulation, exchange of momentum and heat and mass 

transfer with the surrounding gas have a more pronounced influence on the droplet 

diameter than modelling droplet vaporization process. 

As CFD studies, Amsden et al (1985) developed KIVA2 CFD code, which solved the 

equations of transient, two and three-dimensional, chemically reactive fluid flow with 

sprays. The equations solved in KIV A2 can be applied to laminar or turbulent flows, 
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subsonic or supersonic flows, and single-phase or dispersed two-phase flows. 

Evaporating liquid sprays are represented by a discrete-particle technique (Dukowicz, 

1980) in which each particle represents a number of droplets of identical size, velocity, 

and temperature. The particles and fluid interact by exchanging mass, momentum, and 

energy. Droplet collisions and coalescence are accounted for (O'Rourke, 1981) and a 

TAB break up model is used for droplet aerodynamic breakup (O'Rourke, 1987). The 

number of species and chemical reactions that can be accounted for in KIV A 2 are 

arbitrary; they are limited only by computer time and storage considerations. The code 

distinguishes between slow reactions, which proceed kinetically, and fast reactions, 

which are assumed to be in equilibrium (Ramshaw, 1980). Two models are available to 

represent the effects of turbulence; a standard version of the k-c turbulence model 

(Launder and Spalding, 1972) and a modified version of subgrid scale (SGS) turbulence 

model of KIV A (Amsden et al, 1985). The SGS model reduces to the k-c mode near 

walls where all turbulence length scales are too small to be resolved by the 

computational mesh. KIVA2 CFO code was modified in KIVA3 (Amsden, 1993) where 

the grid generator extended to create more complicated grid for internal combustion 

engines. In this version a block-structured mesh was adopted, and the program became 

able to modeling geometries containing inlet and outlet ports in the cylinder wall. This 

development was driven by an interest in crankcase-scavenged 2-stroke engines. A new 

version of KIV A called KIVA 3V (Amsden, 1997) was released in 1997. In this version 

it was allowed to simulate the intake and exhaust valves in internal combustion engines 

where the grid generator was extended to support the generation of grids for valves, 

valve ports and runners. Also in this version a particle-based liquid wall film model and 

a mixing-controlled turbulent combustion model were added to the code. KIV A3V is 

applied to studies of port injection (PFI) and direct injection, spark-ignition (DISI) or 

gasoline direct-injection (GDI) engines, as well as large and small bore diesel engines. 

In the second release of KIVA3V (Amsden, 1999) some new features were added to the 

code. These new features were extensions to the particle-based liquid wall film model, a 

split-injection option, and new features in the grid generator to enable the code to 

simulate more accurately the complicated combustion chambers (e.g. complex runner, 

helical ports and bifurcations). 

Johns (1990) developed a detailed model for diesel combustion. The model consisted 

of three main parts. The first part was focused on the dynamics of the gas-phase, 

determination of the mean flow and turbulence field. The second part was focused on the 
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dynamics; heat and mass transfer of the fuel spray. The third part was focused on the 

transport, mixing and chemical reaction, which determined the composition and 

temperature fields. The model based on solving equations for the composition joint 

probability density function (pdf) and the associated temperature pdf were developed. 

The joint pdf described the diesel combustion process. This model predicted that halving 

the droplet size reduced the ignition delay (the delay time between the start of injection 

and ignition) by 30%, where as the ignition delay was insensitive to an artificial 

reduction in fuel vapour pressure. The higher momentum exchange rate associated with 

the smaller droplet size produced faster mixing and the ignition delay was controlled by 

the rate of mixing. 

Reitz and Rutland (1995) described the development and validation of computational 

fluid dynamic (CFD) models for diesel engine combustion and emissions. Their work 

consisted of two parts. The first part described the experimental study and the second 

part described the CFD study using the KIVA code (Amsden et al, 1985 and Amsden et 

al, 1987). The authors used KIV A3 for simulating the intake flow process in realistic 

engine geometry and moving valves of Caterpillar engine. They also used KIVA2 for 

modelling combustion and emissions, and the initial flow turbulence conditions at intake 

valve closure. The authors replaced TAB break-up model, which was originally 

implemented in KIVA with 'wave' break-up model (Reitz, 1987). They implemented 

into KIV A a spray wall impingement model in which the impact drop on the heated 

surface may lead to instantaneous break-up, sudden vaporization, or to developing a thin 

liquid film on the surface, or to sliding or rebounding of a highly distorted drop. The 

author also used the autoignition Shell model to predict the fuel ignition delay time and 

Zeldovich mechanism (Heywood, 1976) to describe nitric oxide (NOx) formation. 

Good agreement between computed and measured cylinder pressure and apparent heat 

release rate were obtained. These models allowed good quantitative predictions of soot 

and NOx emissions. 

Ayoub and Reitz (1997) used an improved version of the multidimensional CFD code, 

KIVA2 (Amsden et al, 1985; Amsden et al, 1987 ; Amsden et al, 1992) to study the 

effects of multicomponent fuel vaporization on diesel engine ignition under cold-starting 

conditions and the parameters that influence this phenomenon. This model was applied 

to simulate cold starting in diesel engines. It took into account the effects of fuel residual 

left from previous cycles, injection timing, and its duration. In the droplet vaporization 

submode}, the authors assumed that droplets were spherically symmetric, pressure was 
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spatially uniform around the droplet, the gas-liquid interface was in thermodynamic 

equilibrium and gas was dissolved in a very thin liquid surface layer (i.e. gas does not 

diffuse into the droplet interior). The phenomenon of internal circulation of the liquid 

within the droplet was taken into account as internal mixing enhanced the processes of 

heat and mass transfer inside the droplet. The model artificially increased the heat and 

mass diffusivity, depending on mixing parameters. The diffusivity was increased by a 

factor C (Jin and Borman; 1985): 

C= 

2_685 + 3.025 \ 4x 10-
3 

2 1.9868 X 1 o- + (D,2t I Rd) 
for 

(2.3.2) 

2.685 for 

where t is the drop lifetime and D12 is the binary liquid diffusivity. In the spray sub

model they assumed that the drop parcels were injected with characteristic size equal to 

the nozzle exit diameter. The subsequent break-up of the parcels containing parent drop 

of radius Rda was computed by assuming that the break-up process produced children 

drops with Rd= Bo..:i and break-up time wast= 3.726 B1 Rda /..:it}, where /4 is wavelength 

and tJ is wave growth rate. Drop size constant B0 and break up time constant B1 were 

related to the initial distribution of fuel droplets. The autoignition process was modelled 

using the Shell autoignition model. The results of this work showed that advancing 

injection timing improved ignition under cold-starting condition. Also the presence of a 

small amount of vapour fuel residual in the combustion chamber enhanced ignition and 

combustion. Lower injection velocity and the larger droplets reduced the amount of 

vaporized fuel. When the ambient air intake temperature was reduced from 273 to 254 K 

the onset of ignition was delayed and there was very little combustion. Finally, the study 

showed that split injection improved cold starting in diesel engines. In this case, a small 

fraction of fuel was injected early in the compression stroke to help ignition. In the same 

way fuel residual enhanced the ignition process. 

Yamane and Shimamoto (1999) used the multidimensional engine simulation code, 

FREC-3D (CI), to elucidate the effects of injection rate and split injection on diesel 

combustion, NO and soot emission. The FREC-3D (CI) code is three-dimensional 

computational code for compression ignition engines and was developed by Ikegami et 

al (1997). It calculated gas motion, turbulence, temperature and concentrations of fuel, 

unburned mixture and burned gas. The program took into account turbulence, spray, 

ignition and combustion, NO and soot. The results showed good agreement between 
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measured and calculated in-cylinder pressure and rate of heat release. It also showed that 

a high turbulence kinetic energy caused by an initial combustion stage after fuel 

injection, promoted the soot oxidation process. 

As already mentioned, Bertoli and Migiaccio (1999) showed that the accuracy of CFD 

computations of heating, evaporation and combustion of diesel fuel sprays could be 

substantially increased if the assumption of infinite high thermal conductivity of liquid is 

relaxed. The authors used a modified version of the CFD KIV A2 code. They suggested 

that the numerical solution of the heat conduction equation inside the droplet is added to 

the solution of other equations in a CFD code. The authors performed some numerical 

tests for a combustion bomb to analyse the influence of the modified evaporation model 

on droplet heating, evaporation rate and droplet lifetime. The results show that this 

approach is expected to increase the accuracy of CFD predictions for tetradecane, n

heptane and diesel fuel. The additional computational cost of this approach might be too 

high for practical applications. Also the authors did not take into account the effects of 

thermal radiation on heating and evaporation of fuel droplets. 

Sazhina et al (2000) applied the Shell autoignition model to modelling the ignition 

process in a realistic diesel engine polydisperse spray. The analysis was based on the 

computational fluid dynamics (CFD) code VECTIS of Ricardo Consulting Engineers. 

The Shell autoignition model (Halstead et al, 1977) was originally designed to simulate 

the self-ignition properties of hydrocarbon fuels and to analyse the knock phenomenon 

as a self-ignition of a compressed mixture in the end-of-gas charge in spark-ignition 

gasoline engines. It was extended to modelling the autoignition of heavier hydrocarbons 

in diesel engines (Theobald, 1986; Kong et al, 1996; Sazhina et al, 1999). The authors 

took the value of pre-exponential factor in the rate of production of the intermediate 

agent in the range between A14 = 3xl06 and A14 = 6xl06
. They studied two cases; the first 

was the modelling of n-dodecane ignition for an idealized case of premixed air-fuel 

mixture and the second was the modelling of the ignition of a monodisperse spray. The 

results showed that the total ignition delay for droplets at the periphery of a 

monodisperse spray was less than in its core. Hence, ignition of the spray was expected 

to start at its periphery. The chemical ignition delay was shown to decrease with the 

increase of the initial temperature in the range of temperatures from 700 K to 950 K at 

both pressures for n-dodecane. For a monodisperse spray with droplet with initial radii 

about or greater than 6 µm the chemical ignition delay is smaller than the physical 

ignition delay. The latter resulted from droplet transit time, atomisation, heating, 

39 



Chapter 2: Review of Literature 

evaporation and mixing. The opposite took place for smaller droplets with the initial 

radii about or less than 2.5 µm. The results also showed that the ignition process started 

in one point or simultaneously in several points (nuclei) at the periphery of the spray, 

and spread over the combustible charge during about 7 CA. The physical ignition delay 

was shown to dominate over the chemical ignition delay in agreement with the 

prediction by Sazhina et al (1999). 

Hamosfakidis and Reitz (2003) studied the ignition delay time for diesel fuel using the 

Shell autoignition model in KIV A3V CPD code. The study was performed for a range of 

conditions representative diesel engine conditions including: equivalence ration from 0.5 

to 4.0, initial pressures from 4 MPa to12 MPa, initial temperatures from 650 K to 1175 

K and EGR percentages from O to 75%. The relative error for the ignition delay times 

over the entire range of conditions was shown about 11.0 %. It was also shown that good 

agreement with measured data was achieved for long ignition delay cases where effects 

due to spray, vaporization and mixing were expected to be less important than chemistry 

effects. However, discrepancies were noted in comparisons with engine data for short 

ignition delay cases. The author thought that these might be introduced by other 

submodels that describe the vaporization and mixing processes. 

As shown above, most of research studied for engine simulations are based on KIV A 

CPD code although there are other codes for engine simulations (e.g. FIRE (FIRE 5.1, 

1993), Star-CD (Bai and Gosman, 1995), and VECTIS (Ricardo Software, 2002)). This 

is because the KIV A source code is available for wide academic community while the 

sources of commercial codes are confidential. This allows for better dissemination of 

results to future collaborators. The success of an engine CPD code depends on validity 

of its submodels. Thus, it is essential to have access to source code, like KIV A, 

especially for a research program focused on model development, implementation, and 

validation. So my CPD part of the thesis will be developed using KIV A CPD code. 

2.4 Conclusions of Chapter 2 

As follows from the analysis of the literature review, a considerable progress has been 

achieved in developing models of droplet convective and radiative heating. At the same 

time these models still have gaps which need to be filled before they can be 

recommended for implementation in CPD codes for engineering applications. Some of 

these gaps are summarised below: 
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1) The model for radiation absorption in droplets suggested by Dombrovsky et al 

(2001) was based on limited ranges of droplet diameters and gas temperatures 

and just for one type of diesel fuel. The measurements of the spectral index of 

absorption for four types of diesel fuel reported by Dombrovsky et al (2003) was 

performed in the spectral ranges 0.2 µm -1. 1 µm and 2 µm -6 µm but not in the 

range 1.1 µm-2 µm. The latter range is particularly important as it corresponds to 

maximal intensities of thermal radiation in the range of temperature 1119-2635 

K, as follows from Wien's law. This range is perhaps the most important for 

applications in diesel engines and the absence of these data was regrettable. 

2) To take into account the finite thermal conductivity model for transient heating 

of diesel fuel droplets with temperature gradient inside them. Bertoli and 

Migliaccio (1999) suggested that the numerical solution of the heat conduction 

equation inside the droplet is added to the solution of the other equations in a 

CFD code. Additional computational cost of this approach might be too high for 

practical applications. Also the authors neglected the thermal radiation effects 

and the recirculation inside the fuel droplets. 

3) The performances of the infinite thermal conductivity model, the effective 

thermal conductivity model and the parabolic model (Dombrovsky and Sazhin, 

2003a) have not been compared. 

4) The effects of temperature gradient inside droplets and thermal radiation effects 

on the heating, evaporation, break-up and the ignition of fuel vapour / air 

mixture in diesel engines were not investigated. 

The above gaps will be filled in this work. 
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3. RADIATIVE HEATING OF SEMI-TRANSPARENT DIESEL FUEL 

DROPLETS 

3.1 Introduction 

As mentioned in Section (2.2.2) the model suggested by Dombrovsky et al (2001), took 

into account the transparency of fuel droplets but its formulation is considerably simpler 

when compared with the previously suggested models. Detailed Mie calculations were 

replaced by the approximation of the absorption efficiency factor for droplets with an 

analytical formula aR!, where Rct is the droplet radius, a and b are quadratic functions of 

gas temperature. Dombrovsky et al (2001) implicitly assumed that the external gas 

temperature, responsible for radiative heating of droplets is equal to the ambient gas 

temperature, responsible for their convective heating. The coefficients a and b were 

found based on the comparison of prediction of Equations (2.2.2.9) and (2.2.2.10) for 

diesel fuel droplet radii and gas temperatures in the ranges 5 - 50 µm and 1000 - 3000 K 

respectively. 

The main objective of this chapter is to investigate the applicability of the model 

suggested in Dombrovsky et al (2001) for a wider range of droplet radii, external and 

ambient gas temperatures using more detailed measurements of spectral properties of 

diesel fuels. The same types of diesel fuel as in Dombrovsky et al (2003) were used. Due 

to experimental restrictions, the measurements reported by Dombrovsky et al (2003) 

were performed in the spectral ranges 0.2 µm - 1.1 µm and 2 µm - 6 µm but not in the 

range 1.1 µm - 2 µm. The latter range is particularly important as it corresponds to 

maximal intensities of thermal radiation in the range of temperatures 1449 - 2635 K, as 

follows from the Wien's law. This range is perhaps the most important for applications 

in diesel engines and the absence of data was rather regrettable. In this chapter the 

measurements reported in Dombrovsky et al (2003) are supplemented by the 

measurements in the range 1 µm - 3 µm using a new experimental technique. Hence the 

whole range 0.2 µm - 6 µm is covered. 

The new approximation for the absorption efficiency factor is implemented into a 

stand-alone code designed for modelling heating and evaporation of droplets. Using this 

code the influence of thermal radiation on heating and evaporation of fuel droplets is 

investigated. 

Results of the measurements of the spectral index of absorption of diesel fuels are 

presented and discussed in Section 3.2. In Section 3.3 the approximation of the 
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absorption efficiency factor by the expression aR: in various ranges of droplet radii and 

external gas temperatures is discussed. Results of implementation of this model into our 

stand-alone code and analysis of the influence of thermal radiation on droplet heating 

and evaporation are presented and discussed in Section 3.4. The main results of the 

chapter are summarized in Section 3.5. 

The main results of this chapter are represented in the paper by Sazhin, Abdelghaffar 

et al (2004a) 

3.2 Optical properties of fuel 

3.2.1 Measurements of index of absorption 

The index of absorption of diesel fuels was measured in the ranges 0.2 µm - 1.1 µm, 1 

µm - 3 µm and 2 µm - 6 µm. Ultraviolet near-infrared spectra (0.2 - 1.1 µm) were 

obtained using a UV-Visible spectrophotometer Shimadzu, model 1601. The spectra 

were recorded versus n-hexane as a background. The latter is transparent in the studied 

range of wavelengths. Also in this range the diesel fuels were diluted with n-hexane to 

prevent saturation of the peaks act in blank (background) of n-hexane. Thus the actual 

Ultraviolet absorbance spectrum of diesel fuels can be obtained. The average error of 

measurements of absorbance was about 5 %. 

In the range (1 - 3) µm the index of absorption was measured using a Fourier 

Transform Infrared Spectrometer (Nicolet FT-IR Nexus). This spectrometer is designed 

to work in the mid-infrared or near infrared range. The experimental set-up used to 

record the fuel spectra was optimised for analysis in the near infrared range. The 

program used was OMNIC E.S.P. version 5.2a set in Transmission E.S.P. experimental 

mode. A resolution of 4 cm-1 was used, recording four scans in a NaCl cell with an 

optical path length of 0.025 mm. The background was recorded as the empty NaCl cell. 

The average error of measurements of absorbance was about 5 %. 

Infrared spectra (2 - 6 µm) were obtained using FTIR (Fourier Transform Infrared) 

spectrometer Perkin Elmer 1720-X, at 4 cm-1 resolutions, 4 scans, in a NaCl cell with 

0.011 mm optical path length. The error of measurements of absorbance was about 5 % 

across the whole range of wave-lengths. The lower threshold for measurements in this 

spectral range is higher when compared with the measurements reported in Dombrovsky 

et al (2001) where it was 1.39 µm. The use of conventional FT-IR spectrometers to 

measure absorbance beyond the mid-range infrared (approximately 2.5 µm or less) 

would result in large experimental errors (10 % ), due to the detection limit of the 
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spectrometer having been reached. This may explain some of the discrepancies in the 2 -

3 µm range obtained using different techniques. The results obtained by the Nicolet Ff

IR Nexus spectrometer were used in this range. 

Diesel fuels have relatively high absorption below 0.4 µm, exceeding the measuring 

limit of the instrument. In this range, the spectrum was recorded in a 1-cm quartz cell for 

samples diluted with n-hexane. The latter is transparent in the studied range of 

wavelengths under consideration. In the ranges of 3.33 - 3.53 µm and 6.76 - 6.94 µm, 

where absorption of the samples exceeded the instrument measuring limit, the spectra 

were recorded for samples diluted with chloroform. The correction for dilution was 

made in both cases. All measurements were carried out at room temperature. The 

resulting spectra are not expected to differ, until the boiling point of the fuel is reached. 

After this point, it is expected that the resulting spectra will reduce by more than 50%. 

Results of the measurements of the index of absorption Kare presented in Figure 

(3.1). The plots are shown for low sulphur ESSO AF1313 diesel fuel used in cars (white) 

and BP Ford reference diesel fuel used in off road equipment in which dye has been 

added for legislative purposes (red). Also the plots referring to these diesel fuels after 

they have undergone a simulation of ageing process by prolonged (six hours) boiling are 

shown in the same figure. Density of the white fuel was experimentally determined as 

816 kg/m3 and the boiling point in the range of 458 - 468 K, whereas density of the red 

fuel was experimentally determined as 827 kg/m3 and boiling point in the range of 468 -

478 K. The density was measured at room temperature. Both parameters were measured 

at atmospheric pressure. 

The noticeable descripency in the measured spectra at wavelengths around 1.1 µm is 

related to the fact that these wavelengths refere to the higher range of the UV-Visible 

spectrophotometer Shimadzu and to the lower range of the Fourier Transform Infrared 

Spectrometer (Nicolet Ff-IR Nexus). In both cases the errors in the measurements are 

expected to be high, and it is diffucult to estimate them quantitively. The peak of the 

measured spectra at wavelengths around 3.4 µm is related to the presence of the OH 

component in all four diesel fuels. 
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Fig. 3.1 Indices of absorption of four types of diesel fuel versus wavelength A. White 
cotTesponds to low sulphur ESSO AF1313 diesel fuel used in cars; red corresponds to 
BP Ford reference diesel fuel used in off road equipment. Ranges A and C were taken 
from Dombrovsky et al (2001) and range B was measured experimentally. 

As can be seen in Figure (3.1) the dependence of Kon the type of diesel fuel is 

noticeable, especially in the ranges of semi-transparency A < 3 µm and 4 µm < A < 6 

µm. Peaks of absorption for all types of diesel fuel practically coincide. The values of K 

in the ranges 0.2 µm - 1 µm and 3 µm - 6 µm coincide with those shown in Figure 3 of 

Dombrovsky et al (2003). The differences in the optical properties of fuels shown in 

Figure (3.1) are expected to be transformed in different values of the absorption 

efficiency factors of fuel droplets as discussed in Section 3.3. 

3.2.2 Analytical presentation on index of absorption 

The index of absorption for the unboiled low sulphur ESSO AF1313 diesel fuel (white 

unboiled) used in cars, which is shown in Figure (3 .1 ), can be approximated by the 

following functions: 
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K= 

where 

0.00106092 In (A) + 0.00171395 when 0.2 S A < 0.26 

exp (-29.70641403,1 )xl.240388523 when 0.26 S A < 0.5 

10' when 0.5S AS 1 

0.0005225623501 ln (A+ 5.51945445 x 10-5 whenl<A S 2 

-0.0177,13 +0.1156,12 -0.25U+0.1816 when 2< AS 2.25 

10' 
4.3797145x10·26 A-45.421514 

10' 

(=-6.4 

( = 1 l(A -2.2)-3.4 

( = 2.8 (J-2.8) 2 
- 3 

( = 12.5 (A -3.8) 2 
- 2.2 

(= 0.5 [(A -4.9) I 1.1] 2- 2.7 

when 2.25 < A S 3.3 

when 3.3 < A S 3.4 

when 3.4< AS 6 

when 0.5 S A S 1 

when 2.25 < A S 2.3 

when 2.3 < AS 3.3 

when 3.4 <AS 3.8 

when 3.8 < AS 6 

where A is measured in µm. 

(3.2.2.1) 

Figure (3.2) shows the actually measured index of absorption versus wavelength for 

the unboiled low sulphur ESSO AF1313 diesel fuel and its approximation by Equation 

(3.2.2.1). Analytical presentation of K(A) is convenient for practical calculations. 

Table (3.1) shows the errors and CPU time requirements for the thermal radiation term 

calculations based on Equations (2.2.2.18) and (2.2.2.19). The errors were calculated by 

comparing approximation (3.2.261) and the actually measured index of absorption. From 

this table, it is clear that the analytical approximation can reduce the computational time 

by about 2 orders of magnitude. As the radiation effects are relatively small when 

compared with convective heating, we can calculate the radiation effect with 58 points 

using the analytical presentation with error less than 10 %. 

The performances of the numerical algorithms described in this section are discussed 

in Section 5.4. 
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l.E+0l ...-- ------------------------. 
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0 1 2 3 4 5 6 

A inµm 

Fig. 3.2 Index of absorption of low sulphur ESSO AF1313 diesel fuel versus wavelength 
A based on the measured values and the analytical approximation (3.2.2.1). 

Measured 
Analytical approximation 

values 

Number of 
15 20 58 4111 

points 

CPU time /sec 10.02 24.04 93.46 6103.2 

Error% 44.35 33.2 9.35 0.0 

Table 3.1 Computational time and error for the radiation term calculation using 
analytical approximations and based on measured values of the index of absorption. 

3.3 Absorption efficiency factor of droplets 

The relation between the spectral absorption coefficient due to contribution of the 

droplets, a,._, and the absorption efficiency factor of individual spherical droplets (Qa) can 

be presented as (Dombrovsky et al , 2003): 

(3.3.1) 

where 
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(3.3.2) 

~ ~ 

Rij = fR~F(Rd)dRd I fRJF(Rd)dRd , 
0 0 

F (R,) is the normalised distribution function of droplets by radii (jF(R,)dR, = ,J and 

fv is the volume fraction of droplets. Similar relations can be written for spectral 

transport extinction coefficient and transport extinction efficiency factor (Dombrovsky 

et al, 2003). 

Alternatively, Equation (3.3.1) can be presented as (Dombrovsky et al, 2001): 

""' i ""' 7lR ~I a). = ~a). = ~ v Qai' 
I I 

(3.3.3) 

where a~ describes the contributions of individual droplets, summation is assumed over 

all droplets in volume V, Rdi and Qa; are radii and absorption efficiency factors of 

individual droplets. 

According to the Mie theory, Qa depends on droplet diffraction parameter 

x = 21lRd I A and complex index of refraction of the fuel m = n - iK. These calculations 

are rather complicated, especially for large droplets (x >> 1). This stimulated attempts to 

develop simplified models specifically focused on the range of parameters typical for 

diesel fuel droplets (Dombrovsky et al, 2001, 2002, 2003). The approximation for Qa has 

been suggested as in Equation (2.2.2.12). This equation gives a slightly better 

approximation for Qa when compared with that suggested as in Equation (2.2.2.6). 

Equation (2.2.2.12) is valid in the geometrical optics limit (x >> 1) and small index of 

absorption (K << 1). It has been shown, however, that it can be applicable even in the 

case when these conditions are not satisfied. The simplicity of Equation (2.2.2.12) is 

expected to lead to considerable simplification of the analysis of sprays based on 

Equations (3.3.1) and (3.3.2) or (3.3.3). 

The values of n were calculated based on subtractive Kramers-Kronig analysis 

(Aherenkiel, 1971; Dombrovsky et al, 2003). It was shown that the results of these 

calculations can be accurately approximated by the following relationship (Dombrovsky 

et al, 2002): 

0 02 
A-Am 

n =no+ . 2 . , 
(A - A

111
) + 0.001 

(3.3.4) 
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where no= 1.46, A.111 = 3.4 µm, A is the wavelength in µm. For practical calculations of 

K, the dependence of n on ;i can be ignored, and n can be put equal to 1.46 (Dombrovsky 

et al, 2003). 

As in Dombrovsky et al (2001), it is assumed that the dependence of radiation 

intensity on A is close to that of a black body and the averaged values of droplet 

absorption coefficient is calculated as: 

~ ~ 

fa~ (Rdi ,A)B,1 (Text )dA fa~ (Rdi ,A)I1dA 
- ~ ~ 
ai =-'--~------ z--~---- (3.3.5) 

f B ,1 (Text )dA. f 11 dA. 
~ ,i, 

where BiText) is the Planck function defined as in Equation (2.2.2.2) and Text is the 

external gas temperature, which controls the emission of thermal radiation absorbed by 

the droplets. In diesel engines this temperature can be related to the temperature of 

flame. It can be much higher than the ambient gas temperature, controlling the 

convective heating of droplets (Sazhina et al, 2000). 

If the range (A.1, A.2) is wide enough so that most radiation energy is concentrated in it I 

can write: 

~ f B ,1 (Text )dA z oTe!, I 1[. 

,i, 

The combination of Equations (3.3.5) and (3.3.3) allows us to present the expression 

for ·ct; in the form: 

~ 

2 
f Qai B ,1 (Text )dA 

- JlRdi Ai 
ai = v---,--~-----

f B ,1 (Text )dA 
,i, 

(3.3.6) 

Remembering Equation (3.3.6) and the definition of BA, expression for a;can be 

presented in a more explicit form (Dombrovsky et al, 2001): 

- nR;i Q 
ai =v ai' 

(3.3.7) 

where 
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4n 
Qai = (n+1)2 

-8m(R. 
"! exp( d, ) 

I 5 /4 d/4 
A /4 [exp(C2 /(A-Text ))-1] 

1-~'----------
~ dA 

J /45 [exp(C2 /(/4Text))-1] 
I 

(3.3.8) 

is the average (over wavelengths) droplet absorption efficiency factor. Equation (3.3.7) 

will be used to calculate the thermal radiation absorbed by the fuel droplet in the rest of 

the thesis. 

As follows from Equation (3.3.7), the maximal values of ci; are achieved when Kis 

sufficiently large over the whole spectral range. For small K, cf; is expected to be close 

to zero. For effective implementation of this expression for ·zi; into a CFO code I need to 

find a reasonably accurate but simple approximation of the function Q"; (Rd;, Text). 

Taking into account the experimentally measured values of K(/4), it was found that the 

best approximation for Q"; in the ranges 5 :5 Rdi :5 50 µm and 1000 :5 Text :5 3000 K is 

provided by the function as in Equation (2.2.2.10) where a and b are quadratic functions 

of Text approximated as: 

a = a0 + a, (Ta, I 1000) + a 2 (Text 11000) 2 } 

b = b0 + b1 (Ta, / 1000) + b2 (Text/ 1000)2 

In what follows the subscript 'i' for individual droplets will be omitted. 

(3.3.9) 

Analysis similar to that presented in Dombrovsky et al (2001) has been repeated for 

various ranges of droplet radii and gas temperatures for all four types of diesel fuel 

under consideration. It has been shown that approximation (2.2.2.10) with a and b 

defined by (3.3.9) is applicable for all four types of fuel in the ranges 2 :5 Rd :5 200 µm 

and 1000 :5 Text :5 3000 K, although it becomes less accurate for droplets with radii 

greater than 50 µm. Results of calculation of the coefficients in (3.3.9) for various ranges 

of Rct for all four types of fuel are shown in Table (3.2). As can be seen from this table 

the variations of the values of the coefficients depending of the range of Rct and type of 

fuel are substantial and need to be taken into account. 
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Type of fuel Rmii/ RnlJ1/ ao a 1(K- 1) a2 (K-2
) bo b1 (K-1) b2(K"2

) µm um 
White 

5 50 0.10400 -0.054320 0.008000 0.49162 0.098369 -0.007857 unboiled 
White 

5 100 0.12358 -0.066360 0.010000 0.42402 0.115583 -0.009886 unboiled 
White 

5 200 0.01689 -0.094840 0.014800 0.31518 0.146189 -0.014057 unboiled 
White 

2 50 0.10350 -0.053210 0.007980 0.49590 0.096781 -0.007632 unboiled 
White 

2 200 0.15412 -0.085400 0.013200 0.33988 0 .138394 -0.013029 unboiled 

Red unboiled 5 50 0.08876 -0.046280 0.006800 0.44544 0.131457 -0.013714 

Red unboiled 5 100 0.09654 -0.050609 0.007457 0.41346 0.136374 -0.014029 

Red unboiled 5 200 0.11596 -0.061626 0.009171 0.35694 0.141951 -0.014143 

Red unboiled 2 50 0.09040 -0.046110 0.006724 0.44300 0.129870 -0.012980 

Red unboiled 2 200 0.11116 -0.058757 0.008714 0.36804 0. 138994 -0.013829 

White boiled 5 50 0.10930 -0.056446 0.008171 0.50826 0 .079017 -0.007314 

White boiled 5 100 0.13188 -0.069380 0.010200 0.44010 0.087643 -0.007686 

White boiled 5 200 0.18430 -0.100843 0.015286 0.33048 0.109137 -0.009714 

White boiled 2 50 0.10800 -0.054320 0.008014 0.51330 0.078932 -0.007312 

White boiled 2 200 0.16624 -0.090011 0.013543 0.35550 0.104551 -0.009343 

Red boiled 5 50 0.07160 -0.031469 0.004057 0.44202 0.177531 -0.022343 

Red boiled 5 100 0.07786 -0.033474 0.004229 0.41654 0 .169563 -0.021686 

Red boiled 5 200 0.09168 -0.035854 0.004029 0.38168 0.139197 -0.016714 

Red boiled 2 50 0.07250 -0.030875 0.004032 0.44220 0.017540 -0.022120 

Red boiled 2 200 0.08784 -0.034866 0.003971 0.38976 0.141946 -0.016771 

Table 3.2 Constants in Equation (3.3.9) 

The accuracy of approximation (2.2.2.10) with the coefficients given by Equation 

(3.3.9) and Table (3.2) is illustrated in Figure (3.3) for the white unboiled fuel and two 

ranges of Rct. As can be seen from this figure, the approximation (3.3.9) is very good for 
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0.6 

White diesel fuel unboiled a 
0.5 1000 ~ Text ~ 3000 K 

0.4 
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Fig. 3.3 Q"; versus Rd (black) and Ao versus Rd (grey) for 1000 ~ Text ~ 3000 K 
(indicated near the curves) for white unboiled diesel fuel. Coefficients a and b are 
defined by Equation (3.3.9). Plots shown in Fig.3.2a are based on the values of 
coefficients found for external temperatures in the range 1000 ~ Text ~ 3000 K and 
droplet radii in the range 2 ~Rd~ 50 µm. Plots shown in Fig.3.2b are based on the 
values of coefficients found for external gas temperatures in the range 1000 ~ Text~ 

3000 Kand droplet radii in the range 5 ~Rd~ 100 µm. 
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2 :5 Rd :5 50 µm, but less accurate (although acceptable in most practical applications) 

for 5 :5 Rd :5 100 µm 

For 500 K :5 Text :5 3000 K approximations (3.3.9) appeared to be poor for all types of 

fuel under consideration. Considerably better accuracy was obtained when 

approximations (3.3.9) were replaced by the following approximations: 

a= a0 + a, (Text I 1000) + a2 (Ta, /1000) 2 + aiTa, / l000)3 + a4 (Te.w / 1000)4
} 

b = b0 + b1 (Text/ 1000) + b2 (Te.w / 1000)2 + b3 (Tw /1000) 3 + b4 (TeKt /1000) 4 
(3.3.10) 

The values of coefficients in Equation (3.3.10) for 500 K :5 Text :5 3000 Kand various 

ranges of Rd for all four types of fuel are shown in Table (3.3). As in the case of Table 

(3.2), the variation in the values of the coefficients depending on the range of Rd and 

type of fuel are sometimes substantial and need to be taken into account. 

!Type of fuel 
Rm,n/µ Rm.,./µ 

ao a 1 (K1
) a2(K"2

) a3 (K3
) a4 (K4

) bo b1 (K1
) b2 (K2

) b3 (K
3
) b4 (K4

) 
m m 

White 
5 50 -0.0417 0.28362 -0.26836 0.09526 -0.011767 0.9671 -0.9761 0.84533 -0.28534 0.034233 

tunboiled 
White 

5 100 -0.0442 0.32398 -0.31034 0.11081 -0.013733 0.8819 -0.9163 0.80674 -0.27215 0.032533 
unboiled 
White 

5 200 -0.0463 0.40945 -0.40219 0.14532 -0.018133 0.7496 -0.8308 0.75706 -0.25621 0.030533 
!unboiled 
White 

2 50 -0.0440 0.27981 -0.25981 0.09478 -0.011520 0.9798 -0.9698 0.85673 -0.27982 0.033134 
unboiled 

White 
2 200 -0.0474 0.38577 -0.37553 0.13517 -0.016833 0.7824 -0.8579 0.77432 -0.26198 0.031267 

unboiled 

Red 
5 50 -0.0565 0.29014 -0.26793 0.09457 -0.011667 0.9862 -1.1016 0.97560 -0.33451 0.040567 

unboiled 

Red 
5 100 -0.0621 0.31707 -0.29294 0.10345 -0.012767 0.9636 -1.1152 0.98742 -0.33765 0.040833 

unboiled 

Red 
5 200 -0.0720 0.37382 -0.34642 0.12240 -0.015100 0.8995 -1.0880 0.96582 -0.32892 0.039600 

unboiled 

Red 
2 50 -0.0570 0.29030 -0.26583 0.09352 -0.011392 0.9681 -1.1009 0.96537 -0.27613 0.042184 

unboiled 

Red 
2 200 -0.0689 0.35806 -0.33151 0.11706 -0.014433 0.9063 -1.0819 0.95965 -0.32700 0.039400 

unboiled 
White 

5 50 -0.0395 0.28796 -0.27275 0.09658 -0.011900 0.9388 -0.9035 0.78188 -0.26714 0.032433 
boiled 
!White 

5 JOO -0.0409 0.33132 -0.31734 0.11285 -0.013933 0.8375 -0.8168 0.71621 -0.24414 0.029533 
boiled 
White 

5 200 -0.0410 0.42355 -0.41523 0.14897 -0.018467 0.6954 -0.7176 0.64863 -0.22082 0.026567 
boiled 
White 

2 50 -0.0420 0.27893 -0.26731 0.09367 -0.016721 0.9596 -0.9007 0.76258 -0.25817 0.031425 
boiled 

White 
2 200 -0.0432 0.39663 -0.38514 0.13767 -0.017033 0.7331 -0.7515 0.67277 -0.22896 0.027567 

boiled 

Red boiled 5 50 -0.0850 0.32863 -0.28769 0.09964 -0.012200 1.4481 -2.1310 1.84306 -0.63536 0.077600 

Red boiled 5 100 -0.0848 0.34028 -0.29836 0.10326 -0.012633 1.2870 -1.8292 1.59459 -0.55092 0.067333 

Red boiled 5 200 -0.0906 0.38067 -0.33095 0.11353 -0.013800 I.I 103 -1.5294 1.32851 -0.45711 0.055700 

Red boiled 2 50 -0.0970 0.31872 -0.27829 0.09872 -0.021091 1.6235 -2.5023 0.18522 -0.63022 0.085020 

Red boiled 2 200 -0.0973 0.38854 -0.33685 0.11562 -0.014067 1.2056 -1.7258 1.48863 -0.51140 0.062300 

Table 3.3 Constants in Equation (3.3.10) 
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Fig. 3.4 The same as in Figure (3.3) but for the range 500 K ~Text~ 3000 K, when the 
coefficients a and bare defined by Equation (3.3.10). 

The accuracy of approximation (2.2.2.10) with the coefficients given by Equation 

(3.3.10) and Table (3.3) is illustrated in Figure (3.4) for the white unboiled fuel and two 
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ranges Rd similar to those shown in Figure (3.3). As in the case shown in Figure (3.3), 

the approximation (3.3.10) is very good for 2 ~Rd~ 50 µm, but less accurate (although 

acceptable in most practical applications) for 5 ~Rd~ 100 µm. 

The contribution of external gas radiation at temperatures close to 500 K is expected 

to be much smaller than the contribution of radiation from gas at temperatures higher 

than 1000 K. Hence approximation (3.3.10) is less important for practical applications 

than approximation (3.3.9). The values of the coefficients can be chosen from Tables 

(3.2) or (3.3) depending on the type of fuel and the range of droplet radii and gas 

temperatures required. 

3.4 Heating and evaporation of droplets 

To illustrate the importance of the effects described in the previous section, a stand

alone code describing droplet heating and evaporation has been developed. A single 

droplet was placed in a hot gas at constant temperature. Droplet thermal conductivity 

was assumed much greater than that of gas (k1 = 00 ), and temperature gradients inside the 

droplets were ignored. 

As a result the problem of heating and evaporation of droplets was reduced to the 

solution of the following system of equations (Chin and Lefebvre, 1983; Lefebvre, 

1989): 

4 3 dTd 2 ( ) 2 ( 4 4) 2 dRd -nRdplcl -- = 41lRdh Tg -Td +4nR.dacd Text -Td +4:rRdplL--
3 dt dt 

(3.4.1) 

dRd p 11 D12 ln(l +BM) 
= 

dt p,Rd 
(3.4.2) 

where Td is the droplet temperature, BM =Y1i(l-Y1s) is the Spalding mass number, Y1s is 

the mass fraction of fuel vapour near the droplet surface: 

yfs = [1 + (__E_ - 1J M n ]-I , 
PFs MJ 

(3.4.3) 

p and PFs are ambient pressure and the pressure of saturated fuel vapour near the surface 

of droplets respectively, Ma and Mr are molar masses of air and fuel vapour; PFs can be 

calculated from the Clausius-Clapeyron equation presented in the form (Chin and 

Lefebvre, 1983; Lefebvre, 1989): 

p,, = ex{a, -T, ~
43 
l (3.4.4) 
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where PFs is in kPa. The coefficients av and bv as functions of droplet surface 

temperature were taken the same as in VECTIS CFD code of Ricardo Consulting 

Engineers. They are close to those reported in (Lefebvre, 1989) for DF-2 (see page 319). 

pgD,2 in Equation (3.4.2) can be replaced by kglcpg assuming that the Lewis number is 

unity ( Le =kg l(p g c Ps D12 ) = 1, kg and cg are thermal conductivity and specific heat 

capacity of gas respectively. 

I consider the case when the droplet is stationary, or almost stationary, which allows us 

to assume that Nusselt number Nu = 2 and write 

(3.4.5) 

When deriving Equation (3.4.1) temperature gradients inside the droplet were ignored. 

For benchmarking purpose, two solvers were implemented for the solution of the system 

of Equations (3.4.1) and (3.4.2). The first was a stand-alone code based on the Runge

Kutta method with adaptive step size control (Press et al, 1989). The second solver was 

taken from the public domain site of LLNL (http://www.llnl.gov/CASC/odepack/). Both 

methods gave practically the same results as shown in Figure (3.4). 

Values of parameters typical for a diesel engine were taken as follows: gas pressure p 

was taken equal to 6 MPa, droplet initial temperature and radius were taken equal to 300 

K and 10 µm, respectively. Plots of droplet temperature and radius as functions of time 

for white unboiled fuel are shown in Figure (3.4). In this Figure the values of initial 

droplet radius, gas temperature and external temperature were taken equal to 10 µm, 

1000 Kand 2000 K respectively. 

These plots refer to the cases when the effects of thermal radiation are ignored 

altogether (Case A), when the thermal radiation is accounted for based on Equations 

(3.3.7) and (2.2.2.10) (semi-transparent droplets) (Case B) using the actual measured 

points of index of absorption shown in Figure (3.1), and when thermal radiation is 

accounted for based on the assumption that Ed = 1 in Equation (3.4.1) (black opaque 

droplets) (Case C). As follows from Figure (3.4) the effect of thermal radiation on semi

transparent droplets is noticeably smaller when compared with this effect on black 

opaque droplets. In the former case, the temperature remained subcritical (Tcr = 725.9 K) 

all the way through (until the droplets evaporated) in all cases. The difference between 

black and semi-transparent droplets is even more clearly seen for droplet radii. The 

initial increase of droplet radius is due to droplet thermal expansion. For realistic semi

transparent droplets the effects of radiation would lead to a small (less than 8.5 % ) 
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decrease of their evaporation time when compared with the case without thermal 

radiation. 

800 12 • • • • • No radiation, 
R-K 

10 - - - - - Semi-
transparent, R-
K 

8 · · · · · Black droplet, 
600 R-K 

~ 
i::: > 6 ·- --No radiation, 

E--."' 
500 LLNL 

4 --Semi-
transparent, 

400 LLNL 
2 
--Black-droplet, 

LLNL 

300 0 

0.0 0.5 1.0 1.5 2.0 2.5 3.0 
tin ms 

Fig. 3.5 Droplet temperatures and droplet radii versus time as calculated by a stand
alone code with Runge-Kutta (R-K) and LLNL solvers for a stationary droplet. The 
cases are: A) the effects of thermal radiation have been ignored, B) they are taken into 
account based on Equations (3.3.7) and (2.2.2.10) (semi-transparent droplets), C) they 
are taken into account based on Equation (3.3.7) with Qa; = 1 (black opaque droplets). 

Tso=300 K and Pg = 6 MPa. Rcto = 10 µm, Tg = 1000 K and Text = 2000 K. 

Note that the evaporation time predicted by Figure (3.4) can be unrealistically long for 

real-life diesel engines. This is related to the fact that our analysis is not comprehensive 

at this stage and a number of important processes including droplet break-up and non

zero velocity were not taken into account. These will be considered in detail in Chapters 

6 and 7. 

Results similar to those shown in Figure (3.5) have been obtained for other gas 

temperatures, external temperatures and droplet radii as shown in Figure (3.6). As 

expected, the effects of thermal radiation and the difference between the cases of black 

and semi-transparent droplets became more prominent for larger droplets, larger external 

temperatures and lower gas temperature. Based on these results I can conclude that 

thermal radiation leads to increased heating of semi-transparent droplets and reduction 

of their evaporation times. These effects, however, are considerably weaker than similar 

effects for black opaque droplets in agreement with results in Dombrovsky et al (2001). 
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The effect of thermal radiation in Figure (3.6a) still appears to be rather weak. Note, 

however, that the analysis so far was based on the assumption that gas into which 

droplets are injected is homogeneous and Text = T8• In a realistic diesel engine 

environment this assumption is almost always questionable. I might expect that the 

droplets be injected into a relatively cold gas (cooled down due to evaporation of 

previously injected droplets), while the remote flame has a relatively high temperature 

(Text > T8). Nearer to the end of the injection process I can expect that combustion has 

already started, and the radiation responsible for radiative heating of droplets is 

generated by the hot flame. The temperature of the flame (Text) can reach up to 2500 K, 

while the temperature of gas in the vicinity of droplets (T8) remains about 700 K or less 

(Sazhina et al, 2000). In this case the convective heating of droplets is controlled by a 

relatively low temperature about or less than 700 K, while its radiative heating is 

controlled by a much higher temperature up to 2500 K. Results of calculations similar to 

those presented in Figure (3.6a) but for the case when this difference in temperatures is 

taken into account are shown in Figure (3.5d). In the latter case I assumed that the 

temperature of gas responsible for convective heating is equal to T8 =700 K while the 

temperature of flame responsible for radiative heating is equal to Text = 2000 K. The 

initial radius of droplet is assumed equal to 10 µm (the most realistic value for diesel 

engines). This is according to the experimental results of ICEG (Internal Combustion 

Engines Group) in University of Brighton. As can be seen from this figure, the effect of 

radiative heating leads to decrease of evaporation time by 11.82 %. This effect of 

radiation appears to be even stronger for larger droplets, lower ambient gas temperature 

(responsible for convective heating) and higher flame temperature (responsible for 

radiative heating) as shown in Figure (3.6). In Figures (3.6b) and (3.6c), in the case of 

black droplets the droplet surface temperature reached the critical value of 725.9 K for 

diesel fuel droplet when its radius dropped to about 22 µm and 9.2 µm, respectively. 

It seems that this effect was first observed by Sazhina et al (2000). The Text can be 

identified with the so-called radiative temperature, introduced in connection with the P-1 

model. Note that the results shown in Figures (3.5) and (3.6) may look unrealistic for 

diesel engines due to rather long evaporation time. This occurred because the simplified 

model used did not address droplet break-up processes and relative velocity between 

droplets and gas. Both these effects will be accounted for in Chapters 6 and 7 where the 
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results of coupled solution of droplet and gas equations will be presented. 
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Fig. 3.6 The same results as in Figure 3.4 but as calculated with Runge-Kutta solver for 
different droplet radii gas temperature and external temperature. Results shown in (a) are 
based on Rcto = 10 µm, Tg = 1000 K and Text= 1000 K. Results shown in (b) are based on 
Rcto = 25 µm, Tg = 1000 K and Text= 2000 K. Results shown in ( c) are based on Rcto = 10 
µm, Tg = 1000 Kand Text= 3000 K. Results shown in (d) are based on Rcto = 10 µm, Tg = 
700 K and Text= 2000K. 

3.5 Conclusions of Chapter 3 

Results of the measurements of the index of absorption of four types of diesel fuel in the 

range of wavelengths 0.2 µm - 6 µm are presented. The types of diesel fuel analysed 

include two samples for which the 'ageing' process of fuels was simulated by prolonged 

boiling. 

It is shown that the approximation of the average absorption coefficient of droplets by 

the function aR!, where Rd is the droplet radius, and a and bare polynomial functions of 

external gas temperature, is applicable for all types of fuel in the reasonable range of 

these temperatures and droplet radii. In the case when the external temperature range is 

1000 - 3000 K, these polynomials are quadratic functions. In the case when this range is 
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500 - 3000 K, the polynomials are of the fourth power. The accuracy of this 

approximation is good for droplet radii in the range 2-50 µm, but can be worse for 

droplet radii in the range 5-200 µm. However, even in the latter case it can be applicable 

for practical engineering applications. Empirical values of the coefficients are presented 

for all four types of diesel fuel and for various ranges of droplet radii and gas 

temperatures. 

In agreement with the previous results, it has been shown that the effect of thermal 

radiation on heating and evaporation of semi-transparent diesel fuel droplets is 

considerably smaller when compared with the case when droplets are approximated as 

black opaque spheres. The effect of thermal radiation increases with increasing droplet 

radii and external temperature and decreases with increasing the gas temperature. This 

approximation combines the simplicity and reasonable accuracy required for modelling 

thermal radiation transfer within the framework of numerical modelling of combustion 

processes in diesel engines. 

The effect of radiative heating of droplets is shown to be particularly strong when the 

difference between the gas temperature responsible for droplet convective heating and 

flame temperature responsible for its radiative heating, is taken into account. 

60 



Chapter 4: Transient Heating of Diesel Fuel Droplets: Mathematical Models 

4. TRANSIENT HEATING OF DIESEL FUEL DROPLETS: 

MATHEMATICAL MODELS 

4.1 Introduction 

In Chapter 3 the focus was on the radiative heating of diesel fuel droplets assuming that 

there is no internal temperature gradient. In this chapter the analysis will be generalized 

to the case when this temperature gradient is accounted for. The analytical solution of 

the transient heat conduction equation inside a spherical droplet will be obtained. Three 

cases will be considered; constant, almost constant and arbitrary convection heat transfer 

coefficient. 

The previously suggested analytical solutions of the heat conduction equation in a 

sphere were limited to the case when the convection heat transfer coefficient was 

constant, and the heat source depended on time, but spatially homogeneous (Luikov, 

1968). A number of analytical solutions for specific heat source distributions in a sphere 

are presented in Carslaw and Jaeger (1986), but no convection has been accounted for. 

The analytical solutions discussed in this chapter are generalisations of the solutions 

reported by Carslaw and Jaeger (1986), Luikov (1968), Kartashov (2001), Sazhin and 

Krutitskii (2003) and Mukhopadhyay and Sanyal (2005). At first the explicit solution of 

the problem with constant convection heat transfer coefficient, but arbitrary distribution 

of radiative heat inside droplets, and arbitrary initial temperature distribution inside 

droplets, is constructed in the form of a convergent series. This solution is used as an 

auxiliary tool to solve the problem with the time-dependent heat transfer coefficient. The 

latter problem is reduced to the solution of an integral equation. This solution is unique 

and can be obtained numerically. The numerical algorithm is discussed. An approximate 

solution of the integral equation is obtained using the perturbation method for the case of 

almost constant heat transfer coefficient. An arbitrary initial distribution of temperature 

inside droplets is assumed. The effect of evaporation is taken into account via a non-zero 

time derivative of droplet radius in the enthalpy equation. The solution, however, is 

based on the assumption that the changes in droplet surface area are negligibly small. 

This assumption is justified when the time interval is small, while the latent heat of 

evaporation is large. Its range of applicability is investigated. The contribution of the 

radiation term is calculated using the simplified model developed by Dombrovsky and 

Sazhin (2003b, c) and the results of the original measurements of the diesel fuel 

absorption coefficient reported in Chapter 3. 
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The basic equations and approximations used in our analysis are discussed in Section 

4.2. Details of the analytical solutions of the heat conduction equation are presented in 

Section 4.3. The application of one of the solutions to the practical problem of heating of 

diesel fuel droplets is discussed in Section 4.4. The main results of the chapter are 

summarised in Section 4.5. 

The main results presented in this chapter have been published in the paper by Sazhin, 

Abdelghaffar et al (2004b) 

4.2 Basic equations and approximations 

Assuming that the temperature distribution inside a droplet (1) is spherically 

symmetrical the transient heat conduction equation inside this droplet in the presence of 

thermal radiation can be written as (Carslaw and Jaeger, 1986; Luikov, 1968): 

aT (a2T 2 aTJ 
c,P1a;-=k, aRz + R aR +Pi(R), (4.2.1) 

where P 1 ( R ) is the power generated in unit volume inside the droplet due to external 

radiation, and c,, Pt. and k1 are assumed to be constant. 

If the droplet is heated by convection from the surrounding gas, and cooled down due 

to evaporation, the energy balance equation at the droplet surface can be written as: 

(4.2.2) 

where h = h(t) is the convection heat transfer coefficient (time dependent in the general 

case). We took into account that Rd < 0 during the evaporation process. Equation 

(4.2.2) can be considered as a boundary condition for Equation (4.2.1) at R = Rd, This 

needs to be complemented by the boundary condition at R = 0: 

aTI =o 
aR R=O • 

and the initial condition T (t = 0) = T0(R). 

Introducing the normalised radius r = R/Rd, Equation (4.2.1) can be rewritten as: 

aT == K(a2T + 2 aTJ + p (r) 
at ar 2 r ar (4.2.3) 

where 
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B ,1 (Texr) is the Planck function defined as in Equation (2.2.2.2), A is the wavelength in 

µm. Text is assumed to be constant. Qa is estimated using Equation (2.2.2.12), w (r) is the 

normalised spectral power of radiation per unit volume absorbed inside the droplet 

(Dombrovsky and Sazhin, 2003b ), A1 and A2 are the lower and upper limit of the spectral 

range of thermal radiation which contributes to droplet heating. The values of w(r) were 

calculated based on the Equations (2.2.2.18) and (2.2.2.19). 

Equation (4.2.2) can be rearranged to: 

T -T =__5_ aTI 
,ff " hR a ' 

d r r=I 

(4.2.4) 

where: 

Equation (4.2.4) is complemented by the boundary condition at r = 0 and the 

corresponding initial condition mentioned above. 

Te.ff is time dependent in the general case to account for the effects of droplet 

evaporation and gas cooling. Although we take into account non-zero Rd due to 

evaporation, we assume that Rd is constant in all terms except in the definition of Te.ff· 

This assumption would certainly be not acceptable if we attempted to describe the whole 

process of droplet evaporation by a single analytical formula. Our solutions, however, 

are suggested with a view of incorporation into a CFD code, where it will be applied 

over relatively small time steps. Due to the large value of the coefficientp1L/ h, the 

correction to T8 leading to Te.ff can be justified even if the solutions are considered over 

small time intervals. In the realistic situation the temperature dependence of p1 needs to 

be taken into account. This would lead to the initial increase, rather than decrease of 

droplet radii despite the effect of evaporation (Sazhin et al, 2001). 

The value of Rd is controlled by fuel vapour diffusion from the droplet surface. It can 

be found from Equation (3.4.2). A more general kinetic approach to the problem is based 

on the solution of the Boltzmann equation in the Knudsen layer surrounding the droplet. 

In diesel engines this kinetic model predicts up to 5-10% larger evaporation times when 

compared with the evaporation times predicted by the hydrodynamic model on which 
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Equation (3.4.2) is based (Kryukov et al, 2004). Analysis of the kinetic model is beyond 

the scope of this thesis. 

Equations (4.2.3) and (3.4.2) can be solved by iterations. At first one can assume that 

T.~ = Tso in Equation (3.4.4) and obtain the solution of Equation (4.2.3) as Ts = Ts 1 (t). 

Then this solution is substituted into Equation (3.4.4). When Ts approaches the boiling 

temperature Tb then the assumptions Y1s <<1 and Rd = const become no longer 

applicable. The solution of the problem in this case is beyond the scope of this chapter 

(see (Crespo and Lifian, 1975). 

For application in CFO codes we can assume that K is constant during the small time 

steps when the equations for droplet motion, evaporation and heat exchange with 

surrounding gas are solved. In this case the solution of the problem at the end of the time 

step can be considered as the initial condition for the next time step. 

Introduction of the new variable u =Tr allows us to rewrite Equation (4.2.3) as: 

du = K d2u + P(r) 
dt dr 2 

with the boundary and initial conditions: 

du -+ H(t)u = M(t) 
dr 

u=O 
u(t = 0) = rT0 (rRd) = T0 (r) 

when r = 1 

when r = 0 

when O ~ r ~1 

where 

H (t) = h(?Rd -1, 
l 

M(t) = -h(_t)_T~_:U'_(t_)R_d 

k, 

4.3 Analytical solutions 

4.3.1 Case h (t) = const 

P(r) = rP(r). 

(4.2.5) 

(4.2.6) 

The analytical derivation for this case was mainly developed by P. A. Krutitskii (Sazhin 

et al, 2004b ). At first we consider the case h(t) = h = const. Hence, 

H (t) = h0 = (hRd I k1) -1 = const. Introducing a new parameter 

we can rewrite Equation (4.2.6) as: 
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au -+ h0u = M(t) = µ0 (t) ar 
u=O 

u(t = 0) = rT0 (rRd) = T0 (r) 

when r = 1 

when r = 0 

when 0 ~ r ~1 

(4.3.1.1) 

Remembering that ho > -1, let us look for the solution of Equation ( 4.2.5) in the form: 

1 
u(r,t) = --rµ 0 (t) + W(r,t). 

1+ h0 

(4.3.1.2) 

Having substituted function (4.3.1.2) into Equation (4.2.5) we find the equation for W: 

aw =Ka 2w +P(r)--r_dµo(l ) 
at ar 2 1 + h0 dt 

(4.3.1.3) 

with the boundary and initial conditions: 

wl, .. =(aa: +1iow) ,., =O 
(4.3.1.4) 

I 
~ r 

W r=o = To(r)- 1 + h µo(0) 
0 

We look for the solution of Equations (4.3.1.3) subject to (4.3.1.4) in the form: 

= 
W(r,t) = l:Cn (t)Vn (r), (4.3.1.5) 

n=I 

where functions vn (r) form the full set of non-trivial solutions of the equation: 

(4.3.1.6) 

subject to boundary conditions: 

(4.3.1.7) 

The general solution of Equation (4.3.1.6): 

v(r) = AcosAr+BsinAr (4.3.1.8) 

satisfies the boundary conditions (4.3.1.7) when A= 0 and: 

Jcos/4 + h0 sin /4 = 0. (4.3.1.9) 

The solution of Equation (4.3.1.9) gives a set of positive eigenvalues ,1,1 numbered in 

ascending order (n = 1, 2, ... ). If ho= 0, then ,1,1 = ,r (n -1/2). Assuming that B = 1, 

expressions for eigenfunctions vn can be written as: 

(4.3.1.10) 
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The value of Bis implicitly accounted for by the coefficients en(t) in series (4.3.l.5). 

The functions vn form a full set of eigenfunctions which are orthogonal for r E [0,1]. 

The orthogonality of functions vn follows from the relation: 

I 

Jvn (r)vm (r)dr = '511m llvn 11
2

, (4.3.1.11) 
0 

where: 

{ 
0 n -:t- m 

8,,,,, = 1 ' 
n=m 

llv ll2 = .!.(l -sin 2A11 J = _!_ (1 + h0 J· 
11 2 2;!, 2 h 2 + ,12 

II O II 

(4.3.1.12) 

The eigenvalue Ao = 0 describes the trivial eigenfunction v0 (r) = 0. The orthogonality 

of v
11
allows us to expand known functions in Equations (4.3.l.3) and (4.3.l.4) in the 

series: 

= = 
P(r) = L p 11 V 11 (r), T0 (r) = Lq11 Vn(r), 

n=I n=I 

where: 

1 I ~ 
Pn = --2 J P(r)v 11 (r)dr, 

llvnll 0 

1 I 

J11 = --2 J f(r)v (r)dr = 
llvnll O " 

sin A,, 

llv,J ;L! . 

This allows us to rewrite Equation (4.3.1.3) as: 

f (de,, (t) + e
11 

(t)KA~) V
11 
(r) = f (P

11 
+ !

11 
dµ o (t)) V

11 
(r). 

n=I dt n=I dt 
(4.3.1.13) 

Both sides of Equation (3.3.1.13) are Fourier series of functions v
11 
(r). Two Fourier 

series are equal if and only if their coefficients are equal. This implies that: 

de,, (t) ( )K.12 _ F dµ 0 (t ) 
--+ en t /1,n - P n + J n -----''---

dt dt 
(4.3.1.14) 

The initial condition for e
11 
(t) follows from the initial condition for W: 

en (0) =q n + fnµO (0). (4.3.1.15) 

The solution of Equation (4.3.1.14), subject to initial condition (4.3.1.15), can be written 

as: 
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(4.3.1.16) 

Having substituted functions (4.3.1.16) and (4.3.1.10) into series (4.3.1.5) we obtain: 

W(r,t) = f { P\ +exp[-KA~t](qn + fnµ 0 (0)- P\ J+ 
n=I KAn KAn 

'fdµ ('r) . 
fn ° exp[-KA~(t-T)]dT}smAnr 

0 dr 

(4.3.1.17) 

and 

(4.3.1.18) 

fn 'j dµo(T) exp[-KA~(t-T)]dT}sinAnr. 
O dT 

Remembering the definitions of f, 1 and u, the final solution of Equation (4.2.3) can 

presented in the form: 

T(r,t)=.!.f { p\ +exp[-KA~t](qn - p\J- sin;" µ 0 (0)exp[-KA~t]-
r n=I KAn KAn llv,1 II A~ 

sin ;,, J dµ o('Z") exp[-KA~(t-T)tJ,z-} sinAnr+Teff(t). 
llv" ll A! o dr 

(4.3.1.19) 

We took into account that Teff(t) = k1µ 0 (t)l(hRd).lf T0(r) is twice differentiable, then 

the series in (4.3.1.17), (4.3.1.18) and (4.3.1.19) converge absolutely and uniformly for 

all t ~ 0 and r E [0,1] since 

I I 
const 

qn <~, 
n 

and A~2 < n-2 for n >l. It can be shown that An > 1r(n -1). Hence for n > 1: 

1 nn 
A" > n1r(l - - ) > - > n . 

n 2 
(4.3.1.20) 

When JJ-0 = const, P(r) = 0, Te.ff= const and k1 ➔ 00 Equation (4.3.1.19) reduces to 

(Sazhin and Krutitskii, 2002): 

( 
3ht J Ts =Tg +(Tso -Tg)exp - . . 

c1p1R,1 
(4.3.1.21) 

where Ts (t = 0) = Tso-

67 



Chapter 4: Transient Heating of Diesel Fuel Droplets: Mathematical Models 

The same expression could be obtained directly from the energy balance at the surface 

of the droplet, assuming that there is no temperature gradient inside the droplet: 

4.3.2 Case h (t) '# const (general case) 

Let us assume that: 

H (t) =ho+ hi (t), 

(4.3.1.22) 

(4.3.2.1) 

where ho= const -::f- -1 and hi(t) is an arbitrary function of time. This enables us to use the 

results obtained in the previous section for the general analysis. If ho = 0 then H (t) = hi 

(t). 

Having substituted (4.3.2.1) into conditions (4.2.6) we can generalise conditions 

(4.3.1.1) as: 

au ar + hou = -hl (t)u + µo (t) = µgO (t) when r = 1 

u=O when r = 0 (4.3.2.2) 

when O ::; r ::; 1 

If µgo (t) is a known function then conditions (4.3.2.2) reduce to conditions (4.3.1.1) with 

J1o (t) replaced by µgo (t). The analytical solution of the problem would then be given by 

series (4.3.1.18) with Jio(t) replaced by µgo (t). Integration of the last term of this 

equation by parts allows us to write: 

rµ (t) = 1 

u(r,t) = 110 +U(r,t)+ L{fnµ 80 (t)-KA~fn fµ 80 (i-)exp[-KA~(t-i-)]di-}sinAnr, 
1 + ho n=I 0 

(4.3.2.3) 

where: 

(4.3.2.4) 

Remembering the definition of fn and Equation ( 4.3.1.13) we can rewrite ( 4.3.2.3) as: 

where: 

I 

u(r,t) =U(r,t)- fµ80 (i-)G(t-i-,r)di-, 
0 

(4.3.2.5) 

(4.3.2.6) 
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One can show that G (t, r) is continuous at t > 0. For t ➔ +0 the following inequality 

holds: 

(4.3.2.7) 

uniformly with respect to rE [0,1] (see Appendix 1). 

Remembering that 

µ
80 

(t) = M (t)-h1 (t)u(l,t) 

we can rewrite (4.3.2.5) in the form: 

t 

u(r,t) = U(r,t)- J[M(i-)-h1 ('r)u(l, i-)P(t -i-, r)di-. (4.3.2.8) 
0 

This formula gives us an integral representation of the solution of the problem (4.2.5), 

(4.3.2.2). For r = 1 integral representation (4.3.2.8) reduces to the integral equation for 

the function u ( 1, t): 

t 

u(l,t) = U(l,t)- J[M (i-)- h1 (i-)u(l, i-)P(t - i-,l)di-, (4.3.2.9) 
0 

where: 

G(t,1) = -Ki sin 
2 

~" exp[- KA~t] = -2KI 
2 

A~ 
2 

exp[- KA!t ]. (4.3.2.10) 
n=I llv11 II n=l ho + h0 + A11 

When deriving Equation (4.3.2.10) we took into account that: 

If ho= 0 thenG(t,1)=-2Kfexp[-KA!t], where An =tr(n--!.-). As shown in 
2 n=l 

Appendix 1, the kernel G (t, 1) is continuous if t -=t- 0. It has integrable singularity G (t, 1) 

oc t - 112 when t ➔ +0. The integral Equation (4.3.2.9) is the so-called Volterra integral 

equation of the second kind. This equation has a unique solution, although this solution 

cannot be found in an explicit form. The scheme of its numerical solution is described in 

Appendix 2. Once the solution of this equation has been found we can substitute it into 

integral representation (4.3.2.8) and find the required solution of the initial and boundary 

value problem (4.2.5), (4.3.2.2). The required distribution of Tis found as T = u/r. In the 

case when h1(t) = 0 this solution reduces to that given by (4.3.1.19). To simplify the 

numerical solution of the equation it is reasonable to take ho = 0. In this case 

An = 1r(n - (l / 2)) and llv n 11 2 
= 1/ 2 in all equations. 

69 



Chapter 4: Transient Heating of Diesel Fuel Droplets: Mathematical Models 

4.3.3 Case of almost constant h (t) 

In the case of almost constant h(t) we can use represent it as (4.3.2.1) and assume that 

h1 (t) = £1] (t), where £ is a small parameter. In this case the perturbation theory can be 

applied to the analysis of Equation (4.3.2.9). We look for the solution u (1, t) of this 

equation in the form: 

... 
u(l,t) = v(t) = V0 (t) + evi(t) + e 2

V2 (t) + ......... = L e1v /t). (4.3.3.1) 
J=O 

The convergence of series (4.3.3.1) is discussed in Appendix 3. 

The substitution of series (4.3.3.1) into the integral Equation (4.3.2.9) gives: 

te1v;(t) = U(l,t)-R M(r)-7/(T)te'"v;(r)] G(t-r,l)dr. (4.3.3.2) 

The terms with the same powers of e in the left-hand and the right-hand sides of 

Equation (4.3.3.2) should be equal. Hence, Equation (4.3.3.2) reduces to the following 

system of equations: 

I 

I: V0 (t) = U(l,t)- JM(i-)G(t-r,l)dr (4.3.3.3) 
0 

, 
d: V1 (t) = J17(r)v0 (r)G(t-r,l)dr (4.3.3.4) 

0 

I 

l· v /t) = J 17( r)v 1_1 ( r)G(t - r, l)dr (4.3.3.5) 
0 

Formulae (4.3.3.3)-(4.3.3.5) allow us to find all functions v/t) step-by-step. 

Substitution of these functions into series (4.3.3.1) gives the solution of the integral 

Equation (4.3.2.9) in the form of a power series in e. One can show that this series 

converges absolutely and uniformly for t E [O,t0 ], if to is a fixed number and e 

(depending on to) is small enough (see Appendix 3). Substitution of this solution into 

integral representation (4.3.2.8) gives the solution of the problem (4.2.5), (4.3.2.2) for 

u(r, t). The solution of the original problem for T(r, t) is T(r, t) = u(r, t)lr. 

Keeping only linear terms in the series (4.3.3.1) we obtain the approximate solution of 

Equation (4.3.2.9) with accuracy O (e): 
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I I 

u(l,t) = U(l,t)- JM(r)G(t-r,l)dr+ £ J17(r)v0 (r)G(t-r,l)dr. (4.3.3.6) 
0 0 

4.4 Applications 

The theory developed in the previous sections is applied to a specific problem of heating 

fuel droplets in diesel engines (Sazhin et al, 2001; Sazhina et al, 2000). We take gas 

pressure p = 6 MPa, Tg =Text= 1000 Kand 2000 K, kg= 0.061 W/(m K), Tso= 300 K, p,, 

= 846 kg/m3
, Ma= 28.97 kg/kmol, Mr= 198 kg/kmol, k1 = 0.14 W/(m K), c1 = 2 kJ/(kg 

K), av =15.5274, bv = 5383.59, L = 254 kJ/kg and Rd= 50 µm and Rd= 25 µm (Chin and 

Lefebvre, 1983; Lefebvre, 1989; Pitcher et al, 1990; Comer et al, 1999). Experimental 

values of the index of absorption K were presented in Chapter 3 (see Figure 3.1). 

Droplets are assumed to be stationary (Red= 0). The generalisation of the results to the 

case of moving droplets would require the modification of h and introducing keff instead 

of k1 as discussed in Chapter 2 (Section 2.2.1.1). We consider the case h = const, which 

allows us to focus the analysis on formula (4.3.1.19). This formula needs to be used in 

combination with formula (3.4.2) for Rd and remembering the definition of Teff• As a 

first step of the iterative process, it is assumed that Rd= 0. This leads to the conditions: 

/.Jo= canst and Teff = const. As a result, formula (4.3.1.19) can be considerably simplified 

as the integral in its right hand side becomes equal to zero. This solution is exact when 

the effects of evaporation can be ignored (initial stage of droplet heating). The calculated 

values of droplet surface temperature allow us to find the expressions for Rd and Teff as 

functions of time and substitute them into the right hand side of formula (4.3.1.19). Thus 

we find a more accurate value of T(r, t). As follows from our calculations, the iterations 

converge quite quickly, and subsequent iterations practically do not increase the 

accuracy of the results. 

We start with calculating the radial distribution of the radiation power absorbed inside 

droplets. The approximations for w(r) presented in Equations (2.2.2.18) and (2.2.2.19) 

have been used, using the actual measured points of index of absorption shown in Figure 

(3.1). We restrict our analysis to the unboiled low sulphur ESSO AF1313 diesel fuel 

used in cars. Analysis of other types of fuel leads to essentially similar results. The plots 

of P(r) versus r for Rct = 50 µm, Rct = 25 µm and Tg = Text = 1000 K, Tg = Text = 2000 K 

are shown in Figure (4.1). The shape of these curves is rather similar to the one reported 

in Dombrovsky and Sazhin (2003b ), where slightly less accurate results of 
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measurements of K of diesel fuel and the simplified approximation of K have been used. 

The difference between the values of K predicted by Dombrovsky and Sazhin (2003b) 

and our calculations did not exceed 9%. A typical feature of all plots is the presence of 

two maxima in P(r): one near the surface of the droplet, and another at r = 1/n :::: 1/1.46 = 
0.68. The discontinuity of the slope at r = 1/n is related to the fact that all rays entering 

the droplet from outside, will concentrate in the cone with the half angle 0 = sin-1(1/n) 

after refraction at the surface. The spheres of radii r = 1/n are the maximal spheres inside 

this cone. The results show that increasing the size of droplet radii leads to an increase in 

the value of P(r). Hence, larger droplets are expected to absorb more thermal radiation 

due to their size, and also to have a larger concentration of absorbed radiation. These 

results are consistent with the prediction of the overall absorption efficiency factor 

reported in Dombrovsky et al (2001). As expected, the increase in external temperature 

leads to a considerable increase of P(r). 

The application of formula (4.3.1.19) requires truncation of the series. As will be 

shown later, this series converges rather quickly. As a starting point, however, we take 

25 terms of this series (the higher order terms are in most cases less than the round-up 

errors of the computer). Assuming Teff = Text = canst = 2000 K, T(r, t = 0) = Td = 300 K 

and Rct = 50 µm the plots of T(r, t) versus rare presented in Figure (4.2) fort= 0.01, 0.1, 

1 and 5 ms both with and without radiation. As follows from this figure, the effect of 

radiation leads to a small (about 10%) increase in the droplet temperature at t = 5 ms. At 

shorter times this increase is smaller. Note that radiation leads to an increase in 

temperature throughout the whole droplet as expected. At shorter times, droplet 

temperature increases in the immediate vicinity of its surface only, in agreement with 

Lavieille et al (2002). 

The plots of droplet surface temperature versus time for the same values of gas 

temperature, initial droplet temperature and droplet radii, as in Figure (4.2), are shown in 

Figure (4.3). Similarly to Figure (4.2), the plots taking and not taking into account the 

effects of thermal radiation are presented. In contrast to Figure (4.2), the cases Teff = Text 

= canst (zeroth iteration) and Teff = Teff (t), but Text = canst (first iteration) are presented. 

The plots for the second and higher iterations are practically indistinguishable from 

those for the first iteration. 
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Fig. 4.1 Plots of thermal radiation power density absorbed by diesel fuel droplets 

normalized by the product Ct/JI versus normalised radius. Droplet radii are taken equal to 

25 µm and 50 µm; external temperatures are taken equal to 1000 K and 2000 K 
(indicated near the curves). The curves are presented for unboiled low sulphur ESSO 
AF1313 diesel fuel used in cars. 
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Fig. 4.2 Plots of droplet temperature versus normalized radius r for various times 

(indicated near the curves). Droplet radius is taken equal 50 µm. Gas and external 
temperatures are taken equal 2000 K. Curves for the cases when thermal radiation was 
ignored (dashed) and taken into account (solid) are presented. 
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Fig. 4.3 Plots of droplet surface temperature versus time for the case when Teff = const 
(zeroth iteration) and Teff = Teff (t) (first iteration). Droplet radius and gas and external 
temperatures are taken equal 50 µm and 2000 K respectively. Curves for the cases when 
thermal radiation was ignored (dashed) and taken into account (solid) are presented. 
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Fig. 4.4 Plots of droplet radius versus time for the case when the initial droplet radius 
and gas and external temperatures are equal 50 µm and 2000 K respectively. Effects of 
thermal radiation are taken into account. 
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In agreement with Figure (4.2), Figure (4.3) shows that the effect of thermal radiation 

leads to a noticeable (up to about 10 %) increase in droplet surface temperature. This 

effect is even more pronounced for higher gas temperatures. Comparing the predictions 

of the zeroth and first approximations, we can see that at t ~ 2 ms they are practically 

undistinguishable. This means that the effects of droplet evaporation at t ~ 2 ms can be 

ignored. This is confirmed by Figure (4.4) where the plot of Rd versus time, as predicted 

by formula (3.4.2), is shown. As follows from this figure, the decrease in droplet radius 

at t ~ 2 ms is less than 0.3 %. This justifies our approximation that Rct = const. 

Now we can investigate the influence of the number of terms in the series taken on the 

accuracy of the predicted values of droplet temperature. The plots of T(r) versus r for t = 

1 ms, Te.ff = Tex, = const = 2000 K, T(r, t = 0) = Td = 300 K, Rd = 50 µm and several 

numbers of terms in the series taken are shown in Figure (4.5). The effect of radiation 

was taken into account. As can be seen in this figure, the prediction of the series with 

just 3 terms is practically indistinguishable from the prediction of the series with 25 

terms. This agrees with the prediction of Table (4.1), where the results of our analysis of 

the number of terms required for Te.ff= Tex, = 2000 K and the average errors are shown. 
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Fig. 4.5 Plots of droplet temperature versus normalized radius r for t =I ms. The plots 
refer to the case when 1, 2, 3 and 25 terms in the series are taken. Droplet radius and gas 

and external temperatures are taken equal 50 µm and 2000 K respectively. The 
contribution of thermal radiation is taken into account. 
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The line 'number of terms' indicates the number of terms required in order for the 

average error in the estimate of the series does not exceed 1 %. The actual average error 

is indicated in the same table. Note that if we consider the errors in the estimate of Ts 

rather than average errors, then the number of terms required to meet the same criterion 

would be slightly different. For Rct = 50 µm and t = 0.01, 0.1, 1 and 5 ms these numbers 

would be 12, 5, 2 and 1 respectively. For Rct = 25 µm and t = 0.01, 0.1, 1 and 5 ms these 

numbers would be 8, 3, 1 and 1 respectively. Similar results to those in Table (4.1) are 

shown in Table ( 4.2) for Rct = 10 µm and Rct = 5 µm. 

Rd (µm) 50 25 

t (ms) 0.01 0.1 1 5 0.01 0.1 1 5 

Number of terms 6 5 3 2 6 4 2 2 

Average error(%) 0.94 0.61 0.14 0.16 0.63 0.22 0.07 0.02 

Table 4.1 Number of terms and the predicted average error from series (4.3.1.19). Te.If= 
T8 = 2000 K, Rct = 50 µm, 25 µm. 

Rd (µm) 10 5 

t (ms) 0.01 0.1 1 5 0.01 0.1 1 5 

Number of terms 5 4 3 2 4 4 2 2 

Average error(%) 0.51 0.83 0.75 0.04 0.93 0.45 0.21 0.08 

Table 4.2 Number of terms and the predicted average error from series (4.3.1.19). Te.If= 

T8 = 2000 K, Rct = 10 µm, 5 µm. 
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The corresponding number of terms, if we consider the errors in the estimate of Ts are 

also slightly different from the average errors. For Rd= 10 µm and t = 0.01, 0.1, 1 and 5 

ms these numbers would be 11, 7, 3 and 2 respectively. For Rd= 5 µm and t = 0.01, 0.1, 

1 and 5 ms these numbers would be 8, 4, 2 and 2 respectively. As follows from these 

tables, the required number of terms increases with decreasing time and increasing Rd. 

In Table (4.3) the results similar to those shown in Table (4.1), but for the initial 

distribution of droplet temperature predicted by Equation (4.3.1.19) for t = 1 ms are 

shown. This can approximate further heating of an initially preheated droplet. 

Rd (µm) 50 25 

t (ms) 0.01 0.1 1 5 0.01 0.1 1 5 

Number of terms 3 2 2 2 2 2 2 2 

Average error (%) 0.38 0.92 0.45 0.14 0.05 0.07 0.04 0.02 

Table 4.3 Number of terms and the predicted average error from series (4.3.1.19). Te.If= 
T8 = 2000 K, Rd = 50 µm, 25 µm. The initial distribution of droplet temperature at t = 1 
ms 

As can be seen from this table, the number of terms in the series required for practical 

applications is noticeably less than that in the case of modelling of heating of a cold 

droplet. As in the case shown in Table ( 4.1 ), the number of terms required decreases 

with decrease of droplet radius. In fact if droplet radii less than 10 µm are considered 

then just one term in the series would be sufficient to ensure the error of less than 1 %. If 

we consider the errors in the estimate of Ts rather than average errors, then the number of 

terms required to get an error of less than 1 % would be slightly different. For Rd = 50 

µm and t = 0.01, 0.1, 1 and 5 ms these numbers would be 3, 2, 2 and 1 respectively. For 

Rd = 25 µm and all times one term would be sufficient. This has an important 

implication when we incorporate the results into a CFO code. If we ignore the effects of 

very initial heating of droplets, then 3 terms of the series in (4.3.1.19) would be more 

than enough to ensure that the error of calculations is well below 1 %. 
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Plots similar to those shown in Figures (4.2)-(4.5) can be shown for other values of 

Te.ff and Text and Rd, One of the most important characteristics following from these 

curves would be the upper time limit (tup) over which the approximations Te.ff= const and 

Rd= const are valid. The values of fup for various Te.ff and Rd are shown in Table (4.4) 

The values of fup have been estimated as those for which the decrease in Rd has not 

exceeded 0.2 %. As follows from this table, the values of fup decrease with decreasing Rct 

and increasing Te.ff• Note that even in the most unfavourable situation the values of fup are 

large enough to play an important role in the process of droplet heating in diesel engines 

(Sazhin et al, 2001; Sazhina et al, 2000). Note that taking into account the contribution 

of Rd leads to a much larger decrease in Ts than in Rd as expected. This provides 

additional support to our assumption that Rd = const, but Rd -:t- 0. 

Rd (µm) 50 25 

Teff (K) 1000 2000 1000 2000 

fup (ms) 6.4 2.0 1.6 0.5 

Decrease in predicted Teff (%) 1.19 0.99 1.19 1.71 

Table 4.4 The upper time limit (tup) for the approximation Te.ff= const and Rd= const. 

As in Chapter 3, the lifetimes of droplets predicted by Figures (4.2) - (4.4) are longer 

than those, which we would expect in diesel engines. This is attributed to a simplified 

formulation of the problem used in this chapter to illustrate the processes described by 

the analytical solutions. In CFD simulations of the real-life diesel engine, using the 

solution described in this chapter, and taking into account droplet break-up processes, 

the predicted droplet life times correspond to those actually observed (see Chapters 6 

and 7) 

4.5 Conclusions of Chapter 4 

Analytical solutions of the heat conduction equation inside a spherical droplet have been 

suggested. The droplet has been assumed to be heated by convection and radiation from 
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the surrounding hot gas - a situation typical in many engineering applications (e.g. in

cylinder applications in IC engines). Initial droplet evaporation, the effects of time 

dependent gas temperature and the convection heat transfer coefficient have been taken 

into account. Three approximations for the convection heat transfer coefficient have 

been considered. Firstly, this coefficient has been assumed constant and an explicit 

formula for the time dependent distribution of temperature inside droplets has been 

derived. Secondly, the general case of time dependent convection heat transfer 

coefficient has been considered. In this case the solution of the original differential 

equation has been reduced to the solution of the Volterra integral equation of the second 

kind. A numerical scheme for the solution of this equation has been suggested. Thirdly, 

the case of almost constant convection heat transfer coefficient has been considered. In 

this case the problem has been solved using the perturbation theory. A set of solutions 

corresponding to ascending approximations have been obtained. 

Results referring to the case of constant convection heat transfer coefficient have been 

applied to a typical problem of fuel droplet heating in a diesel engine. Results of the 

measurements of index of absorption of low-sulphur ESSO AF1313 diesel fuel used in 

cars have been used in the analysis. Results referring to other types of diesel fuel (see 

Chapter 3 Section 3.2) are expected to lead to similar conclusions. It has been shown 

that the effects of radiation lead to a noticeable increase in droplet temperature, 

especially at larger times and larger droplet radii. The distribution of temperature inside 

droplets has been shown to be different from constant values, as assumed in the 

isothermal model. This implies that finite thermal conductivity of fuel droplets and the 

effects of radiation need to be taken into account when modelling droplet heating in 

diesel engines. It has been shown that the range of times when the model is applicable 

decreases with decreasing droplets' initial radii, and increasing ambient gas temperature. 
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5. TRANSIENT HEATING AND EVAPORATION OF DIESEL FUEL 
DROPLETS: NUMERICAL ALGORITHMS 

5.1 Introduction 

Since the pioneering monograph by Spalding (1963), the problem of modelling heating 

and evaporation of droplets has been widely discussed in the literature (Faeth, 1983; 

Kuo, 1986; Lefebvre, 1989; Abramzon and Sirignano, 1989; Griffiths, 1995; Aggarwal, 

1998; Borman and Ragland, 1998; Sirignano, 1999; Mukhopadhyay and Sanyal, 2001; 

Bird et al, 2002; Miliauskas, 2003; Abramzon and Sazhin, 2005). In most practical 

engineering applications in CFD codes, however, only rather simplistic models for 

droplet heating have been used. These models have been based on the assumption that 

the thermal conductivity of liquid is infinitely high and the temperature gradient inside 

droplets can be ignored (see e.g. Sazhin et al, 2001; Sazhina et al, 2000; Utyuzhnikov, 

2002). This simplification of the model was required because of the fact that droplet 

heating and evaporation had to be modelled alongside the effect of turbulence, 

combustion, droplet break-up and related phenomena in realistic 3D enclosures. Hence, 

finding a compromise between the complexity of the models and their computational 

efficiency is the essential precondition for successful modelling. Bertoli and Migiaccio 

(1999) were perhaps the first who drew attention to the fact that the accuracy of CFD 

computations of heating, evaporation and combustion of diesel fuel sprays could be 

substantially increased if the assumption of infinitely high thermal conductivity of liquid 

is relaxed. They suggested that the numerical solution of the heat conduction equation 

inside the droplets is added to the solution of other equations in a CFD code. Although 

this approach is expected to increase the accuracy of CFD predictions, the additional 

computational cost might be too high for practical applications. 

An alternative approach to taking into account the effect of finite thermal conductivity 

and recirculation inside the droplets have been suggested by Dombrovsky and Sazhin 

(2003a). This model is based on the parabolic approximation of the temperature profiles 

inside the droplets. This approximation does not satisfy the heat conduction equation 

with appropriate boundary conditions, but satisfies the equation of thermal balance at the 

droplet surfaces. Comparison with numerical solutions of the transient problem for 

moving droplets has shown the applicability of this approximation to modelling the 

heating and evaporation processes of fuel droplets in diesel engines. The simplicity of 

the model makes it practically convenient for implementation into multidimensional 

CFD codes to replace the abovementioned model of isothermal droplets. Preliminary 
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results of the implementation of the simplified version of this model into a research 

version of the CFD code VECTIS of Ricardo Consulting Engineers have been 

demonstrated in Sazhin et al (2002). 

Instead of solving numerically the heat conduction equation inside a droplet, or using 

a simplified model based on the parabolic approximation, we think about the 

development of a numerical code based on the analytical solutions of this equation. A 

number of analytical solutions for a spherically symmetric problem have been obtained 

and discussed in Carslaw and Jaeger (1986), Luikov (1968), Kartashov (2001), Sazhin 

and Krutitskii (2003) and Sazhin et al (2004b ). In most cases these analytical solutions 

have been presented in the form of converging series. Extensive analysis of these 

solutions and their generalizations in view of specific applications to the problem of 

diesel fuel droplet heating were discussed in Chapter 4. A semi-analytical model for 

droplet evaporation reported in Mukhopadhyay and Sanyal (2005) is similar to that 

reported in Chapter 4, although the effects of thermal radiation were not taken into 

account, and a simplified form of the analytical solution was used. The problem of 

modelling of heating and evaporation of droplets taking into account the effect of finite 

liquid thermal conductivity is closely linked with the problem of modelling of heating 

and evaporation of multicomponent droplets (e.g. Sirignano, 1999; Zeng and Lee, 2002; 

Torres et al, 2003). It is anticipated that the solutions obtained in Chapter 4 could be 

generalized to take into account the effects of multicomponent droplets, although the 

discussion of these possible generalization is beyond the scope of this thesis. 

The finite liquid thermal conductivity models (based on numerical or analytical 

solutions of the spherical symmetrical heat conduction equation) could be generalised to 

take into account the internal recirculation inside droplets. This could be achieved by 

replacing the actual thermal conductivity of liquid k1 by the so called effective thermal 

conductivity keff = zk1, where the coefficient z can be approximated by Equation 

(2.2.1.1.1). 

The main objective of this chapter is to investigate the applicability of the results of 

the analysis of the new numerical algorithms to the problem of numerical modelling of 

heating and evaporation of droplets in engineering CFD codes. They are based on the 

incorporation of new analytical solutions of the heat conduction equation inside the 

droplets into a numerical code (constant or almost constant h), or replacement of the 

numerical solution of this equation by the numerical solution of the integral equation 

(arbitrary h), which were discussed in Chapter 4. The prediction of these numerical 
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algorithms are compared with other numerical algorithms based on the numerical 

solution of the discretised heat conduction equation (NSDE) inside the droplet, the 

parabolic temperature profile model and the assumption of no temperature variation 

inside the droplet. Both convective and radiative heating will be taken into account. 

As in Chapters 3 and 4 the testing of the numerical algorithms will be undertaken for 

idealized situations (no droplet break-up) and sometimes for extreme rather than typical 

values of parameters. The latter will allow facilitate a better view of the difference in the 

performance of different algorithms. This approach to testing will help to separate the 

effects of heating and evaporation from other processes, which take place in diesel 

engines (air entrainment by droplets and droplet break-up). 

I will start with the analysis of droplet heating and evaporation based on the 

assumption of no temperature variation inside the droplet (k1 = oo) in Section 5.2. The 

numerical algorithms, based on NSDE, the analytical solutions of the heat conduction 

equation inside the droplets for constant or almost constant h, the numerical solution of 

the integral equation (arbitrary h) and the parabolic temperature profile model, for 

incorporation into CFD codes are discussed in Section 5.3. The performances of these 

algorithms are discussed in Section 5.4. In Section 5.5 the comparative analysis of these 

algorithms is given. The main results of the chapter are summarised in Section 5.6. 

Some preliminary results of this chapter were published in Sazhin, Abdelghaffar et al 

(2004c) and Sazhin, Abdelghaffar et al (2005a). 

5.2 Conventional algorithm (k1 = oo) 

We start with the analysis of a single droplet placed in a hot gas at given temperature T8• 

The influence of the droplet on the state of the surrounding gas is ignored. This can be 

generalized to the mondisperse spray case when a number of identical droplets are 

considered. The temperature variation inside the droplet is ignored. This is similar to the 

assumption that the droplet thermal conductivity is large when compared with the gas 

thermal conductivity. In this case modelling of the heating of droplets by convection and 

radiation from the surrounding hot gas and their evaporation is reduced to the solution of 

the system of Equations (3 .4.1) and (3 .4.2). 

An assumption was made that the fuel molar mass fraction far from the droplet is 

negligible. We also took into account the temperature dependence of liquid fuel density, 

its specific heat capacity and latent heat of evaporation. The temperature dependence of 

liquid fuel, fuel vapour, gas viscosity, air and gas thermal conductivity and gas and fuel 
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vapour specific heat capacity at constant pressure were taken into account. Reference 

temperature for fuel vapour-air mixture near droplet surface Tref was approximated as 

(Lefebvre, 1989; Hubbard et al, 1975): 

T
8 

+2Td 
Tref = 

3 
(5.2.1) 

In most CFD codes, including the most recent version of VECTIS (VECTIS 3.6) the 

fuel droplets are assumed to be grey and opaque. In the code presented, a model which 

takes into account the semi-transparency of droplets based on Equation (2.2.2.10) 

(Dombrovsky et al, 2001) was used. In this model the emissivity of fuel droplets cd in 

Equation (3.4.1) is replaced by the Ao, defined as in Equation (2.2.2.10). 

Dombrovsky et al (2001) obtained the functions a (Tg) and b (Tg) in the expression Ao 

based on measurements of the index of absorption of a typical diesel fuel. More detailed 

measurements of the index of absorption of liquid diesel fuel in the range of wavelength 

0.2-6 µm and in a wider gas temperature range were used by present work. This allowed 

us to get more accurate expressions for a (Tg) and b (Tg) as discussed in Chapter 3. 

Three cases were considered: Ed = 0 (no radiation); cd = l (black opaque droplet) and 

cd = Ao (semi-transparent droplet). 

Two solvers were used for the solution of this system of Equations (3.4.1)-(3.4.2). The 

first was based on the Runge-Kutta method with adaptive step size control (Press et al, 

1989). The second solver was taken from the public domain site of LLNL 

(http://www.llnl. g v/ /odepack/). Both methods gave practically the same results 

as shown in Figure (3.5). 

The value of thermal conductivity of liquid diesel fuel changes from 0.145 W / (m K) 

to 0.02 W I (m K) when the droplet temperature increases from 300 to 725.9 K (Reid et 

al, 1997). Based on these values, the ratio of the internal thermal resistance of the droplet 

to the boundary layer thermal resistance increases with temperature. In this case the 

temperature variation inside the droplet has to be taken into account. Hence the 

applicability of the model described above to diesel engines environment can be 

questioned because it is based on the assumption of no temperature variation inside the 

droplets. In the next sections new algorithms of heating and evaporation of diesel fuel 

droplets based on realistic values of diesel fuel thermal conductivity and, taking into 

account the temperature variation inside the droplet, are described. 
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5.3 Numerical algorithms (k1 ,t:. co) 

Assuming that the temperature distribution inside a droplet is spherically symmetrical 

and taking into account the effects of radiation, the transient heat conduction equation 

inside the droplet (4.2.1) can be used. If the droplet is heated by convection from the 

surrounding gas, and cooled down due to evaporation, the boundary and initial condition 

of Equation ( 4.2.1) can be written as in Equation ( 4.2.2). 

We assume that the temperature of gas Tg (t) is given. The influence of droplets on its 

value is ignored. This approximation would be justified in the case when the 

concentration of droplets is low. In realistic situation gas temperature can be calculated 

by enthalpy transport equation with the source term describing the contribution of 

droplets. The values of the convection heat transfer coefficient depend on gas parameters 

(velocity and viscosity) and droplet radius. The latter is calculated using Equation (3.4.2) 

and taking into account droplet swelling due to the decrease of liquid fuel density with 

increasing temperature. Under these assumptions the calculation of droplet temperature 

reduces to the solution of Equation (4.2.1) subject to appropriate initial and boundary 

conditions. When calculating droplet radius I take into account the conservation of mass 

of liquid droplet during its swelling and evaporation. The first requirement leads to the 

condition: 

R (T) = R (T ) p(T:!...0 ) ( 
- Jl/3 

d d dO p(T) ' 
(5.3.1) 

where f is the average droplet temperature defined as: 

(5.3.2) 

In what follows, five numerical algorithms for the solution of the problem of droplet 

heating and evaporation will be considered. These will be based on NSDE, the solutions 

discussed in Chapter 4 and the solution based on the parabolic temperature profile model 

(Dombrovsky and Sazhin, 2003a). 

5.3.1 Numerical solution of the discretised heat conduction equation (NSDE) 

Equation (4.2.1) can be simplified by introducing a new variable u =Tr.This allows us 

to rewrite this equation as Equation (4.2.5) with its boundary and initial condition as in 

Equation (4.2.6). I define the source term S as S = P(r) wheref'(r) = rP(r). This 

equation is the one-dimensional unsteady heat conduction equation in cartesian 
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coordinates and can be solved numerically by various algorithms widely discussed in 

CFD literature. I use the finite difference technique with fully implicit marching in time 

(Patankar, 1980; Versteeg and Malalasekera, 1995). The details are described in 

Appendix 4. 

5.3.2 Numerical algorithm using the solution for h (t) = constant 

In the case when h (t) = h = const the analytical solution of Equation (4.2.1) is given by 

Equation (4.3.1.19). The solution is based on the assumption that the changes in droplet 

surface area are small. This is always true when the time step is small enough. The 

analytical solution (4.3.1.19) enables us to get the temperature distribution inside the 

droplet T(r, t) as a function of normalised radius r at the end of each time step. For the 

first time step I use specified initial conditions Tdo(r, t = 0). Then the solution at the end 

of the first time step is used as the initial condition for the second time step etc. 

If the time step over which the droplet temperature and radius are calculated is small, I 

can assume that h (t) = const over this time step. In this case I calculate Rd (t = 0) from 

Equation (3.4.2) and Teff (t = 0) from Equation (4.2.4). Then the initial condition at t = 0 

will allow us to calculate T (R, t) at the end of the first time step (T(R, t1) using Equation 

(4.3.1.19). Droplet radius at time t1, Rd (t1) is calculated based on Equation (3.4.2) with 

the correction swelling of the droplet (see Equation (5.3.1)). 

The same procedure is repeated for all the following time steps until the droplet is 

evaporated. The number of terms in the series in Equation (4.3.1.19) which needs to be 

taken into account depends on the timing of the start of droplet heating and the time 

when the value of droplet temperature is calculated. For parameters relevant to diesel 

engine environments, just three terms in the series can be used with possible errors of 

not more than about 1 % (Chapter 4, Section 4.4). 

Note that the integrals over r, used to estimate f and qn, can be calculated analytically 

as described in Appendix 5. 

At the very initial stage of droplet heating, before the boundary layer around the 

droplet has had time to establish, the description of droplet heating in terms of the 

convection heat transfer coefficient may not be adequate (Feng and Michaelides, 1996; 

Sazhin et al, 2001a). 
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5.3.3 Numerical algorithm using the solution for almost constant h (t) 

In the case of almost constant h (t) we can use representation (4.3.2.1) and assume that 

h1 (t) = crJ (t), where cis a small parameter and ho is constant. 

In this case the approximation solution of Equation ( 4.2.1) can be written as: 

1 { I I } T(r,t) = - U(l,t)- JM (-r)G(t- -r,l)d-r + c jTJ(T)v0 (r)G(t --r,l)d-r , 
r o o 

(5.3.3.1) 

where v0 (t) defined as in Equation (4.3.3.3). 

When the change of h (t) over a time step is small but still needs to be taken into 

account then the analytical solution for almost constant h (t) can be applied. The 

difficulty in the application of this analytical solution is that the value of cTJ (t) cannot be 

a priori established in the general case, and iterations are required. The general scheme 

for the solution in this case starts with the first step for the case when h (t) = constant. 

Droplet radius is calculated taking into account droplet swelling and evaporation. If the 

relative gas-droplet velocity is low then h(t1) = k
8 

I Rd (t1). In the case where this 

velocity needs to be taken into account then the exchange of momentum between 

droplets and gas needs to be considered (Sazhina et al, 2000). At the next stage I assume 

that h (t) is a linear function oft in the range (0, t 1). This allows us to assume that rJ (t) = 

t and calculate c as: 

(5.3.3.2) 

where c1 indicates the value of c for the first iteration. Then I calculate all parameters 

used in Equation (5.3.3.1) and find the value of T (r, t1) from this equation. The updated 

values of Rd (t1) and h (t1) are calculated similarly to the case of h (t) = constant. The 

value of h (t1) is expected to be close to the one predicted by the analysis based on the 

assumption that h (t) = constant. In the event of this not being the case a further iteration 

is needed. Based on experience, the prediction of the second iteration is practically 

undistinguishable from the prediction of the first iteration for realistic diesel engine 

conditions. 

When considering the next time step from t1 to t2 I assume that rJ (t) = t (as at the 

previous step). Then I assume that c = c1, that is the value of cat the second time step is 

the same as at the first time step. After that, the value of T (r, t2) is calculated based on 

Equation (5.3.3.1) and using the values of T (r, t2) as the initial condition. As a result, the 

values of h (t2) and c2 = (h(t2 ) - h(t1 )) /(t2 - t 1) are obtained. The calculations of T (r, t2) 

are repeated for the c =c2. The updated values of Rd (t2) and h (t2) are calculated 
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similarly to the case of h (t) = canst. The same procedure is repeated for all the following 

time steps until the droplet is evaporated. 

5.3.4 Numerical algorithm for arbitrary h (t) 

It is assumed that his an arbitrary function as defined in Equation (4.3.2.1). In this case 

the solution of Equation (4.2.1) can be written as: 

T(r, t) ~HU (r ,t) - f [M (T)- h1 ( T)u(I, T) ]G(t -T, r) dT} (5.3.4.1) 

where u (1, t) is found from the solution of Equation (4.3.2.9). The numerical solution 

of the latter equation is described in Appendix 2. 

It is unlikely that numerical algorithm for arbitrary h (t) is used in CFD codes. It can, 

however, be useful for calculating heating of slowly evaporating individual droplets in a 

prescribed gas flow. Using the prescribed functions ho and h1 (t) Equation (4.3.2.9) is 

solved numerically for u (1, t), using the algorithm described in Appendix 2. In the case 

of fast moving droplets the values of ho and h1 (t) are calculated from known values of 

droplet radius, gas thermal conductivity and the calculated time dependence of droplet 

relative velocity. Then the values of T(r, t) are obtained from Equation (5.3.4.1) for Teff 

= Tg, At the next stage the values of Rd are calculated from Equation (3.4.2) and the 

updated value of Teff is found. The change of Rd over time of calculation should be small. 

Otherwise, Equations (5.3.4.1), (4.3.2.9) are not applicable. 

5.3.5 Numerical algorithm for the parabolic temperature profile model 

In the case of constant Tg the solution (4.3.1.19) can be reasonable accurately 

approximated by a parabolic function of r as in Equation (2.2.1.1.5). This presentation of 

T(r, t) takes into account the difference between the temperatures in the centre and at the 

surface of the droplet. The boundary condition at R = 0 is satisfied. The boundary 

condition at R = Rd and the condition for the thermal balance of the droplet leads to the 

following equation (Dombrovsky and Sazhin, 2003a): 

T, = (f +0.2(J'g)l(fJ+0.2qJ,RdRd(TJLl(ki<P), (5.3.5.1) 

where (fl= 1 + 0.24, q = 0.5 Nu k8 I k1, Nu can be obtained from the correlation 

(2.2.1.2.23). 

Although the algorithms described in Sections 5.3.1-5.3.4 are likely to describe the 

heating of droplets more accurately compared with the case where the temperature 
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gradients inside the droplet are ignored altogether, they might be CPU intensive. A 

reasonable compromise between accuracy and CPU time requirements can be achieved 

for the parabolic temperature profile model. The effect of thermal radiation is ignored at 

this stage. It can be included as a perturbation if required (Sazhin et al, 2000). 

The application of this model starts with finding the average droplet temperature 

(T) from the Equation (5.3.2). Then the value of Ts is calculated from Equation (5.3.5.1) 

assuming that Rd= 0. Using this value of Ts the updated value of Rd is obtained. Then 

this updated value of Rd allows more accurate estimate of Ts by inserting it into 

Equation (5.3.5.1 ). 

It is worth to point out that in this algorithm we do not need to take into account the 

differential radiation heating of droplets as described by the function w (r, A) (see 

Chapter 2, Section 2.2.2), as the parabolic temperature profile model is not interested in 

the details of the temperature distribution inside droplets. Instead, the global heating of 

droplets needs to be accounted for as described by Sazhin et (2002), Dombrovsky et al 

(2001) and Sazhin et al (2004a). 

5.4 Performance of numerical algorithms 

In this section the performance of the numerical algorithms discussed in Section 5.3 will 

be investigated for the parameters relevant to diesel engines. The initial droplet radius is 

taken equal to 10 µm, and its initial temperature is taken equal to 300 K. The droplet 

thermal conductivity is taken equal to 0.14 WI (m2 K) and its temperature dependence is 

ignored when considering the heating process alone. It will be taken into account when 

considering the heating and evaporation processes. Molar mass of air is Ma =28.97 

kg/mol; for fuel it is taken as M1 = 206 kg/ kmol (Poling et al, 2000). The time 

dependent convective heat transfer coefficient his approximated as: 

h -h 
h=h. - in ft 

in T 
(5.4.1) 

where h;11 is the heat transfer coefficient at the start of fuel injection, which is assumed 

equal to l.377k
8 

/ Rd and h1 is its value when the fuel droplet stops (hf= k
8 

I Rd) and -r 

is taken 1 ms. This can approximate the reduction of droplet relative velocity from 0.45 

mis to zero. This situation is relevant to diesel engines when air entrainment by a fuel 

spray is taken into account (Flynn et al, 1999; Sazhin et al, 2003). The detailed 

calculation of fuel droplet velocities is beyond the scope of the analysis of this chapter. 
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The approximation of h (t) in Equation (5.4.1) is just used for comparative analysis of 

the effectiveness of numerical algorithms described in Section 5.3. 

The runs were performed on a Pentium 4 CPU 2.00 GHz PC with 512 MB of RAM. 

The computer programs for the numerical algorithms are written in FORTRAN 90. 
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Fig. 5.1 Plots of droplet surface temperature Ts versus time. The calculation have been 
performed using the numerical algorithm based on NSDE (1), the numerical algorithms 
based on the analytical solution for constant h (2), almost constant h (3) and an arbitrary 
h (4) without thermal radiation effects with timestep !l.t = 10 µs, number of nodes along 
the radius rl!l.r =100, Tg =1000 K and Rdo = 10 µm. The contribution of radiation is 
ignored. 

Figure (5.1) shows the droplet surface temperature versus time using all algorithms 

described above without taking into account the thermal radiation effect, swelling and 

evaporation. The gas temperature was taken equal to 1000 K. Time step (M) is taken 

equal to 10 µs and the number of nodes along the radius r/!l.r is taken equal to 100. The 

time dependent convective heat transfer coefficient h is taken in the form (5.4.1). The 

results predicted by all numerical algorithms are almost identical. These results are 

shown just at t < 0.2 ms when the effects of evaporation are expected to be weak. 

The performance of all algorithms described in Section 5.3 will be analysed in Section 

5.4.1- 5.4.4 without taking into account evaporation and swelling. The calculations shall 

be performed based on a hypothetical case when the droplet is heated up to more than 

800 K without swelling and evaporation during 1 ms (the full range is not shown in 
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Figure (5.1)). This allowed us to calculate the CPU time more accurately compared with 

the case when this time is estimated just over 0.2 ms. 

5.4.1 Numerical solution of the discretised heat conduction equation (NSDE) 

Results of our calculations of droplet surface temperature as a function of time, using 

NSDE when the thermal radiation effects, swelling and evaporation are ignored are 

shown in Figure (5.2). The time dependent convective heat transfer coefficient his taken 

in the form (5.4.1). 

E-,.."' 

550 -----------------------------. 

500 

--1 

400 - ----- 2 

--3 
350 

--4 

300 --+--------r--------.------....--------1 
0.00 0.05 0.10 

tin ms 
0.15 0.20 

Fig. 5.2 The same as in Figure (5.1) using the numerical algorithm based on the 
analytical solution for constant h (1), NSDE based on fully implicit method (2), Crank
Nicolson method (3) and explicit method (4). 
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Fig 5.3 Plots of errors and CPU times of droplet surface temperature versus number of 
nodes (rl!J.r) (a) and time step (b) for NSDE; the calculations have been performed based 
on NSDE for !J.t = 1 µs (a) and for r/!J.r = 100 (b). The errors were calculated relative to 
the prediction of NSDE with !J.t = 1 µs and r/ !J.r = 1000. 
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NSDE are developed using central-difference scheme for explicit, Crank-Nicolson and 

fully implicit time-marching algorithms. In the same figure the results of calculations 

using the numerical algorithm based on the analytical solution for constant h are shown. 

As follows from this figure, results predicted by both algorithms are almost identical. 

The implicit algorithm appeared to be the most effective from the point of view of 

computer efficiency and stability of calculations (it is unconditionally stable). This 

allows us to discard both explicit and Crank-Nicolson algorithms as possible candidates 

for implementation in CFD codes and focus our attention on the implicit algorithm. 

The plots of errors and CPU times versus number of nodes along radius (11t = 1 µs) 

and time step 11t (r/11r = 100), using the numerical algorithm based on NSDE (fully 

implicit algorithm and central-difference scheme) are shown in Figures (5.3a) and 

(5.4b), respectively. The errors were calculated relative to the prediction of NSDE with 

1000 nodes along droplet radius and time step 11t = 1 Os. Figure (5.3a) shows that 100 

nodes along radius provides an error less than 0.01 % and CPU time for droplet surface 

temperature calculations using less than 50 nodes along radius is almost the same. The 

smaller errors can be related to that they are calculated based on only droplet heating 

without taken into account thermal radiation effects, evaporation and swelling. The CPU 

time was estimated by FORTRAN 90 function. As shown in Figure (5.3b), the errors are 

significant for time step > 0.05 ms, while their values are close to zero for smaller values 

of time step. 

5.4.2 New approaches for solutions of the heat conduction equation inside droplets 

without thermal radiation 

The plots of errors for droplet surface temperature calculations and CPU requirements as 

functions of the number of terms in series (4.3.1.19) using the analytical solution for h = 

canst are shown in Figure (5.4a). Thermal radiation effects, swelling and evaporation are 

ignored. Time step M is taken equal 1 µs; the calculations are independent of number of 

nodes along radius because the analytical presentation of qn is used (Appendix 5). The 

results show that 3 terms are sufficient for an error less than 0.01 %. The errors are 

slightly small when compared with the results obtained in Figure (4.5). This can be 

related to smaller droplet radius (10 Om), smaller time step (M = 1 µs) and analytical 

presentation of qn. 

Figure (5.4b) shows the errors for droplet surface temperature calculations and CPU 

requirements as functions of the number of terms in series (4.3.2.8) using the numerical 
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Fig. 5.4 Plots of errors and CPU times of droplet surface temperature versus number of 
terms used in series (4.3.1.19) for the numerical algorithm based on the analytical 
solution for constant h (a) and versus number of terms used in series (4.3.2.8) for the 
numerical algorithm based on the analytical solution for almost constant h and an 
arbitrary h (b) without thermal radiation effects. The plots of errors are presented using 
the numerical algorithms based on the analytical solution for almost constant h (1) and 
the solution for an arbitrary h (2). CPU times required by these numerical algorithms 
based on the analytical solution for almost constant h (3) and the solution for an arbitrary 
h (4). M = 1 µs, Tg =1000 Kand Rdo = 10 µm. Plots 1 and 2 are undistinguishable in this 
figure. 
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algorithm based on the solution for an arbitrary h (general case) and numerical algorithm 

based on the analytical solution for almost constant h without the thermal radiation 

effects. Time step M is taken equal 1 µs and nodes along radius are taken equal to 100. 

The results shows that both numerical algorithms predict results with similar level of 

accuracy but the computational time for the numerical algorithm based on the solution 

for an arbitrary h is always less than that based on the analytical solution for almost 

constant h regardless the number of terms. The results also show that 10 terms are 

sufficient for an error less than 0.2 % for both numerical algorithms. The errors in Figure 

(5.4a, b) were calculated relative to the prediction of NSDE with 1000 nodes along 

droplet radius and time step M = 1 µs. 

Note the number of terms used in the numerical algorithms based on the analytical 

solution for almost constant h and the solution for an arbitrary his larger than that used 

for the numerical algorithm based on the analytical solution for constant h. This is due to 

the sinusoidal functions, which are used in the first algorithms (Equations (4.3.2.4), 

(4.3.2.6)). These sinusoidal functions required large number of terms to reduce the 

predicted error in calculating the temperature distribution inside the droplet. 

The plots of errors and CPU times versus time step /!it for the numerical algorithms 

based on the new approaches are shown in Figure (5.5). 10 terms series (4.3.2.8) and 100 

nodes along radius are taken for the numerical algorithms using the solution for almost 

constant h and an arbitrary h. The results show that the errors of the numerical algorithm 

based on the analytical solution of heat conduction equation for h = const are generally 

less than the errors of the numerical algorithms based on the solution for almost constant 

hand an arbitrary h for M < 0.5 ms. The former is close to zero for M < 0.1 ms. This can 

be due to the integral form of the final Formulae (8.3.2.8) and (8.3.2.9), the contribution 

of G (t, 1) (Formula (8.3.2.10)) at small t cannot be ignored. The errors were calculated 

relative to the prediction of NSDE with 1000 nodes along droplet radius and time step /!it 

= 1 µs. The CPU requirements of the numerical algorithm based on the analytical 

solution for h = const are always less than those required by the other two numerical 

algorithms. 
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Fig. 5.5 Plots of errors and CPU times of calculation of droplet surface temperature 
versus time step. The errors were calculated relative to the result given by the numerical 
algorithm based on NSDE with !1t = 1 µs and r/ !1r = 1000. The plots for errors are 
presented for the numerical algorithms based on the analytical solution for h = const (1), 
the analytical solution for almost constant h (2) and the solution for an arbitrary h (3). 
Plots 2 and 3 are undistinguishable in this figure. CPU times required by the numerical 
algorithms based on the analytical solution for h = const (4), the analytical solution for 
almost constant h (5) and the solution for an arbitrary h (6). Gas temperature is taken as 
T8 =1000 K, and initial droplet radius is taken as Rdo = 10 µm. 

5.4.3 New approaches for solutions of the heat conduction equation inside droplets 

with thermal radiation 

In this section the analysis m Section 5.4.2 will be repeated but with the thermal 

radiation effects taken into account. The plots of errors for droplet surface temperature 

calculations and CPU requirements as functions of the number of terms in the series 

(4.3.1.19) using the analytical solution for h = const are shown in Figure (5.6a). Thermal 

radiation effects are taken into account using Equations (2.2.2.18) and (2.2.2.19). Time 

step M is taken equal 1 µs and nodes along radius are taken equal to 100. The results 

show that 3 terms are sufficient for an error less than 0.01 %. 

Figure (5.6b) shows the errors for droplet surface temperature calculations and CPU 

requirements as functions of the number of terms in series (4.3.2.8) using the numerical 

algorithm based on the solution for an arbitrary h (general case) and numerical algorithm 

based on the analytical solution for almost constant h. The results show that both 
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numerical algorithms predict results with similar level of accuracy but the computational 

time for the numerical algorithm based on the solution for an arbitrary h is always less 

than that based on the analytical solution for almost constant h regardless the number of 

terms. 
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Fig. 5.6 The same as in Figure (5.4) but with thermal radiation effects. 
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The results also show that 10 terms are sufficient for an error less than 0.2 % for both 

numerical algorithms. 

The plots of errors and CPU times versus time step !it for the numerical algorithms 

based on the new approaches with thermal radiation effects are shown in Figure (5.7). 10 

terms in series (4.3.2.8) and 100 nodes along radius are taken for the numerical 

algorithms using the solution for almost constant h and an arbitrary h. The results show 

that, as in the case without thermal radiation, the errors of the numerical algorithm based 

on the analytical solution of heat conduction equation for h = const are generally less 

than the errors of the numerical algorithms based on the solution for almost constant h 

and an arbitrary h. The former is close to zero for !it< 0.1 ms. This can be related to the 

same reason, which was explained in Section 5.4.2. The errors were calculated relative 

to the results given by the numerical algorithm based on NSDE with 1000 nodes along 

the droplet radius, time step !it = 1 µs. The CPU requirements for the numerical 

algorithm based on the analytical solution for h = const are always less than those 

required by the other two numerical algorithms. 
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Fig 5.7 The same as in Figure (5.5) but with thermal radiation effects. The errors were 
calculated relative to the prediction of numerical algorithms using analytical solution for 
h = const with 1000 nodes along droplet radius, time step !it = 1 µs and 25 terms in 
series (4.3.1.19). 
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From the discussion above, the algorithms for the three solutions predict almost the 

same dependence of droplet surface temperature on time. From a computer efficiency 

standpoint, however, the algorithm using the analytical solution for h = const, has clear 

advantages over other algorithms when the radiation effect is ignored and taken into 

account. The CPU time required by this algorithm has been about an order of magnitude 

less than the CPU time required by the algorithms with transient h. Three terms in the 

analytical solution have been taken by the algorithm. This introduces an error of the 

solution less than 1 %. In practice it turned out to be much less than 1 % (0.02 % ) for 

sufficiently small time steps (less than 0.01 ms) and for the values of parameters under 

consideration. This results allows us to focus on the algorithm using the solution for h = 

const for the implementation in CFD codes. 

As follows from the analysis in Chapter 4 the thermal radiation effect does not have a 

significant influence on the predicted error in the droplet surf ace temperature using all 

the three numerical algorithms, while it has a large effect on the computational time 

consumed. This allows the simplification of the radiation term as will be discussed later 

in Section (5.6). 

5.4.4 Numerical algorithm for the parabolic temperature profile model 

This algorithm is based on the assumption of the parabolic temperature profile inside the 

droplet. Figure (5.8) shows the droplet surface temperature versus time during the 

heating process using the numerical algorithm based on the parabolic temperature profile 

model and the numerical algorithm based on the assumption that there is no temperature 

gradient inside the droplet. The droplet is stationary as described before. The results 

obtained using the numerical algorithm based on the solution for constant h are shown in 

the same figure. The predicted errors in calculating the droplet surface temperature using 

the first algorithm are relatively large at the beginning of heating process but decrease 

later. They reach 0.9 % at time equal to t = 0.4 ms, when the error for the second 

algorithm is equal 4.2 %. The errors are calculated relative to the numerical algorithm 

based on NSDE with time step equal lµs and 1000 nodes along droplet radius. 

Although the predicted errors from the numerical algorithm based on the parabolic 

temperature profile model can be relatively high in the realistic condition of diesel 

engines it is very computer efficient. The calculations for the parabolic model were 

performed based on adaptive time step. The CPU requirements of this model are 

expected to be less than for numerical algorithm based on NSDE and numerical 
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algorithm based on analytical solution for heat conduction equation for h = const for the 

same time step. It is also straight forward for implementation in CFO codes. 

In the next sections the comparison of the numerical algorithms based on the 

analytical solution for h = canst, NSDE, the parabolic temperature profile model and the 

assumption that there is no temperature gradient (inside the droplet) model are 

discussed. At first I consider the case when the contribution of thermal radiation is 

ignored. Then the contribution of thermal radiation is discussed. 

0 0.1 0.2 
tin ms 

0.3 0.4 

Fig. 5.8 Plots of droplet surface temperature Ts versus time for Tg =1000 Kand Rct = 10 
µm. The calculations have been performed using the numerical algorithm based on the 
analytical solution for constant h (l), the numerical algorithm based on the parabolic 
temperature profile model (2) and the numerical algorithm based on the assumption of 
no temperature gradient inside the droplet (3). 

5.5 Comparison of numerical algorithms without thermal radiation 

5.5.1 Heating of diesel fuel droplets 

If the surface temperature and the temperature distribution inside the droplet is required 

at a specified time during the droplet heating process, without taking into account the 

evaporation processes, the analytical solution of heat conduction Equation (4.2.1) for h = 

canst, which was developed in Chapter 4 is more accurate and computer efficient than 

the analytical solution for almost constant h, the numerical solution for an arbitrary h 

and NSDE. The calculations take less than 0.01 sec of CPU times. 
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As this algorithm has to be implemented in a CPD code its performance has to be 

compared with the performance of NSDE. As in previous section, the convection heat 

transfer coefficient h is assumed to change according to Equation (5.4.1) from 1.377 

k,IRd to k,IRd over 1 ms. The initial droplet radius is taken 10 µm, and its initial 

temperature is taken equal to 300 K. The droplet thermal conductivity is taken 0.14 W/ 

(m K). Gas temperature is taken equal to 1000 K. The effects of thermal radiation, 

evaporation and swelling are ignored. The plots of errors and CPU times versus time 

step /J.t for the numerical algorithm based on the analytical solution for h = const and 

NSDE are shown in Figure (5.9). 100 nodes along radius were considered for the latter 

solution. All errors were calculated relative to the prediction of the NSDE with 1000 

nodes along droplet radius and time step /J.t = 1 µs. From Figure (5.9), the errors of 

calculation based on the algorithm using the analytical solution for h = const are 

consistently lower when compared with the errors of calculations based on the numerical 

solution of NSDE for /J.t > 0.005 ms. At smaller /J.t these errors are close to zero for both 

solutions. This can be related to the fact that NSDE is based on the assumption that non

linear terms can, with respect to the time step, be ignored, while the algorithm using the 
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Fig. 5.9 Plots of errors and CPU times of calculation of droplet surface temperature 
versus time step. The errors were calculated relative to the prediction of NSDE with /J.t = 
1 µs and r//J.r = 1000. The plots of errors are presented for numerical algorithm based on 
the analytical solution for h = const (1) and NSDE (2). Plots of CPU times are presented 
for the numerical algorithm based on the analytical solution for h = const (3) and NSDE 
(4). Tg =1000 Kand Rdo = 10 µm. 
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analytical solution for h = canst implicitly retains these terms. The CPU requirements of 

the algorithm using the analytical solution for h = canst are lower than the CPU 

requirements of the algorithm based on NSDE for M > 0.005 ms. When computing 

errors and CPU times we considered a hypothetical case when droplet is heated up 

without evaporation to more than 800 Kin 5 ms. 

5.5.2 Heating and evaporation of a diesel fuel droplet 

At this stage I compare the performance of the numerical algorithm based on the 

analytical solution for h = const with the performance of the numerical algorithm based 

on NSDE, the numerical algorithm based on the parabolic temperature profile model and 

the numerical algorithm based on the assumption that there is no temperature gradient 

inside the droplet (conventional algorithm). As in the previous analysis I assumed that Tg 

= 1000 K, but allowed droplets to evaporate and swell. The initial droplet radius is taken 

equal to 10 Om and its initial temperature is equal to 300 K. The temperature dependent 

liquid fuel heat capacity, latent heat of evaporation and droplet thermal conductivity are 

taken into account. The latter decreases from 0.145 W/ (m K) to 0.02 W/(m K) when the 

droplet temperature increased from 300 K to 725 K (Ried et al, 1987). The effect of 

droplet break-up will not be taken into account, and this might lead to unrealistically 

long droplet lifetimes. It is however, essential to separate the effects of droplet heating 

and evaporation from other processes to get a better insight into advantages and 

limitations of various algorithms. 

Results of our calculations of the droplet surface temperature and radius as functions 

of time, using the abovementioned 4 algorithms, are shown in Figure (5.10). From this 

figure, the predictions of the numerical calculations based on NSDE and the algorithm 

using the analytical solution for h = const almost coincide for both surface temperature 

and droplet radius. Both these solutions differ noticeably from the predictions of the 

model based on the assumption of no temperature gradient inside the droplet. The 

predictions of the parabolic model are between the abovementioned solutions. This 

means that from the point of view of potential accuracy, NSDE and the solution based 

on the algorithm using the solution for h = canst (keeping 3 terms in the series) are 

practically identical and superior to the numerical solutions based on the parabolic 

temperature profile model and the model with no temperature gradient inside the droplet. 

Accuracy, however, is not the only parameter, which determines the applicability of the 
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model for the implementation into CFD codes. Another parameter, which needs to be 

accounted for, is CPU requirements. 
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Fig 5.10 Plots of droplet surface temperature Ts and radius Rct versus time for Tg = 1000 
K, without taking into account the effect of thermal radiation. The calculation have been 
performed using the numerical algorithms based on the analytical solution for h = const 
(1), NSDE (2), the numerical solution based on the parabolic temperature profile model 
(3) and the numerical solution based on the assumption that there is no temperature 
gradient inside the droplet (4). Curves 1 and 2 coincide within the accuracy of plotting. 

The plots of errors and CPU times versus time step !it for the numerical algorithm 

based on the analytical solution for h = const and NSDE are shown in Figure (5.11). 

Spatial resolution of 100 nodes along radius was considered for the latter solution to 

provide calculations with relative errors of less than about 0.5%. The calculations for the 

numerical algorithm based on the parabolic temperature profile model and the numerical 

algorithm based on the assumption that there is no temperature gradient inside the 

droplet were performed using the adaptive time step. The errors of these calculations 

relative to the prediction of NSDE were 1.2% and 3.6% respectively. All errors were 

calculated relative to the prediction of the NSDE with 1000 nodes along droplet radius 

and time step !it= l µs. As follows from Figure (5.11), the errors of calculations based 

on the algorithm using the analytical solution for h = const are consistently lower when 

compared with the errors of calculations based on the numerical solution of NSDE for !l.t 

> 0.01 ms. At smaller !it these errors are close to zero for both solutions. 
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Fig 5.11 Plots of errors and CPU times of calculation of evaporation time versus time 
step for the calculations presented in Figure (5.10). The errors were calculated relative to 
the prediction of NSDE with lit= 1 µsand rl!ir = 1000. The plots of errors are presented 
for numerical algorithm based on the analytical solution for h = const (1) and NSDE (2). 
Plots of CPU times are presented for the numerical algorithm based on the analytical 
solution for h = const (3) and NSDE (4). The calculations for the parabolic temperature 
profile model and the numerical solution based on the assumption that there is no 
temperature gradient inside the droplet were performed using the adaptive time step. The 
errors of these calculations relative to the prediction of NSDE were 1.2 % and 3.6 % 
respectively. 

As mentioned above, the errors of the numerical algorithm based on the parabolic 

temperature profile model are generally less than the errors of the numerical algorithm 

based on the assumption that there is no temperature gradient inside droplets. The CPU 

requirements of the parabolic temperature profile model, however, are larger than those 

of the model based on the assumption of no temperature gradients inside droplets. In 

both cases, however, they are expected to be less than for more rigorous models for the 

same time step. It is recommended that the numerical algorithm based on parabolic 

temperature profile model is used in CFD codes if the high accuracy of calculations is 

not essential. Figure (5.11) shows also that the CPU requirements of the algorithm using 

the analytical solution for h = const are consistently lower than the CPU requirements of 

the algorithms based on NSDE. 

Results of the errors and the CPU times of calculation of the evaporation time at 

different gas temperatures (700 K-1200 K) and a wide range of initial droplet diameters 
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(5µm, 50 µm) without the contribution of radiation are shown in Table (5.1). The errors 

were calculated relative to the prediction of the NSDE with 11t =1 µs using 1000 nodes 

along the droplet radius. The errors and CPU times are presented for the numerical 

algorithm based on the analytical solution for h = const (A) and NSDE (N) using 100 

nodes along the droplet radius. From the results it is observed that the predicted errors 

and CPU time for the algorithm based on the analytical solution are always much less 

than the predicted errors and CPU time for the algorithm based on NSDE. 

M 0.0 01 0.01 
/ms 

Rcto 2.5 25.0 2.5 25.0 
/µm 

Error% CPU time Error% (:PUtime Error% (:PU time Error% C:PUtime 
'ms 'ms 'ms 'ms 

Tg 
A N A N A N A N A N A N A N A N 

1K 
700 0.25 0.50 0.11 0.23 0.02 0.40 9.96 12.3 0.01 2.56 0.02 0.13 0.03 0.40 0.94 1.52 
750 0.32 0.32 0.08 0.22 0.02 0.45 7.25 9.72 0.01 3.23 0.01 0.12 0.03 0.45 0.74 1.03 
800 0.38 0.76 0.07 0.20 0.03 0.46 6.39 8.03 2.85 4.70 0.01 0.11 0.04 0.46 0.62 0.88 
880 0.48 0.96 0.06 0.19 0.02 0.29 5.10 6.40 0.01 4.76 0.01 0.1 0.05 0.43 0.50 0.72 
1000 0.61 0.61 0.04 0.17 0.02 0.43 3.91 4.98 2.14 4.29 0.01 0.08 0.01 0.43 0.38 0.59 
1200 0.82 0.82 0.03 0.16 0.02 0.35 2.95 3.71 0.01 4.33 0.01 0.06 0.01 0.41 0.29 0.47 

Table 5.1 Errors and CPU times of calculation of evaporation time at various gas 
temperatures without thermal radiation. The errors were calculated relative to the 
prediction of NSDE with 11t =10-6 sec using 1000 grid nodes along droplet radius. The 
errors and CPU times are presented for the numerical algorithm based on the analytical 
solution for h = const (A) and NSDE (N) using 100 nodes along droplet radius. 

5.6 Comparison of numerical algorithms with thermal radiation 

There can be two different approaches to modelling the effects of thermal radiation on 

heating and evaporation of droplets. If I intend to take into account the distribution of 

thermal radiation absorption inside the droplets I first need to model the term P1( R) in 

Equation (4.2.1) as defined in Equation (4.2.3). If I ignore the distribution of thermal 

radiation absorption inside droplets then a much simpler approach can be used as 

suggested in (Dombrovsky et al, 2001; Sazhin et al, 2002): 

(5.6.1) 

where Ek is the radiation temperature (assumed equal to external temperature), Tis the 

average droplet temperature defined by Equation (5.3.2), Rct(JJm) is the droplet radius in 

µm, a and b are polynomials of external temperature (quadratic function in the first 
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approximation). The expression for these coefficients for a typical automotive diesel fuel 

(low sulphur ESSO AF1313 diesel fuel) in the range of external temperatures 1000-3000 

K was used in this analysis (see Chapter 3 Section 3.3). Note that the assumption that Ek 

is equal to the external temperature is valid in the case of optically thin gas. In the case 

of optically thick gas we can assume that Ek is equal to the gas temperature in the 

vicinity of the droplet. In all cases the contribution of f 4 in Equation (5.6.1) is ignored 

when compared with the contribution of 0; in the same equation. 

Expression for P 1( R) in Equation (4.2.3) is certainly more accurate than Expression 

(5.6.1), but its application requires much more CPU time than the application of 

Expression (5.6.1). Most of the CPU time is actually spent on the calculation of the 

integral over A in this expression as shown in Section (3.2.2). The most accurate 

calculation of this integral is based on all experimentally measured values of absorption 

coefficient a').. (4111 points). Our analysis showed that the reduction of the number of 

these point to just 58, allow us to reduce CPU time by almost two orders of magnitude 

with the introduction of an error less than 10 %. This error can be tolerated in most 

cases, and this approach is used in our analysis. The analysis of Dombrovsky and Sazhin 

(2003b) was based on the results of measurements of A in the range 0.5 - 1.1 µm and 0.2 

- 6.0 µm, while our results are based on the measurements in the range 0.2 - 6.0 µm (see 

Chapter 3 Section 3.3). Note that when I use P 1 ( R) in the form (5.6.1), the expression 

for Pn used in Equation (4.3.1.12) can be simplified considerably (see Appendix 5). 

To illustrate the effect of thermal radiation on droplet heating and evaporation we 

consider modelling droplet heating and evaporation in the gas at temperature 700 K near 

the droplet and external temperature 2500 K (this temperature can be identified with the 

temperature of remote flame). These values of temperature are extreme rather than 

typical, but they are used to illustrate the effect of thermal radiation as shown in Chapter 

3, Section 3.4. As we did in the previous section we took a droplet radius equal to 10 µm 

and its initial temperature is equal to 300 K. The convection heat transfer coefficient is 

assumed equal to k/Rd(t) throughout the droplet lifetime (this refers to stationary or 

almost stationary droplets relative to the surrounding gas). The problem has been solved 

in the following approximations: 

a) Temperature gradient inside the droplet, and contribution of radiation are not 

taken into account Equation (3.4.1) (e1 = 0). 
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b) Temperature gradient inside the droplet is not taken into account. The 

contribution of radiation is taken into account based on the presentation of P 1 in 

the form (5.6.1) 

c) No contribution of radiation, but the temperature gradient inside the droplet is 

taken into account. Numerical algorithm of the solution of Equation (4.2.1) is 

based on the analytical solution corresponding to constant h (Equation 

(4.3.1.19)), applied at each time step. 

d) The same as case (c) but with contribution of radiation taken into account based 

on the presentation of P1 in Equation (4.2.3) 

e) The same as case (c) but with contribution of radiation taken into account based 

on the presentation of P 1 in the form (5.6.1) 

f) The temperature gradient inside the droplet is taken into account. NSDE with 

radiation term in the form (5.6.1) is performed using the finite difference 

technique with fully implicit marching in time. 

In Figure (5.12) the surface temperature and radii of droplets predicted by the models 

based on approximation 'd' and 'e' are compared. The values of ll.t were taken equal to 1 

µs. As can be seen from this figure, the time evolution of surface temperature predicted 

by both models practically coincide. The time evaluation of droplet radii predicted by 

these models differs slightly, but this difference can be ignored in most practical 

applications. Note that the values of P 1 ( R) obtained based on Equation (4.2.3), already 

contained an error of about 10% (see the discussion in Section 3.2.2). Recall that the 

values of parameters used for our comparison are extreme rather than typical for diesel 

engine environment. In more realistic cases this difference between the curves is 

expected to be even smaller. Under these circumstances, the application of the radiation 

term in the form (5.6.1) seems to have clear advantages when compared with the 

application of the radiation term in the form (4.2.3), due to simplicity of the former. This 

allows us to recommend the application of radiation term in the form (5.6.1) for practical 

calculations in CFD codes. 

The plots of droplet surface temperature and radius predicted by the models based on 

approximations 'a'-'c' and 'e'-'f" are shown in Figure (5.13). The values of ll.t were 

taken equal to 10·5 sec and for the case 'f', the number of nodes r/6.r was taken equal to 

100 as in the case without radiation. As can be seen from this figure, the effect of 

radiation tends to increase droplet evaporation due to the additional heat source, as 

expected. The effect of temperature gradient is expected to lead to an increase in droplet 
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Fig. 5.12 Plots of droplet surface temperature Ts and radius Rd versus time taking into 
account the effects of thermal radiation. The letters 'd' and 'e' corresponding to the 
numerical algorithms used as indicated in the text. Tg = 700 K and Text = 2500 K. 
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Fig. 5.13 The same as Fig 5.13 but for numerical algorithms 'a' - 'c' and 'e' -'f'. 
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surface temperature when compared with the droplet average temperature. This would 

lead to an increase in droplet evaporation due to the direct temperature effect, and its 

decrease due to decrease of convective heat supply to droplet surface. As follows from 

Figure (5.13), the second effect dominates over the first, and the rate of droplet 

evaporation decreases. The curves 'b', 'e' and 'f' in Figure (5.13) appear to be rather 

close to each other. This means that the predictions of the numerical algorithm of the 

solution of Equation (4.2.1) based on the analytical solution corresponding to constant h 

and NSDE with the radiation terms taken into account give rather similar results. 

The errors in evaporation time as the functions of M for the cases 'c', 'e' and 'f' are 

shown in Figures (5.14). The errors in all cases are calculated relative to the predictions 

of NSDE with !!it= 1 µsand r/1:ir = 1000. From Figure (5.14), the largest errors are those 

for the curve 'c', which corresponds to the case when the effect of radiation is not taken 

into account. Hence, the radiation cannot be ignored in this case. The errors for other 

curves increase with increasing !!it. This error in the predicted evaporation times is 

negligibly small at /!it< 10-5 sec and can be tolerated in most practical applications. 
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Fig 5.14 Plots of errors of calculation of evaporation time versus time step for the curves 
'c', 'e' and 'f' presented in Figure (5.13). These errors were calculated relative to the 
prediction of NSDE with !!it = 1 µs and r/1:ir = 1000. The letters correspond to the 
numerical algorithms used as indicated in the text. 
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As follows from Figure (5.15), the CPU requirements for the case 'd' are more than 

an order of magnitude larger than for other curves. This CPU requirement is difficult to 

justify in view of the very small improvement of the accuracy of calculations. 

Comparing curves 'e' and 'f' we can see that the CPU time for the algorithm based on 

the analytical solution is always much less than CPU time for the algorithm based on 

NSDE. 
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Fig. 5.15 Plots of CPU time versus time step for the curves 'c' - 'f' presented in Figure 
(5.13). The letters correspond to the numerical algorithms used as indicated in the text. 

Note that the CPU time required for the case without radiation (curve 'c') is slightly 

larger than that for the case when the radiation is taken into account and the radiation 

term is taken in the form (5.6.1). This is related to the fact that in the case without 

radiation droplet needs longer time to evaporate. 

Results of the errors and the CPU times of calculation of the evaporation time at 

various external temperatures (700 K - 2500 K) and a wide range of initial droplet 

diameters (5µm, 50 µm) with the contribution of radiation are shown in Table (5.2). Gas 

temperature is taken equal to 700 K. The errors were calculated relative to the prediction 

of the NSDE with 11t =1 µs using 1000 nodes along droplet radius. The errors and the 

CPU times are presented for the numerical algorithm based on the analytical solution for 

h = const (A) and NSDE (N) using 100 nodes along droplet radius. It can be noticed 

from the results that the predicted errors and CPU time for the algorithm based on the 
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analytical solution for h = const is always much less than the predicted errors and CPU 

time for the algorithm based on NSDE. This allows us to recommend the former 

algorithm with the radiation term of Equation (5.6.1) for practical applications, including 

possible implementation into CFD codes. 

tit/ms 0.00 1 0.01 
Rdo 2.5 25.0 2.5 25.0 
fµm 

Error% C:PU time Error% C:PUtime Error% C:PUtime Error% CPU time 
1ms 'ms 'ms 'ms 

Tex1 A N A N A N A N A N A N A N A N 
700 0.25 0.50 0.1 0.38 0.02 0.39 9.82 26.7 0.01 2.56 0.02 0.13 0.05 0.38 0.93 2.70 
1000 0.25 0.51 0.1 0.38 0.02 0.40 8.75 25.5 0.01 2.56 0.02 0.13 0.02 0.40 0.88 2.59 
1500 0.01 0.51 0.1 0.38 0.02 0.40 7.78 21.3 0.01 2.56 0.01 0.11 0.06 0.38 0.75 2.20 
2000 0.26 0.26 0.1 0.38 0.02 0.46 5.96 16.6 0.01 2.63 0.01 0.11 0.04 0.45 0.57 1.71 
2500 0.01 0.52 0.1 0.37 0.03 0.47 4.61 12.2 0.01 2.63 0.01 0.10 0.05 0.94 0.63 1.30 

Table 5.2 Errors and CPU times of calculation of evaporation time at various external 
temperatures. Thermal radiation effects are taken into account. The errors were 
calculated relative to the prediction of NSDE with !!it =10-6 sec using 1000 nodes along 
droplet radius. The errors and CPU times are presented for the numerical algorithm 
based on the analytical solution for h = canst (A) and NSDE (N) using 100 nodes along 
droplet radius, T8 = 700 K. 
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Fig. 5.16 Plots of droplet surface temperature Ts and radius Rct versus time, without 
taking into account the effect of thermal radiation (a and b) and with taking into account 
the effect of thermal radiation (c and d). Tg = 1000 K, Text = 2000 K. The calculation 
have been performed using the numerical algorithms based on the analytical solution for 
h = const wi th k1 = 10 W m-2 K-1 and the numerical solution based on the assumption that 
there is no temperature gradient inside the droplet. Initial droplet radius is indicated near 
the plots. Figures (b, d) are zoomed for Figures (a, c), respectively. 

Note that the solution predicted by the algorithm using the analytical solution for h = 

const reduces to that predicted by the numerical algorithm based on the assumption that 

there is no temperature gradient inside the droplet in the limit k1 ➔ 00 if the value k1 = 10 

W / (m2 K) was used as shown in Figure (5.16). 

5.7 Conclusions of Chapter 5 

Several new approaches to numerical modeling of droplet heating and evaporation by 

convection and radiation from the surrounding hot gas have been suggested. Finite 

thermal conductivity of the droplets and internal recirculation in them have been taken 
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into account via the introduction of the effective thermal conductivity of the droplets keff• 

Gas temperature T8 and convective heat transfer coefficient h have been taken as 

arbitrary functions of time. Our approaches have been based on the incorporation of the 

solutions of the heat conduction equation inside the droplet (see Chapter 4) into a 

numerical code, when gas temperature and convection heat transfer coefficient vary with 

time. It has been shown that the solution based on the assumption of constant convective 

heat transfer coefficient is the most efficient for the implementation into numerical 

codes. Initially, this solution is applied at the first time step, using the initial distribution 

of temperature inside the droplet. The results of the analytical solution over this time 

step are used as the initial condition for the second time step etc. This approach has been 

compared with the approaches based on the numerical solution of the discretised heat 

conduction equation, those based on the assumption that there is no temperature gradient 

inside the droplet, and those based on the assumption that the temperature distribution 

inside the droplet has a parabolic profile. All these approaches have been applied to the 

numerical modeling of fuel droplet heating and evaporation in conditions relevant to 

diesel engines, but without taking into account the effects of droplet break-up. The 

algorithm based on the analytical solution for constant h has been shown to be more 

effective (from the point of view of the balance of accuracy and CPU time requirement) 

than the approach based on the numerical solution of the discretised heat conduction 

equation inside the droplet, and more accurate than the solution based on the parabolic 

temperature profile model. The relatively small contribution of thermal radiation to 

droplet heating and evaporation allows us to describe it using a simplified model, which 

takes into account their semi-transparency, but does not consider the spatial variations of 

radiation absorption inside droplets. 
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6. TRANSIENT HEATING, EVAPORATION AND IGNITION OF DIESEL 
FUEL DROPLETS: COUPLED SOLUTIONS 

Models for heating and evaporation of a semi-transparent fuel droplet taking into 

account the temperature gradient inside the droplet and the thermal radiation effects 

were described in Chapters 3-5. These models were tested in various conditions and their 

performance was tested and validated. 

This chapter is focused on further development of the numerical algorithm based on 

the analytical solution of the heat conduction Equation (4.2.1) inside the droplet (the 

algorithm described in Chapters 3-5), its testing and application to modelling the 

processes of heating, evaporation, ignition, and break-up of diesel fuel droplets. In 

contrast to Chapter 5, the effects of droplets' velocities, heating and evaporation on the 

surrounding gas is taken into account (coupled solutions). The surrounding gas will be 

accelerated by movement of the droplets. Then the gas will cool with accompanying 

heating and evaporation of droplets. The fuel vapour will diffuse through the gas 

culminating in ignition of the fuel vapour / air mixture. These effects are expected to be 

accelerated significantly via droplet break-up (Sazhin et al, 2003). The new algorithm is 

implemented into a zero dimensional code in which all values of gas parameters 

(velocity, temperature, fuel vapour concentration etc) are assumed to be homogeneous. 

Parameters typical for a diesel engine combustion chamber will be used. 

Naturally, while the main focus of this chapter is on the effects produced by the 

temperature gradient in droplets, a number of important processes will be beyond its 

scope. These include the effects of real gases (Hohmann and Renz, 2003), near critical 

and supercritical droplet heating (Bellan, 2000; Givler; Abraham, 1996), analysis of 

droplets' collisions and coalescence (Loth, 2000; Orme, 1997). 

The droplets dynamics effects are discussed in Section 6.1. The effects of internal 

circulation inside the droplets are discussed in Section 6.2. The gas phase heat and mass 

exchange with fuel droplets is discussed in Section 6.3. In Section 6.4 the break-up 

model is discussed. The Shell autoignition model is discussed in Section 6.5. In Section 

6.6 a description of the zero dimensional code is given. In Section 6.7 this code is tested 

against several available experimental data sets. Results of sensitivity studies of the 

effects of temperature gradient inside droplets and radiation on droplet evaporation time, 

ignition delay in the absence and present of the break-up process are discussed in 

Section 6.8. The main results of the chapter are summarized in Section 6.9. 
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Some preliminary results of this chapter were published in Sazhin, Abdelghaffar et al 

(2005b). 

6.1 Dynamics of droplets 

The initial velocity of fuel droplets injected from a nozzle is typically much greater than 

the velocity of in-cylinder air. The droplets are rapidly decelerated due to the drag force, 

while the air in the vicinity of the spray is accelerated (Sazhin et al, 2001b; 2003). The 

dynamics of fuel droplets has to be taken into account in numerical algorithms of heating 

and evaporation of diesel fuel droplets to investigate the effects of the temperature 

gradient inside the droplet. In this case the convective heat transfer coefficient increases 

and the droplets boundary layer thermal resistance decreases. The ratio of the internal 

thermal resistance of the fuel droplet to its boundary layer thermal resistance (Biot 

number) increases. Hence, the effect of the temperature gradient inside the droplet on 

modelling heating and evaporation of diesel fuel droplet is expected to be larger than in 

the case of stationary droplets. 

The droplet dynamics is described by the following equation (Sirignano, 1999 and 

Sazhin et al, 2001): 

(6.1.1) 

where md, U d, Ad = n:R.J are droplet's mass, velocity and cross-sectional area, 

respectively, U 
8 

is gas velocity and Cd is the drag coefficient for non evaporating 

droplets. 

The solution of Equation (6.1.1) requires the knowledge of Cd, which depends on 

temperature and droplet Reynolds number (Chiang et al, 1992; Panton, 1996). Our 

analysis will be restricted to spherical droplets. A number of approximations have been 

suggested (Putnam, 1961; Wallis, 1969; Morsi and Alexander, 1972; Borman and 

Regland, 1998). Expressions for Cd suggested by these authors can be used for 

numerical analysis of Equation (6.1.1), but they are not suitable for analytical estimates 

(Sazhin et al, 2003). A much simpler approximation for the drag coefficient was 

suggested by Putnam (1961): 

{ 

24 ( 1 ~J C = -- l+-Re~ 
,, Re" 6 

0.424 

when Re"~ 1000 (6.1.2) 
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where Red is Reynolds number of a droplet defined as in Equation (2.2.1.2.2). An 

alternative approximation was suggested by Douglas et al (1995): 

24 
Red ~ 2 (Stokes flow) 

Re,1 

Cd= 
18.5 

2 < Red ~ 500 (Allen flow) (6.1.3) 
Reo.6 

d 
0.44 500 < Ret1 ~ 105 (Newton flow) 

There seems to be an error in Douglas et al (1995) where the transition between 

Stokes and Allen flows was identified with Red = 0.2. This was corrected by Sazhin et al 

(2003) where the authors found that predictions of Cd for Stokes and Allen flows match 

for Red= 2 but not for Red= 0.2. The value of Cd for Re = 2 (Stokes flow) is consistent 

with the results presented in Robertson and Crowe (1997) and White (1999). It is 

sometimes recommended to use Cd = 24/ Red for Red < 0.5 (Robertson and Crowe, 

1997), the error in the prediction of Cd by this formula does not exceed about 20% for 

Red< 2 (Robertson and Crowe, 1997; White, 1999). More accurate approximation for Cd 

for Red< 2 can be obtained from the formula in Equation (6.1.2) or from the formula Cd 

= (24/ Red) [1+ 3 Red /16] 113 (Douglas et al, 1995). 

Equation (6.1.2) is used for the droplets' trajectory calculation in the present work due 

to its simplicity and predicting more accurate values for Cd for Red < 2. Not that Red is 

close to zero over most of lifetimes for small droplets (Renksizbulut and Haywood, 

1988). 

The expressions for Cd given above do not take into account the effects of droplet 

acceleration, internal recirculation, burning, non-spherical shape and vibrations and 

heating process. They cannot be applied when Mach number is close to or greater than 1 

(Borman and Ragland, 1998). The condition Red < 105 is always satisfied for realistic 

droplets in diesel engine (Sazhin et al, 2003). For the case of an evaporating sphere, the 

drag coefficient is reduced and can be replaced by (Abramzon and Sirignano, 1989): 

C = c,, 
df (1 + BM )a 

where C4r is drag coefficient with evaporation effect, 

{

l 
a-

0.75 

for BM < 0.78 

for BM ~ 0.78 

(6.1.4) 

The initial droplet velocity U tli can be calculated from the pressure drop at the nozzle 

(Af') (Borman and Ragland, 1998): 
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u,, = c"' ✓zM , 
P, 

(6.1.5) 

where Cdo is the orifice discharge coefficient, M = P;111 - Pcyl, P;111 is injection pressure 

and Pcyt is in-cylinder pressure. There is some uncertainty regarding the value of Cdo 

because it depends on the nozzle type. Both Chehroudi and Bracco (1988) and Reitz and 

Diwakar (1987) recommended that this value could be assumed 0.7, while Lefebvre 

(1989) and Borman and Ragland (1998) believe that this value is close to 0.39. Paal 

(1992) and Sazhin et al (2001) assumed that this value equals 0.62 and 0.8, respectively. 

6.2 Effects of internal circulation inside the droplets 

When the droplets move, the heat and mass transport over the boundary layer is 

enhanced. Furthermore, the shear force on the liquid surface causes internal recirculation 

that enhances the heating of the liquid (Sirignano, 1999). In this case the convection heat 

transfer inside the droplet can dominate over conduction. The finite liquid thermal 

conductivity models can be generalised to take into account the internal circulation 

inside droplets. As mentioned before, this could be achieved by replacing the thermal 

conductivity of liquid kt by the so-called effective thermal conductivity keff = z kt, where 

the coefficient z varies from about 1 (at droplet Peclet number Ped < 10) to 2.72 (at Ped 

> 500) (Abramzon and Sirignano, 1989). It can be approximated by Equation (2.2.1.1.1). 

Binary diffusion coefficient D 12 for multicomponent fuel droplets should be replaced 

by the so-called effective binary diffusion coefficient D12eff= z D12 in order to take into 

account the internal circulation inside the multicomponent fuel droplets (Hohmann and 

Renz, 2003). 

6.3 Gas phase heat and mass exchange with diesel fuel droplets 

A detailed calculation of the flow around the droplets during the evaporation process is 

rather difficult and is usually not performed in CFD calculations. Rather an average gas 

velocity is taken into account to estimate the drag force. We assume that there are no 

spatial gradients inside a computational cell. The problem is unsteady as the droplet size 

is continuously changing due to swelling and evaporation. Relative droplet velocity is 

also changing due to droplet drag, and droplet temperature is changing due to heating 

and evaporation (Sirignano, 1999). 

The mass vaporization rate from the droplet surface is described by the following 

equation (Sirignano, 1999): 
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dmd --= -211R.dpgD12Sh BM' 
dt 

where Sh can be obtained using the Equation (2.2.1.2.24). 

(6.3.1) 

The analytical solution of the heat conduction equation inside droplets (4.2.1) for 

constant h, Equation (4.3.1.19), is used to calculate the droplet temperature. 

A number of correlations for Nusselt number (Nu) and Sherwood number of moving 

and evaporating droplets were discussed in Chapter 2. In the absence of evaporation, 

Correlations (2.2.1.2.3) and (2.2.1.2.4) are believed to be more accurate than 

Correlations (2.2.1.2.1) and (2.2.1.2.2) at Red < 10 (Abramzon and Sirignano, 1989). 

However, the difference between the predictions of these correlations for 1 < Red ~ 400 

does not exceed about 10%. This is well within the margins of errors of experimental 

measurements of parameters used in these equations. In the presence of evaporation, 

following widely used practice (see e.g. Faeth, 1983; Lefebvre, 1989) the simplified 

Correlations (2.2.1.2.23) and (2.2.1.2.24) will be used in our analysis. This is justified by 

the fact that the focus of the chapter is on the investigation of the effect of temperature 

gradient inside droplets on evaporation, break-up and ignition processes, and not on the 

most accurate modelling of these processes. The corrections introduced by Equations 

(2.2.1.2.16) and (2.2.1.2.17) are not expected to influence the conclusions of this 

chapter. Moreover they can, on some occasions, even marginally decrease the accuracy 

of calculations of the mass flow rate of evaporated fuel (Yao et al, 2003). 

When the initial temperature of the droplet is lower than the surrounding gas 

temperature, and does not exceed its own boiling temperature, the net heat transfer Q 

from the surrounding gas to the film surrounding the droplet, prior to ignition, has three 

effects: (1) to heat up the liquid droplet QL; (2) to vaporize the liquid, Q,i ; and (3) to be 

carried back with diffusing vapour in the form of superheat, Qs. The heat that arrives at 

the droplet surface is Qv = Q - Qs. Hence, (El Wakil et al, 1954): 

Qv = Q - Qs = QL + Q,i. (6.3.2) 

The following relation between Q and Qv can be obtained (El Wakil et al, 1954): 

Qv = Q(ez~l). (6.3.3) 

me 
where z = _v _v , mv is mass rate of fuel vaporization, Cv is fuel vapour heat capacity at 

hA,1 

constant pressure and Ad is the droplet surface area. 
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The factor z/(ez-1) shows the fraction of the total heat transfer Q from the air that 

finally arrives at the surface of the liquid droplet This factor therefore represents a 

correction factor to the heat transfer coefficient h (El Wakil et al, 1954 ). 

Equation (6.3.3) leads to the following modification of h due to the effect of superheat 

(El Wakil et al, 1954): 

h =h(-z ) 
ez -1 

(6.3.4) 

For a stationary droplet Equation (6.3.4) is identical with Equation (2.2.1.2.23). Indeed, 

Equation (6.3.1) can be rearranged to: 

and BM = ez -1. Hence: 

rrldCv =--=z 
hAd 

ln(l+BM) =-z-= Nu =!!:._ 
BM ez -1 Nu 0 h 

Heat removed from the gas is described by Equation (2.2.1.2.1). Gas temperature was 

calculated from the definition of the heat lost by the gas side: 

dT8 k 8 '°' -- = -21l--~ Nu0;Rc1; (Tg -T.,;), 
dt mgcg 1 

(6.3.5) 

where m8 is the total mass of gas, subscripts i indicate individual droplets, and 

summation is performed over all droplets. Gas mass and droplets' radii are updated at 

each time step to take into account droplet evaporation. 

It can be seen from Equation (6.3.5) gas temperature decreases with time due to the 

transfer of energy from ambient air to droplets. 

The momentum transferred from gas to droplets has the same value but the opposite 

sign to the momentum transferred from droplets to gas. Gas velocity is calculated from 

the momentum conservation equation, which can be presented in the form: 

d(m 8 U 8 ) = -I d(m,,P,JT) 
dt ; dt 

(6.3.6) 
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Equations (6.3.5) and (6.3.6) are applied at each time step to get the new values of gas 

temperature and velocity. These values are used as initial values for the next time step. 

6.4 Droplets' break-up model 
Droplet break-up influences spray penetration, evaporation and mixing in high-pressure 

sprays. If the effect of evaporation is ignored (heating-up period) the spray droplets size 

is the outcome of a competition between droplet break-up (which decreases with time 

due to reduction of relative velocity between the droplet and entrained gas) and droplet 

coalescence (which also decreases with increasing the distance from the nozzle because 

of the expansion of spray) (Reitz and Diwakar, 1987). Droplet break-up dominates in 

hollow-cone sprays as coalescence is minimized by the expanding spray geometry. 

Droplet sizes in solid-cone sprays are influenced by both droplet coalescence and break

up (Reitz and Diwakar, 1987). Since evaporation rates depend on droplet size, this 

implies that droplet break-up and coalescence influence the fuel vapour distribution and 

mixing. Reitz and Diwakar (1986) concluded that the distribution of fuel in practical 

devices could be controlled by exploiting the competition between droplet break-up and 

coalescence. This can be accomplished even with a relatively simple injector, since the 

spray droplet sizes are determined mostly by droplet break-up and coalescence, but not 

the size of injector nozzles. 

A number of droplet break-up models have been suggested (Borman and Ragland, 

1998; Lefebvre, 1989; Shraiber et al, 1996; Lin, 1998; Gorokhovski, 2001; Gorokhovski 

and Saveliev, 2003). The model developed by Reitz and Diwakar (1986, 1987), is 

widely used in CFD codes (VECTIS and STAR CD CFD codes). In this model two 

different mechanisms to break up the fuel spray into smaller droplets are taken into 

account. The first mechanism is the bag break-up, which occurs when a high pressure is 

exerted on the front of the droplet, and a low pressure is on the wake of the droplet. Thus 

a spherical droplet is deformed into a bag shape, and eventually breaks into small 

droplets. The second mechanism is the stripping break-up, which occurs when a droplet 

is sheared by a relative velocity between the droplet and ambient air, and is stripped into 

smaller droplets. This can also be viewed as the result of tangential stress acting on the 

moving droplets, which leads to stripping break-up. 

The bag break-up occurs when (Reitz and Diwakar, 1987): 

pg (U d -u g )2 Rd 
We = ----'-------'--- > c,,I = 6 , (6.4.1) 

a.,· 
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where We is the Weber number (ratio of aerodynamic forces to surface tension forces), 

as is the droplet surface tension, We is defined following the original papers by Reitz 

and Diwakar (1986, 1987), although this definition differs from the one used by 

Lefebvre (1989) and Borman and Ragland (1998). The factor Cb1 is an empirical 

coefficient in the range 3.6 to 8.4 (Reitz and Diwakar, 1987), Chi = 6 will be used in our 

analysis, following Reitz and Diwakar (1986, 1987) and Sazhin et al (2003). 

The bag break-up time is assumed to be proportional to the inverse frequency of the 

main harmonic of droplet oscillations. The lifetime of an unstable droplet as estimated as 

(Reitz and Diwakar, 1987): 

(6.4.2) 

where the factor Cb2 = n. 

The stripping break-up occurs when (Reitz and Diwakar, 1987): 

We ,JRe:; > c.d = 0.5, (6.4.3) 

Note that Borman and Ragland (1998) used Cs1 =0.7. 

The stripping break-up lifetime is estimated as (Reitz and Diwakar, 1987): 

t = C (f!J_]l/2 Rd 
s s2 p 8 (U d - U g) , 

(6.4.4) 

where Cs2 is an empirical coefficient in the range 2 to 20. The value of this coefficient is 

determined by fitting the predictions of the model with experimental data. This is the 

reason why different values were reported: C.1·2 = 20 by STAR CD CFD code, 13 by 

Sazhin et al (2003) and VECTIS CFD code and 2, 20 and 5 by Reitz and Diwakar 

(1987). The reduction of Cs2 increases the rate of droplet break-up, but the stable droplet 

size is independent of Cs2 because the relative velocities are the same. 

In practical applications of this model, the stability criteria, conditions (6.4.1) and 

(6.4.3) were checked for each droplet parcel at each time step. If either of the two 

criteria is met for the time equal to the corresponding time defined in Equations (6.4.2) 

and (6.4.4), then stable droplet size for the parcel was specified from Equations (6.4.1) 

or (6.4.3). In both cases, the reduction of droplet radii is described by the equation: 

{

o 
dRd -- - = Rd Rdb(s) 

di -
tb(s) 

when Rd > Rdb(s) ' 
(6.4.5) 
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where tb(s) are characteristic times of the development of bag (stripping) break-ups and 

defined by Equations (6.4.2) and (6.4.4), respectively and Rdb(s) are threshold radii of 

marginally stable droplets with respect to bag (stripping) break-ups. Rdb(s) are determined 

by the condition We = 6, We I ,JRed = 0.5, respectively. This approximation is justified 

by the fact that the contribution of smaller droplets generated during the break-up is 

relatively small and can be ignored (Reitz and Diwakar, 1986). Also Equation (6.4.5) 

implies that droplets preserve their spherical shape during the break-up process. This is 

the limitation of the model, which was appreciated by the authors (Reitz and Diwakar, 

1986; 1987). 

With each change in droplet size, the droplet number is changed to ensure the 

conservation of liquid mass: 

(6.4.6) 

The energy and momentum correction due to break-up were found to be insignificant 

(Reitz and Diwakar, 1986; 1987). 

The contribution from catastrophic break-up has been ignored. This is likely to occur 

at rather large We (greater than about 350 (Liu and Reitz, 1993; Tanner, 2004)), and is 

not expected to be observed for small droplets in diesel engines away from the 

immediate vicinity of the nozzle. An alternative equation for the evolution of droplet 

mass during the development of break-up has been discussed in Tanner (2004) (see his 

Equation (3)). A detailed analysis of the latter equation and its comparison with 

Equation (6.4.5) is beyond the scope of this chapter. 

6.5 The Shell autoignition model 

Autoignition can be defined as an onset of combustion in a reactive medium raised to a 

certain temperature and pressure, without any external agents (e.g. electric spark) 

(Spalding, 1979; Kuo, 1986). It is sometimes called heterogeneous ignition, self-ignition 

or spontaneous ignition (Kuo, 1986). It happens in diesel engines by rapid compression 

of fuel-oxidizer mixture (positive combustion) or in gasoline engine as end-gas 

combustion or knock (Kuo, 1986; Bradley et al, 1996a, 1996b, 2002; Bradley and 

Morley, 1997). 

The initial temperature at which the autoignition can be developed and the time delay 

before the start of autoignition is considered to be the main characteristic parameters for 

the autoignition process (Brady, 1996). These parameters strongly depend on the 

condition of internal surface of the engine, pressure, fuel composition and other 
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parameters. Modelling of autoignition phenomenon is very important for predicting the 

initiation of combustion in diesel engines. The autoignition model should be simple and 

adequately describe the main features of the combustion process. 

The detailed kinetic mechanism of the autoignition process includes hundreds of 

chemical reactions and over a hundred of species (Sazhina et al, 1999). The lack of 

accurate kinetic data for many reactions is a major problem in constructing the detailed 

kinetic mechanism. This encouraged many authors to develop reduced chemical models 

(Basevich et al, 1994; Halstead et al, 1973; Griffiths, 1995; Poppe et al, 1993; Basevich 

and Frolov, 1994). Poppe et al (1993) have considered a model based on 30 reactions 

and 21 species. Basevich and Frolov (1994) reduced the number of reactions and species 

to 21 and 13, respectively. Mtiller et al (1992) suggested four-step model with adjusted 

rate coefficients. The practical application of this model was questioned because the 

ignition was produced entirely by thermal feedback, while the chain branching process 

was ignored (Griffiths, 1995). 

The group of researchers from Shell Research Ltd developed an autoignition model, 

which is now widely used (Shell model). This model introduces generic species with 

kinetic rate constants deduced from experimental data (Halstead et al, 1975; Halstead et 

al, 1977). In the Shell model the autoignition process is reduced to the eight-step chain 

branching reaction scheme. The main advantage of the Shell model is its simplicity 

combined with a generalized description of the kinetic mechanism, which proves to be 

adequate for many applications. Although this model was developed to simulate the 

autoignition properties of a number of hydrocarbon fuels for spark-ignition gasoline 

engines, it was successfully extended to modelling the combustion of diesel fuels 

(Sazhina et al, 1999). 

This study is based on the formulation for the Shell model developed by Sazhina et al 

(1999) with A14 in the range between 3 x 106 and 6 x 106
. Details of the Shell model are 

discussed in Appendix 6. 

6.6 Zero dimensional code: implementation of the coupled algorithms 

The model of heating a semi-transparent fuel droplet based on the analytical solution of 

heat conduction equation inside the droplet ( 4.2.1) was implemented into a zero 

dimensional code. A number of processes in diesel engines (swelling, evaporation, 

internal circulation inside the droplets, dynamics of the droplets, effects of the droplets 

on the gas phase, droplets break up and the autoignition based on the Shell model) have 
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been taken into account. Effects of turbulence and coalescence processes have been 

ignored. 

As the first step we assume that the temperature of gas Tg (t = 0) and initial droplet 

velocity Ud (t = 0) are given. The values of the convection heat transfer coefficient 

depend on the external gas properties (thermal conductivity and viscosity) alongside 

with droplet radius. The latter is calculated using Equation (3.4.2) and taking into 

account swelling due to decrease of liquid fuel density with increasing temperature. 

Under these assumptions the calculation of droplet temperature reduces to the solution of 

Equation (4.2.1) subject to appropriate initial and boundary conditions. When 

calculating droplet radius I take into account the conservation of mass of liquid droplets 

during its swelling. 

The analytical solution (4.3.1.19) enables us to get the temperature distribution inside 

the droplet T(r, t) as a function of normalised radius r at the end of each time step. For 

the first time step we use specified initial conditions Tdo(r, t = 0). Then the solution at the 

end of the first time step is used as the initial condition for the second time step etc. If 

the time step over which the droplet temperature and radius are calculated is small, we 

can assume that h (t) = const over this time step. In this case we calculate rhd (t = 0) 

using Equation (6.3.1). Rd(t = 0)is calculated as: 

dRd = m" _ Rd dp1 

dt 47lR;p, 3pl dt ' 
(6.6.1) 

Teff (t = 0) was calculated from Equation (4.2.4). Then the initial condition at t = 0 

allowed us to calculate T (r, t) at the end of the first time step (T(r, t1)) using Equation 

(4.3.1.19). In calculating µ 0 (t)the heat transfer coefficient h was replaced by h in 

Equation (6.3.3) to take into account the effect of fuel vapour superheating. The heat 

transfer coefficient is calculated as h (t) = Nu kg I 2 Rd (t). Nusselt number can be 

obtained using Equation (2.2.1.2.23). 

The effect of internal circulation inside the droplet is taken into account by 

multiplying the liquid thermal conductivity by the factor X, which is calculated using 

Equation (2.2.1.1.1 ). 

The system of Equations (6.1.1) and (6.3.1) were solved by using the Runge-Kutta 

method with adaptive step size control (Press et al, 1989) to obtain the droplet mass and 

velocity at t = t1• When solving Equation (6.1.1), Equation (6.1.5) was used to obtain the 
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drag coefficient Cd1while Equation (6.1.2) was used to obtain Cd. The fuel vapour mass 

was calculated as: 

(6.6.2) 

where mdv is droplet mass obtained by solving Equation (6.3.1) and n is the number of 

droplets. 

It was checked that the second term in Equation (6.6.1) is relatively small and can be 

neglected with error less than 0.1 % in evaporation time calculations. 

In the break up model, the stability criteria, conditions (6.4.1) and (6.4.3) were 

checked for each droplet parcel at each time step. If either of the two criteria is met for 

the time equal to the corresponding time defined in Equations (6.4.2) and (6.4.4), then 

stable droplet size for the parcel was specified from Equations (6.4.1) or (6.4.3). The 

size of an unstable droplet was allowed to change continuously with time following the 

rate Equation (6.4.5) where Rdb(s> are marginally stable radii determined by the 

conditions We= 6 and We/ .jRed = 0.5 respectively. With each change in droplet size, 

the droplet number n is changed to ensure the conservation of liquid mass in Equation 

(6.4.6). 

As the evaporation process and break up process can happen simultaneously, the mass 

of liquid droplet was calculated as: 

md (t,) = (n0md (0) - limv )Inn (6.6.3) 

Rd (t1) is calculated as: 

I 

Rd(t,) = (3m,,(t1)/47rp(T(t1)))3, (6.6.4) 

The gas temperature T8(t1) was obtained algebraically from Equation (6.3.5) while the 

gas velocity Ug(t1) was obtained from the momentum exchange between fuel droplets 

and their surrounding gas in Equation (6.3.7). 

If the equivalence ratio (actual fuel/ air ratio divided by stoichiometric fuel/ air ratio) 

reaches the lower flammability range of the fuel, the Shell model is activated in the 

calculation of gas temperature and new concentrations of the fuel vapour, oxygen and 

inert gas mass fractions in the surrounding gas. 

For the second time step, the values of variables obtained at the end of first time step 

(t = t1) T (r, t1), Rd (t1), Tg (t1), Ud(t1), Ug(t1), md(t1), n (t1) and concentrations of the fuel 

vapour, oxygen and inert gas in surrounding gas are used as initial conditions to 

integrate the equations in the range (t1, t2). The previous calculations are repeated based 

on the new initial conditions to get the results at t = t2• 
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The same procedure is repeated for all subsequent time steps until the autoignition 

starts at T8 = 1100 K (Sazhina et al, 1999). The number of terms in the series in Equation 

(4.3.1.19), which needs to be taken into account, depends on the timing of the start of 

droplet heating and the time when the value of droplet temperature is calculated. For 

parameters relevant to diesel engines environment just three terms in the series can be 

safely used with possible errors of not more than about 1 %, as discussed in Chapters 4 

and 5. 

Note that the calculation of integrals over r in order to estimate T and qn can be 

replaced by analytical solution as described in Appendix 5. 

The gradients of temperature and fuel vapour concentration in the gas phase are 

ignored. This has been introduced with a view to the future implementation of the 

algorithm into a computational fluid dynamics (CFO) code, where this assumption refers 

to individual computational cells. The number of droplets in the enclosure can be 

arbitrary, but the direct interaction between droplets is not taken into account at this 

stage. All transport coefficients for the gas phase were calculated at reference 

temperature, Tref defined as (Lefebvre, 1989; Hubbard et al, 1975): 

Tg + 2T, 
Tref = 3 (6.6.5) 

The concentration of fuel vapour is assumed to be so small that its effect on transport 

coefficients can be ignored. This effect could be taken into account as described in 

Appendix 3 of Sazhin et al (1993). 

The ignition of the fuel vapour/ air mixture is based on the version of the Shell model 

described in Sazhina et al (1999, 2000a) (see Appendix 6). 

The flow chart of the zero dimensional code is shown in Figure (6.1). 
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Shell model 

T(r, 0), m0, Ud(O) and Tg(O) 

Calculate z (Eq. 2.2.1.1.1) 

Calculate Teff(Eq. 4.2.4) 

Calculate eignvalues A.iEq. 4.3.1.9) 

Calculate Pn (Eq. 4.3.1.12) using Eq 
(5.6.1) based on analytical formula 
(Appendix 6) 

Calculate q0 (Eq. 4.3.1.12) using 
analytical formula (Appendix 6) 

Calculate T(r, t) (Eq. 4.3.1.19) 

Yes 

Calculate ~ using analytical formula 

(Appendix 5) 

Calculate droplet mass md and velocity Ud by solving 
Eq.(6.1.1) and (6.3.1) using Runge Kutta method 

Fig. 6.1 Flow chart of Zero-dimensional code. 

126 



Chapter 6: Transient Heating. Evaporation and Jgnition of Diesel Fuel Droplets: Coupled Solutions 

No 

Calculate new number of droplets nn 
after break-up process (Eq. 6.4.6) 

Calculate Rd (Eq.6.6.1) and !imv 
(Eq.6.6.2) 

Calculate gas temperature T8 (Eq.6.3.5), gas velocity U8 

(Eq.6.3.5) and new fuel vapour, oxygen and inert 
concentration 

Yes 

Calculate gas temperature T8 and new fuel vapour, oxygen 
and inert concentration based on the Shell autoignition 
model 

No 
T8 :2: 1100 K? 

Print T(r, t), Rd, autoignition delay time 

End 

Fig. 6.1 Flow chart of Zero-dimensional code (cont). 
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6. 7 Validation of the numerical algorithm 

The only direct observations of temperature gradient inside large (Rd > 100 µm) droplets 

are those reported in Laveille et al (2002), Castanet et al (2002) and Castanet et al 

(2003), to the best of our knowledge. These sizes of droplets are not directly relevant to 

diesel engine environment as droplets are typically much smaller there. Also, the results 

reported by these authors refer to instantaneous measurements and cannot be used for 

validating of the model for droplet heating process described above. In this section we 

shall validate our model by comparing the predicted time evolution of droplet radius and 

the predicted ignition delay with experimental observations. This seems to be the only 

feasible approach. 

In the experiment conducted by Belardini et al (1992) 10-9 g of tetradecane was 

injected at temperature of 300 Kand initial velocity of 6 mis through a hole of 0.28 mm 

diameter into a 100 cm3 chamber. The chamber was filled with air at 1 bar, and the 

initial temperatures in the range from 473 K to 673 K. The evolution of droplet diameter 

during the evaporation process was measured starting with droplet diameter equal to 72 

µm. The results of measurements were presented in the form of a plot of (RiRdo/ versus 

time t and are shown in Figure (6.2). In the same figure, the time evolution of this 

variable, predicted by the algorithm described above are presented. The calculations 

were performed using the effective thermal conductivity model (hereafter referred to as 

ETC model), based on the analytical solution of the heat conduction equation inside 

droplets for constant heat transfer coefficient, and the infinite thermal conductivity 

model (hereafter referred to as ITC model). The physical properties of tetradecane, used 

in calculations, are given in Appendix 7. 

As follows from Figure (6.2) the results of calculations for both ITC and ETC models 

show reasonable agreement with the measurements for both temperatures 473 Kand 673 

K. In fact the predictions of the ETC and ITC models are practically indistinguishable. 

This difference would have been observed for the surface temperature at the initial stage 

of heating but this is not translated into the time evolution of droplet radius. The plots of 

(RiRdo/ versus t are non-linear functions of time after the completion of the heat-up 

period, in contrast to the prediction of the d2 -law (this is particularly clearly seen for the 

curve referring to Ts= 673 K) . This is attributed to the effect of thermal radiation which 

was not taken into account when deriving this law (cf. the following discussion referring 

to Figure (6.4)). The effect of thermal radiation generally decreases with decreasing 

droplet radius (Sazhin et al, 2004). 
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□ Experimental data (673 K) 
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Fig. 6.2 The values of (Rd /Rdo)2 for evaporating tetradecane droplets versus time, as 
measured by Belardini et al (1992), and the results of calculations based the ETC 
(effective thermal conductivity) and the ITC (infinite thermal conductivity) models 
implemented into the zero dimensional code. The values of the initial gas temperature 
473 Kand 673 Kare indicated near the plots. 

Data for initial gas temperature T80 = 673 K presented in Figure (6.2) was used in 

Bertoli and Migliaccio (1999) to validate various models for droplet heating. The 

comparison was between: a model which includes the effect of finite thermal 

conductivity inside droplets (but not recirculation) combined with the effect of droplet 

swelling; and a model which did not take into account the effect of swelling. As 

expected, the prediction of the first model was practically indistinguishable from that 

shown in Figure (6.2). Ignoring the effect of swelling led to visibly poorer agreement 

between experimental data and prediction of the model. 

The experimental data reported in Nomura et al (1996) were obtained for a suspended 

n-heptane droplet in nitrogen atmosphere at pressure in the range between 0.1 and 1 

MPa and temperatures in the range between 400 K and 800 K. Droplet initial radii varied 

from 0.3 mm to 0.35 mm. The experiments were performed under microgravity 

conditions. The experimentally observed values of (RiRdo)2 versus t for pressure 0.1 

MPa, initial gas temperature 471 K, 55K, 648 K, 741 Kand the initial droplet radii equal 

to 0.3 mm, are shown in Figure (6.3). Also, the results of calculations based on ETC and 
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ITC models for the same values of parameters are shown. The physical properties of n

heptane used in calculations are described in Appendix 7. 
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1 • Experimental data 

- Calculations (ETC model) 

0.8 - Calculations (ITC model) 

N 

~ ~ 0.6 
~ 
5 

0.4 

0.2 - 741 K 

0 -----------------------~-----1 

0 1 2 3 
t ms 

Fig. 6.3 The values of (Rd /Rdo/ for evaporating n-heptane droplets versus time for the 
initial pressure 0.1 MPa, as measured by Nomura et al (1996), and the results of 
calculations based on the ETC and the ITC models implemented into the zero 
dimensional code. The values of initial gas temperature 471 K, 555 K, 647 Kand 741 K 
are indicated near the plots. 

As follows from Figure (6.3) both ITC and ETC models show good agreement with 

experimental data. For Tgo = 471 K and T80 = 555 K the predictions of the models 

practically coincide. At higher temperatures, however, the predictions of the ETC model 

are in marginally better agreement with experimental data, compared with the ITC 

model, as expected. At lower initial gas temperature droplets evaporate more slowly and 

the temperature inside droplets has sufficient time to become almost homogeneous. 

Hence, the closeness of evaporation times predicted by the ETC and ITC models. 

Stronger effect of droplet finite thermal conductivity on the evolution of their size shown 

in Figure (6.3), compared with Figure (6.2), is related to much larger droplets studied in 

Nomura et al (1996) compared with Belardini et al (1992). 

Plots of droplets surface temperatures Ts versus t for the same parameters as in Figure 

(6.3) are shown in Figure (6.4). As follows from this figure, the ETC model predicts 

much quicker rise of surface temperature compared with the ITC model at the initial 
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stage. This is related to the fact that the heat reaching the surface of the droplet is spent 

on heating the whole droplet in the ITC model, and on heating of a relatively thin layer 

near the droplet surface in the ETC model. Then the surface temperature predicted by 

the ETC model becomes lower than the one predicted by the ITC model. 

350 -r----------------------, 

340 

~ 330 

= •,-( 

E-,."' 320 -

310 -

- Calculations (ETC model) 

- Calculations (ITC model) 

555 K 

471 K 

300 -+--------,.------,----,---------,-----r------i 

0 1 2 3 
t ms 

Fig. 6.4 The plots of Ts versus time for the same values of parameters as in Figure (6.3), 
calculated using the ETC and the ITC models implemented into the zero dimensional 
code. 
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Fig. 6.5 The same as in Figure (6.3) but for the initial gas pressure 0.5 MPa. 

131 



Chapter 6: Transient Heating, Evaporation and Ignition of Diesel Fuel Droplet : Coupled Solutions 
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Fig. 6.6 The same as in Figure (6.3) but for the initial gas pressure 1 MPa 

This is related to the fact that the increased surface temperature predicted by the ETC 

model will lead to decrease of the amount of heat supplied to the droplet. Eventually, the 

surface temperatures predicted by both models become practically indistinguishable, as 

in the case considered earlier. Note that both ITC and ETC models predict the maximal 

values of droplet surface temperature at certain moments of time. These maxima are 

related to the contribution of thermal radiation. This result agrees with that reported in 

Abramzon and Sazhin (2005). The detailed physical explanation of this phenomenon is 

given in Abramzon and Sazhin (2005). In the absence of radiation the droplet surface 

temperature is expected to increase asymptotically to the wet bulb temperature. Note that 

temperatures shown in this figure are well below the n-heptane boiling temperature 

371.4 K. 

The plots similar to those shown in Figure (6.3) but for pressures 0.5 MPa and 1 MPa, 

and various initial gas temperatures are shown in Figures (6.5) and (6.6). As follows 

from these figures, the ETC model predicts marginally more accurate results compared 

with the ITC one, similarly to the case of lower pressure (see Figure (6.3)). The 

corresponding plots of Ts versus t have the properties similar to those shown in Figure 

(6.4) for pressure 0.1 MPa. 
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The experimental data discussed so far is relevant to understanding heating and 

evaporation processes - it does not give us much information about the influence of 

droplets on gas. In what follows, I compare experimental data on the total ignition delay 

times reported in Tanabe et al (1995) and the prediction of the models. In the experiment 

described in this paper, n-heptane droplets with the initial radii of 0.35 mm were injected 

in air at pressure 0.5 MPa. The droplets' diameters were measured with possible errors 

±0.05 mm. A furnace able to generate almost uniform gas temperature (from room 

temperature to 1100 K) was constructed and used for this experiment. The igniting 

droplets were observed by a Michelson interferometer so that the time dependent 

temperature distribution around the droplets could be estimated. Interferometric images 

were stored on an 8 mm video tape with a frame rate of 50 s-1 and were analyzed by 

computer image processing. The experiment was performed under the microgravity 

conditions by using the 110 m drop tower. This enabled the authors to observe 

spherically symmetrical phenomenon that could be compared with the one-dimensional 

theoretical analysis (Tanabe et al, 1995). 

The volume of air used in the experiment was not specified, but it can be assumed that 

this volume was rather large. Hence, we took lean ignition limit when the equivalence 

ratio equal to 0.5 for the initial gas temperature T80 = 600 K (Sazhina et al, 2000a). This 

corresponds to the case when the volume of air is equal to 19.1 radii of droplets. This 

volume could be identified with the so called 'cooling zone' (Todes, 1966; Sazhin et al, 

2001a). The observed total ignition delay times (physical + chemical ignition delays) 

versus initial gas temperature are shown in Figure (6.7). In the same figure the total 

ignition delay times predicted by the ETC and ITC models are shown. The calculations 

were based on the Shell model with A14 = 3 x106
• 

As follows from Figure (6.7), the influence of the temperature gradient in droplets on 

the total ignition delay is noticeably greater than its influence on droplet evaporation 

time discussed earlier. This is related to the fact that the chemical part of the total 

ignition delay is a strongly non-linear function of the gas temperature in the vicinity of 

droplets determined by Equation (6.6.5). As shown earlier (see Figure (6.4)), the droplet 

surface temperature strongly depends on the temperature gradient inside the droplet, 

especially at the initial stages of heating. Hence, this temperature gradient cannot be 

ignored when calculating the total ignition delay of fuel droplets. If the ETC model is 

replaced by the ITC one for the same set of parameters then the agreement between the 

predicted and observed total ignition delays becomes much worse for T80 > 650 K (see 
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Figure (6.7)). This shows that the effects of temperature gradient inside droplets 

influence significantly the total ignition delay and need to be taken into account when 

modelling this phenomenon. 
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Fig. 6.7 The values of the total ignition delay time for evaporating n-heptane droplets 
versus initial gas temperature, as measured by Tanabe et al (1995), and the results of 
calculations based on the ETC and the ITC models implemented into the zero 
dimensional code. The version of the Shell autoignition model described in Sazhina et al 
(1999) and Sazhina et al (2000) was used with the coefficient Ar4 = 3 x 106

. The ratio of 
the volumes of air and liquid droplet was taken equal to 19.13 = 6967.871 to provide the 
equivalence ratio 0.5 for T80 = 600 K. 

The rapid increase of the ignition delay with decrease of T80 in the range 600 K- 650 K is 

not reproduced well by either model. This could be related to the fact that both models 

do not take into account the heat losses from the combustion chamber. In the case of 

short total ignition delays at large gas temperatures, these effects of heat loss can be 

ignored, but they need to be taken into account in the case of relatively long total 

ignition delays at low gas temperatures (cf. the results reported by Sazhina et al (1999)). 

The analysis of this phenomenon is beyond the scope of this chapter. 

6.8 Application to a monodisperse spray 

This section will focus on the investigation of temperature gradient inside droplets and 

recirculation in them on droplet velocity, break-up, heating and evaporation, and the 
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ignition of fuel vapour/ air mixture in a monodisperse spray. The algorithm described in 

Section (6.6) and validated in Section (6.7) will be used. The fuel was approximated by 

n-dodecane, and the 'average' diesel fuel, the characteristics of which were taken from 

various sources (see Appendix 7). 

The overall volume of injected liquid fuel was taken equal to 1 mm3
, and the volume 

of air where the fuel was injected was taken equal to 883 mm3
• In this case, provided 

that the fuel is injected at room temperature (Td = 300 K) into air at temperature 880 K 

and pressure of 3 MPa, and when all the fuel has evaporated without combusting, the 

fuel vapour / air mixture is expected to become close to stoichiometric. More precisely, 

the equivalence ratio for n-dodecane in these conditions was calculated as 0.98, while 

for diesel fuel it was calculated as 1.01. This calculation took into account the relevant 

physical properties including temperature dependence of the liquid fuel density. The 

liquid fuel physical properties were calculated based on the droplet average 

temperature Td . Their initial velocities were taken in the range from 0 to 100 mis. 

Droplet initial diameters were taken equal to 5, 20 and 50 µm. The initial gas pressure 

and temperature were taken in the range from 1 to 5.5 MPa and from 700 to 1200 K, 

respectively. In this case the equivalence ratios of the mixture of evaporated fuel and air 

are expected to change accordingly, and are shown in Figures (6.8a, b). External 

temperatures, responsible for radiative heating of droplets, were taken in the range from 

880 K to 2500 K. The flammability equivalence ratio of fuel was taken in the range from 

0.5 and 5 (Kuo, 1986; Sazhina et al, 2000). The autoignition process was modelled based 

on the version of the Shell model described in Sazhina et al (1999, 2000a) (see Appendix 

6) with the constant A14 in the range between 3x106 and 6x106
• The autoignition was 

assumed to be completed when fuel vapour/ air temperature reached 1100 K (Sazhina et 

al, 1999). 

To illustrate the effect of initial droplet velocities on the time evolution of the relative 

droplet velocities and their surface temperatures I consider the case when the initial gas 

temperature is equal to 880 K, initial gas pressure equal to 3 MPa, and n-dodecane 

droplet initial temperature and radius equal to 300 Kand 10 µ,m respectively. The ETC 

model is used and the effect of thermal radiation is ignored (this effect is illustrated in 

Figure (6.4)). In Figure (6.9a) the plots of relative droplet velocities IUd - U8 1 I IUdol (Udo 

is the initial droplet velocity) versus time for I Udol = 10 mis, 50 mis, 100 mis and 200 

mis, are presented. The initial gas velocity is assumed equal to zero. As follows from 

this figure, the rate of decrease of the relative velocity increases with increasing IUdol-

135 



Chapter 6: Transient Heating. Evaporation and Ignition of Diesel Fuel Droplets: Coupled Solutions 

As a result, regardless of the values of the initial velocities, the velocities of all droplets 

approach to the gas velocity. The plots of the droplet surface temperature T.r versus time 

for IUdol = 0, 10 mis, 50 mis and 100 mis are presented in Figure (6.9b). As follows from 

this figure, the rate of increase of this temperature increases with increasing droplet 
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Fig. 6.8 The values of the equivalence ratio versus gas temperature for various gas 
pressures (a), and the values of the equivalence ratio versus gas pressure for various gas 
temperatures (b). 1 mm3 of liquid n-dodecane injected into 883 mm3

• 
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Fig. 6.9 Plots of IUd -Ugl I IUdol (Udo is the initial droplet velocity) versus time for IUdol = 
10 mis, 50 mis, 100 m/s and 200 mis (a), and plots of the droplet surface temperature Ts 
versus time for IUdol = 0, 10 mis, 50 mis and 100 mis (b). In all cases U8o = 0. The initial 
gas temperature is equal to 880 K, initial gas pressure is equal to 3 MPa, and n-dodecane 
droplet with initial temperature and radius equal to 300 K and 10 µ,m respectively are 
taken. The ETC model is used and the effect of thermal radiation is ignored. 
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initial velocity. This would be expected as the convective heat transfer coefficient 

increases with increasing Re and the initial droplet velocities (see Equation (2.2.1.2.1)). 

Also, as expected in the absence of thermal radiation, in a11 cases the droplet surface 

temperature asymptotically approach the wet bulb temperature. All the above mentioned 

properties of the curves shown in Figure (6.9) can be observed for the initial values of 

droplet diameters equal to 5 µ,m and 50 µ,m and other values of the initial gas 

temperature and pressure. 

The effects of thermal radiation, gas temperature, and gas pressure on evaporation 

time are discussed in Section (6.8.1). The effects of thermal radiation, gas temperature, 

and gas pressure on total ignition delay time are discussed in Section (6.8.2). The effects 

of gas temperature on evaporation time and total ignition delay time taking into account 

the break up process are discussed in Section (6.8.3). 

6.8.1 The effects of thermal radiation, gas temperature and gas pressure on 

evaporation time without break-up 

Firstly, we assume that gas temperature and pressure are equal to 880 K and 3 MPa 

respectively, and consider n-dodecane droplets with diameters 5 µm, 20 µm and 50 µm, 

moving with velocities 0 (stationary droplets), 10 mis, 50 mis, and 100 mis. These are 

typical values of parameters for diesel engines (Sazhina et al, 2000). Also, we consider 

the values of external temperatures in the range from 880 K (gas temperature) to 2500 K 

(maximal temperature of remote flames in the engines) (Sazhina et al, 2000). 

Figures (6.10a, b, c) show the droplets evaporation time versus external temperature 

for droplet initial diameters equal to 5, 20 and 50 µm, respectively based on the ETC 

model and the ITC model (neglecting temperature gradient inside droplets) for n

dodecane. Droplet initial velocities are shown near the plots. As expected, the results 

show that evaporation time decreases with increasing external temperature and initial 

velocity and decreasing droplets initial diameter. The data show that the effect of 

thermal radiation on droplet evaporation time increased with increasing external 

temperature and droplet diameter while it decreased with increasing droplets initial 

velocity. The evaporation time decreased by less than 1.19 % and 1.2 % for droplet 

initial diameter equals to 5 µm and external temperature equals to 2500 K based on the 

ETC model and the ITC model, respectively. These values are equal to 12.9 % and 13.5 

% for droplet initial diameter equal 20 µm while they are equal to 42 % and 43.9 % for 

droplet initial diameter equal to 50 µm. The effect of taking into account temperature 
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gradient inside the droplet on evaporation time are less than 1.7 %, 1.9 % and 3 % for 

droplet initial diameters 5, 20 and 50 µm, respectively for the conditions under 

consideration. 
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Fig. 6.10 The values of the evaporation time for n-dodecane droplets versus external 
temperature calculated based on the ETC and ITC models implemented into the zero 
dimensional code. The initial gas pressure and temperature are taken equal to 3 MPa and 
880 K respectively. The initial droplet diameters are taken equal to 5 µm (a), 20 µm (b) 
and 50 µm (c). The initial droplet velocities are indicated near the curves (0 (black), 10 
mis (red), 50 mis (blue) and 100 mis (green)). 
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The data in Figure (6.10b) show that the effect of taking into account temperature 

gradient inside droplets slightly increased evaporation time for droplet initial diameter 

20 µm when initial velocity is less than 50 mis. This effect is reversed for droplet initial 

velocity 100 mis. A similar effect can be seen in Figure (6.10c) for droplet initial 

diameter equal to 50 µm and initial velocity equal to 50 mis and 100 mis. This could be 

related to the fact that the effect of temperature gradient inside the droplet can lead 

mainly to increase of droplet surface temperature rather than the droplet average 

temperature. This effect would lead to an increase of the droplet evaporation due to the 

direct temperature effect, and a reduction due to a decrease of convective heat supply to 

the droplet surface. When the first effect dominates over the second effect then, taking 

into account temperature gradient inside droplets will lead to decrease of evaporation 

time. Conversely if the second effect dominates over the first effect, then, taking into 

account temperature gradient inside droplets will lead to decrease evaporation time. 

Figure (6.11) show the percentage reduction on evaporation time versus external 

temperature for droplet initial diameter equal to 50 µm for n-dodecane based on the ETC 

model. Droplet initial velocities are shown near the plots. 
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Fig. 6.11 Plots of percentage reduction of evaporation time due to thermal radiation 
versus external temperature calculated based on the ETC and ITC models implemented 
into the zero dimensional code, relative to the case without thermal radiation. Initial gas 
pressure and temperature are taken equal to 3 MPa and 880 K respectively. The initial 
droplet diameter is taken 50 µm. The initial droplet velocities are indicated near the 
curves (0 (black), 10 mis (red), 50 mis (blue) and 100 mis (green)). 
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The results show that the effect of thermal radiation on evaporation time increased with 

decreasing initial velocity of droplets. 

Results similar to those shown in Figure (6.10c) but for diesel fuel are presented in 

Figure (6.12). The evaporation time decreased by less than 40.7 % and 42.1 % for 

droplet initial diameter equals to 50 µm and external temperature equals to 2500 K based 

on the ETC model and the ITC model, respectively. The effect of taking into account 

temperature gradient inside the droplet on evaporation time are less than 3 % for droplet 

initial diameter 50 µm for the conditions under consideration. 

A similar analysis of these droplets evaporation without the contribution of radiation, 

but for gas temperatures in the range (700 K- 1200 K) was developed. Figures (6.13a, b, 

c) show droplets evaporation time versus gas temperature for droplet initial diameters 5 

µm, 20 µm and 50 µm, respectively based on the ETC model and the ITC model for n

dodecane. Droplets initial velocities were taken in the range from 0 (stationary 
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Fig. 6.12 The same as in Figure (6.10c) but for diesel fuel. 

droplet) to 100 mis for droplet initial diameters 5 µm and 20 µm, and in the range from 0 

(stationary droplet) to 200 mis (shown near the plots) for droplet initial diameter 50 µm. 

Gas pressure was taken 3 MPa. As expected, the results show that evaporation time 

decreases with increasing gas temperature and initial velocity and decreasing droplet 

initial diameter. These results qualitatively agree with experimental results obtained by 
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Belardini et al (1992) and Nomura et al (1996). It can be noticed that the effect of gas 

temperature on evaporation time is more visible at lower gas temperature. This could be 

related to the fact that increasing gas temperature from 700 K to 800 K leads to increase 

in n-dodecane vapour thermal conductivity by 28.2 % while increasing gas temperature 

from 1100 K to 1200 K leads to increase in dodecane vapour thermal conductivity by 

11.25 % (Maxwell, 1950). The effect of gas temperature on vapour thermal conductivity 

leads to visible increase in convective heat supply at lower gas temperature. The effect 

of taking into account temperature gradient inside the droplet on evaporation time, when 

gas temperature is changed, is rather complex, as mentioned above. Evaporation 

increases due to the increase of droplet surface temperature and decreases due to the 

decrease of convective heat supply. The results show that the first effect is the dominant 

for the initial droplet diameter equal to 5 µm. For droplet initial diameter equal to 20 

µm, the first effect dominates for initial velocity up to 50 mis and gas temperature less 

than 1100 K. For initial velocity equal 100 mis, however it dominates for gas 

temperature less than 880 K. For droplet initial diameter equal to 50 µm, the first effect 

dominates over the second one for initial velocity up to 10 mis and for initial velocity 

equal to 100 mis when gas temperature is less than 880 K. The effect of taking into 

account temperature gradient inside droplets on evaporation time are less than 2.5 %, 3.5 

% and 5 % for initial droplet diameters 5 µm, 20 µm, and 50 µm, respectively. The 

effect of initial velocity on evaporation time is negligible for initial velocity greater than 

50 mis, as shown in Figure (6.13c). This can be related to the fact that after 0.25 ms the 

relative velocities between droplets and gas does not influence the results significantly as 

shown in Figure (6.14). The higher decrease in relative velocity could be related to 

increasing drag coefficient due to high initial Reynolds number for initial velocity 

greater than 50 mis as predicted by Equation (6.1.2). For droplet initial diameter equal to 

50 µm, gas temperature equal to 880 K and gas pressure equal to 3 MPa initial Reynolds 

numbers 1931, 3781, 5570 and 7307 for initial velocities 50 mis, 100 mis, 150 mis and 

200 mis, respectively. Results similar to those shown in Figure (6.13c) for n-dodecane 

were obtained for diesel fuel, as shown in Figure (6.15). This figure shows droplets 

evaporation time versus gas temperature for droplet initial diameter 50 µm based on the 

ETC model and the ITC model for diesel fuel. Droplets initial velocities are taken in the 

range from 0 (stationary droplet) to 100 mis and the gas pressure was taken to be 3 MPa. 
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Fig. 6.13 The values of the evaporation time for n-dodecane droplets versus initial gas 
temperature calculated based on the ETC and ITC models implemented into the zero 
dimensional code. Initial gas pressure is taken equal to 3 MPa. The initial droplet 
diameters are taken 5 µm (a), 20 µm (b) and 50 µm (c). The initial droplet velocities are 
indicated near the curves (0 (black), 10 mis (red), 50 mis (blue) and 100 mis (green)). 
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Fig. 6.14 Plots of IUd - U81 versus time for IUctol = 10 mis, 50 m/s, 100 mis, 150 mis and 
200 mis. U80 = 0. The initial gas pressure is equal 3 MPa, initial gas temperature is 
equal 880 K, n-dodecane droplet with initial temperature and radius equal to 300 K and 
25 µm respectively are taken. The ETC model is used and the effect of thermal radiation 
is ignored. The results shown in Figure (a) up to 0.25 ms are zoomed in Figure (b). 

Also, a similar analysis for fixed gas temperature without radiation but for pressures in 

the range (1-5.5) MPa were developed. Figures (6.16a, b and c) show droplets 

evaporation time versus gas pressure for droplet initial diameters 5 µm, 20 µm and 50 

µm, respectively based on the ETC model and the ITC model for n-dodecane. Droplet 

initial velocities are shown near the plots. Gas temperature is taken to be 880 K. The 

results show that evaporation time decreased with increasing gas pressure due to 

increase of convective heat supply to droplets. This is consistent with the results reported 

by Gogos et al (2003) and Nomura et al (1996). According to Kim and Sung (2003) the 

droplet life time decreases with pressure when gas temperature is higher than 800 K 

which agreed with the results shown in Figure (6.16). 
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Fig. 6.15 The same as in Figure (6.13c) but for diesel fuel. 

It can be noticed that the effect of gas pressures on evaporation time is more visible at 

lower gas pressures than that at higher pressure. This could be related to the fact that 

increasing gas pressure results in a decrease in droplet velocity and fuel vapour diffusion 

to gas side and therefore an increase in evaporation time. This effect is enhanced 

because of increasing saturation temperature at elevated pressures which increases the 

initial liquid preheating time (Renksizbulut and Haywood, 1988). On the other hand, an 

increase in ambient gas viscosity and an increase in convective heat supply to droplets 

lead to an increase in droplet surface temperature. The later leads to a reduction of the 

latent heat of vaporization and decrease the evaporation time (Hiroyasu et al, 1980; 

Nomura et al, 1996; Kim and Sung, 2003). From the results presented here, the second 

effect dominates at gas pressure less than 2.5 MPa while the first effect is significant at 

higher pressures. Results in Figure (6.16c) show that the effect of initial velocity on 

evaporation time is rather small for the initial velocity greater than 50 mis as (Figure 

(6.13c)). The effect of taking into account temperature gradient inside the droplet on 

evaporation time, when gas pressure is changed, is rather complex because of many 

opposing effects. 
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Fig. 6.16 The values of the evaporation time for n-dodecane droplets versus initial gas 
pressure calculated based on the ETC and the ITC models implemented into the zero 
dimensional code. Initial gas temperature is taken equal to 880 K. The initial droplet 
diameters are taken 5 µm (a), 20 µm (b) and 50 µm (c). The initial droplet velocities are 
indicated near the curves (0 (black), 10 mis (red), 50 mis (blue) and 100 mis (green)). 

The heat supply effect dominates for low initial velocities and low droplets initial 

diameters while the direct temperature effect dominates over heat supply effect for larger 

initial droplets diameters and higher initial velocities. The percentage effects of taking 

into account temperature gradient inside droplets are less than 1.9 %, 2.1 % and 4 % for 
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initial droplet diameters 5, 20, 50 µm, respectively when gas pressure changed from 1 to 

5.5 Mpa and gas temperature is taken 880 K. Figure (6.17) shows droplet evaporation 

time versus gas pressure for droplet initial diameter 50 µm based on the ETC and the 

ITC models for diesel fuel. Droplet initial velocities are taken in the range from 0 to 100 

mis as shown near the plots. Gas temperature is taken to be 880 K. The results show that 

changing gas pressure has similar effects on n-dodecane and diesel fuel. Hence, the 

effect of temperature gradient inside droplets can be ignored in most diesel engines 

applications. 
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Fig. 6.17 The same as in Figure ( 6.16c) but for diesel fuel. 

6.8.2 The effects of thermal radiation, gas temperature and gas pressure on total 

ignition delay time without break-up 

In the previous section, we saw that the effect of temperature gradient inside droplets on 

evaporation time is small. The situation appears to be different when the total ignition 

delay is considered. Plots of the total ignition delay versus Text for the values of 

parameters similar to those in Figure (6.10) are shown in Figure (6.18). The Shell model 

with ~r4 = 3 x106 was used. From these figures it can be observed that the ignition delay 

decreases with increasing Text and droplet velocity as expected. The effect of temperature 

gradient inside droplets and recirculation in them appears to be rather complex, 

especially for stationary droplets (see Figure (6.18a, b)). For rapidly moving droplets 
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this effect leads to a decrease of the total ignition delay by up to 14.5% and 20.25% for 

initial droplet diameters of 20 µm and 50 µm, respectively. 
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Fig. 6.18 The values of the total ignition delay time for n-dodecane droplets versus 
external temperature calculated based on the ETC and ITC models implemented into the 
zero dimensional code. Initial gas temperature and pressure are taken equal to 880 K and 
3 MPa, respectively. The initial droplet diameters are taken 20 µm (a) and 50 µm (b). 
Figures (c, d) show a magnified view of initial part of Figures (a, b), respectively. The 
initial droplet velocities are indicated near the curves (0 (black), 10 mis (red), 50 mis 
(blue) and 100 mis (green)). 

Similar analysis for droplets with initial diameters 5 µm predicted the decrease of this 

time by 5%. This strong effect of temperature gradient and recirculation inside droplets 

on the total ignition delay is consistent with that predicted in Figure (6.7). The relative 

contribution of the chemical ignition delay time to the total ignition delay time is 

expected to increase with increasing droplet velocities, which is consistent with the 

results shown in Figures (6.18a, b, c). In agreement with Sazhina et al (1999) and 

Sazhina et al (2000), it was shown that the predicted total ignition delay is a relatively 

weak function of Ar4• For droplets of 50 µm initial diameter moving with the initial 

velocity of 50 mis through gas at 3 MPa and initial temperature 880 K, the predicted 
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total ignition delay decreased from 0.51 ms to 0.46 ms when A14 increased from 3 xl06 

to 6 xl06
, as predicted by the ETC model. The ITC model predicted the values of this 

delay about 7.9% higher for A14 = 3 xl06
, and about 7.1 % higher for A14 = 6 xl06

• 

A similar analysis of these droplets ignition without the contribution of radiation, but 

for gas temperatures in the range (700-1200 K) were developed. Figures (6.19a, b, c) 

show the total ignition delay time versus gas temperature for droplet initial diameters 5 

µm, 20 µm and 50 µm respectively based on the ETC and the ITC models for n

dodecane. Droplets initial velocities are shown near the plots. Gas pressure was taken 

equal to 3 MPa. The results show that ignition delay time decreases with increasing gas 

temperature and initial velocity and decreasing droplet initial diameter. These results are 

in qualitative agreement with those reported by Tanabe et al (1995), Schnaubelt et al 

(2000) and Yang and Wong (2001). The results also show that the effect of gas 

temperature on the ignition delay time is more visible at low gas temperature. These 

results agreed with experimental results reported by Tanabe et al (1995), Tanabe et al 

(1996) and Schnaubelt et al (2000). It can be noticed that the effect of taking into 

account temperature gradient and recirculation inside the droplets on ignition delay time, 

tends to increase with increasing droplet initial diameter and initial velocity. This effect 

reduced the ignition delay time by up to 13%, 31.7% and 37.8% for droplet initial 

diameters 5 µm, 20 µm and 50 µm , respectively for the conditions under consideration. 

It can be noticed that the influence of the temperature gradient in droplets on the total 

ignition delay is noticeably greater than its influence on droplet evaporation time (cf. 

Figure (6.13) and (6.19)). As mentioned in Figure (6.7), this is related to the fact that the 

chemical part of the total ignition delay is a strongly non-linear function of gas 

temperature in the vicinity of droplets (T,e.r). As shown earlier (see Figure (6.4)), the 

droplet surface temperature strongly depends on the temperature gradient in droplets, 

especially at the initial stages of heating. It can be also noticed that sometimes, 

especially for larger droplets, the autignition happened before completing droplets 

evaporation (cf. Figure (6.13) and (6.19)). This leads to make the ignition delay time 

more sensitive to droplet surface temperature than evaporation time for condition under 

consideration. In this case the autoignition process started as soon as equivalence ratio 

reached the lower flammability limit. This means that the dominant factor on starting the 

autoignition is gas temperature. 
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Fig. 6.19 The values of the total ignition delay time for n-dodecane droplets versus 
initial gas temperature calculated based on the ETC and the ITC models implemented 
into the zero dimensional code. Initial gas pressure is taken equal to 3 MPa. The initial 
droplet diameters are taken 5 µm (a), 20 µm (b) and 50 µm (c). The initial droplet 
velocities are indicated near the curves (0 (black), 10 mis (red), 50 mis (blue) and 100 
mis (green)). Radiation model is disabled. 

As mentioned before, temperature gradient inside droplets increased droplet surface 

temperature because of decreasing liquid fuel thermal conductivity. Hence, increasing 

droplet surface temperature leads to decrease convective heat supply to droplets. As a 

result, gas temperature increases and this leads to decrease autoignition delay time. This 
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can be confirmed by the results in Figure (6.20). In this figure the gas temperature at the 

beginning of the autoignition and the corresponding equivalence ratio are plotted versus 

initial gas temperature based on the ETC and the ITC models. Gas pressure, initial 

droplets diameter and initial droplets velocity were taken 3 MPa, 50 µm and 50 mis, 

respectively. The results show that taking into account temperature gradient inside 

droplets allows autoignition to start at gas temperatures higher than that when this effect 

is neglected. Based on the results in Figures (6.20) and (6.19c), I can conclude that gas 

temperature dominates over the equivalence ratio in the onset of the autoigniton process. 
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Fig. 6.20 Plots of gas temperature and the corresponding equivalence ratio at the start of 
ignition for n-dodecane versus initial gas temperature calculated based on the ETC and 
the ITC models implemented into the zero dimensional code. The initial droplet 
diameter, velocity and pressure are taken equal to 50 µm, 50 mis and 3 MPa 
respectively. 

A similar analysis but for fixed initial gas temperature, and pressure varying in the 

range (1-5.5) MPa, was developed. As before, the radiation model was disabled. Figures 

(6.21a, b, and c) show the total ignition delay time versus initial gas pressure, for droplet 

initial diameters 5 µm, 20 µm and 50 µm, respectively based on the ETC and the ITC 

models for n-dodecane. Droplets initial velocities are shown near the plots. Initial gas 

temperature was taken 880 K. The results show that the total ignition delay time 

decreased with decreasing droplet initial diameter and with increasing initial velocity, as 

expected. The results also show that the ignition delay time decreased with increasing 
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gas pressure for the droplet with the initial diameter 5 µm. This effect is reversed for the 

droplet of initial diameter 50 µm. For droplet with initial diameter equal to 20 µm the 

picture is more complex. 
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Fig. 6.21 The values of the total ignition delay time for n-dodecane droplets versus 
initial gas pressure calculated based on the ETC and the ITC models implemented into 
the zero dimensional code. Initial gas temperature is taken equal to 880 K. The initial 
droplet diameters are taken 5 µm (a), 20 µm (b) and 50 µm (c). The initial droplet 
velocities are indicated near the curves (0 (black), 10 mis (red), 50 mis (blue) and 100 
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For stationary droplets ignition delay tends to increase with pressure. For moving 

droplets, it is almost constant (or slightly decreasing) with pressure until 3 MPa. For 

higher pressures, the ignition delay tends to increase with pressure. 

Decrease of ignition delay time with increasing gas pressure for smaller droplets could 

be related to the fact that the droplet life time is less than ignition delay time. In this case 

the ignition delay time is independent of the droplets initial diameters and decrease with 

increasing gas pressure (Yang and Wong, 2003). The increase in ignition delay time 

with increasing gas pressure for larger droplets could be related to the fact that the 

droplets started to ignite before evaporation completes (cf. Figures (6.16) and (6.21)). 

The latter are in qualitative agreement with experimental data in diesel engine reported 

by Crua et al (2004) at elevated pressure (P8 > 8 MPa). It can be noticed that the effect 

of initial velocity on ignition delay time is not visible for the droplets of initial diameter 

50 µm (Figure (6.21c)). These results in the small effect of initial velocity on 

evaporation rate as shown above (see Figure (6.14)). Taking into account temperature 

gradient and recirculation inside droplets reduced the total ignition delay time by up to 

6%, 13% and 17% for droplet initial diameters 5 µm, 20 µm and 50 µm respectively for 

the conditions under consideration. It is clear that the effect of taking into account 

temperature gradient inside droplets increased when the total ignition delay time is less 

than the evaporation time (Ddo = 20 , 50 µm). 

6.8.3 The effects of gas temperature on evaporation time and total ignition delay 

time with break up 

Effect of a ETC model on droplet evaporation time at various initial gas temperatures in 

the presence of break-up is illustrated in Figure (6.22). The initial droplet diameter and 

velocity are assumed equal to 50 µm and 50 mis, respectively. If the conditions for both 

bag and stripping break-up are satisfied simultaneously, then if tb < ts then it is assumed 

that only bag break-up takes place and vice versa. Symbols in the figure indicate the 

values of gas temperature for which calculations of the evaporation time were 

performed. 

As one can see from Figure (6.22), in the presence of break-up the ETC model 

predicts noticeably shorter evaporation times when compared with the ITC model, 

especially at higher initial gas temperatures. This result can be related to rather strong 

dependence of the surface tension coefficient on droplet surface temperature Ts, which is 

translated into the corresponding dependence of Rdb(s) and tb(s) on Ts, 
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Fig. 6.22 The values of the evaporation time for n-dodecane versus initial gas 
temperature calculated based on the ETC and the ITC models implemented into the zero 
dimensional code. Bag and stripping droplet break-up were taken into account. The 
initial droplet diameter and velocity are taken equal to 50 µm and 50 mis respectively. 
Symbols indicate the values of the initial gas temperature for which the computations 
were times were calculated. 

Remembering Equations (6.4.1-6.4.5), ignoring the temperature dependence of Pt and 

assuming that Ug and Ud are constant, I can find the following expressions for the ratios: 

Rdb = Rdb er.,) = a. (T.) x-T_g _+_2_T_s ; 
R,1b (T. = 300 K) a .. (T. = 300 K) T

8 
+ 600 

t = th (T. ) = 11 a,(T,) 
b th (T = 300K) a. (T. = 300K) ' 

t = l/TJ = 
·' t ., (T., = 300 K) 

(6.8.3.1) 

The plots of R,1b , R,1.,, ti, and t, versus T.1 for n-dodecane are shown in Figures (6.23a, 

b ). As can be seen from Figure (6.23a), both R,1b and R,1. decrease rather rapidly with 

increasing T.1, mainly due to the fact that surface tension decreases with increasing Ts, 

Since the ETC model predicts more rapid initial increase of Ts compared with the ITC 
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model, one can expect that the break-up process is predicted by the ETC model for a 

wider range of droplet radii, compared with the prediction of the ITC model. 
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Fig. 6.23 Values of Rdb = Rdb (Ts) I Rdb (T, = 300K), Rds = Rds (Ts) I Rds (Ts = 300K) (a), 

~ =tb(T.)ltb(Ts =300K) and ~- =ts(Ts)lt,.(Ts =300K) (b) versus droplet surface 

temperature. 
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Hence the evaporation of droplets, as predicted by the ETC model, is expected to be 

more rapid when compared with the prediction of the ITC model. This is consistent with 

the results shown in Figure (6.22). 

As follows from Figure (6.23b), the increase of t, with increasing Ts is rather weak 

and can be ignored in most practical application. t,, decreases with Ts. In the case shown 

in Figure (6.22), the intensification of the stripping break-up process due to the reduction 

of it seems to dominate the slow down due to increase of t,. As to the bag break-up 

both reduction of Rdu and t,, lead to intensification of the break-up process. Similar 

results were obtained for diesel fuel. 
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Fig. 6.24 The plots of the total ignition delay versus T80 in the presence of the break-up 
for the same droplets as used in Figure (6.22), when calculated based on the ETC and the 
ITC models implemented into the zero dimensional code. Symbols indicate the values of 
the initial gas temperature for which the ignition delay times were calculated. 

The plots of the total ignition delay versus T.1 in the presence of the break-up for the 

same droplets as used in Figure (6.22) are shown in Figure (6.24). The Shell model with 

A14 = 3 x 106 was used. As can be seen from this figure, the ignition delay decreases with 

increasing T8• The effect of temperature gradient inside droplets and recirculation in 

them on the total ignition delay is consistent with the predictions of Figure (6.7). As in 

Figure (6.22), symbols indicate the values of initial gas temperature for which the 

calculations were performed. 
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Strong influence of the temperature gradient inside droplets on droplet break-up, 

evaporation and the ignition of evaporated fuel / air mixture, allows us to recommend 

that this effect is taken into account in computational fluid dynamics codes designed to 

model fluid dynamics, heat transfer and combustion processes in internal combustion 

engines. So far this effect has been almost universally ignored, with the only exception 

of this, to the best of our knowledge, being the paper by Bertoli and Migliaccio (1999). 

It should be mentioned that the zero dimensional analysis presented in this chapter has 

well known limitations in predicting the actually observed total ignition delay of fuel 

droplets. At least a one-dimensional analysis of the gas phase would be required to 

describe adequately the fuel vapour diffusion around droplets. This would ultimately 

control the ignition process of the fuel vapour / air mixture (see Tanabe et al, 1995; 

Schnaubelt et al, 2000). Nevertheless I see the importance of the current work in the 

following directions. Firstly, it can be considered as the first step and motivation to 

continue the started work of introducing the temperature gradient in modeling of droplet 

evaporation and break-up for appropriate conditions. Secondly the model described in 

this chapter is presented in a form suitable for implementation into multidimensional 

CFO codes, where the individual computational cells are assumed to be free from spatial 

inhomogeneities. 

6.9 Conclusions of chapter 6 

A zero dimensional code taking into account the temperature gradient inside droplets, 

the coupling between liquid and gas phases and describing the autoignition process 

based on the Shell autoignition model has been developed. This code was used to study 

the effects of temperature gradient inside fuel droplets on droplet evaporation, break-up 

and the ignition of fuel vapour / air mixture. The predictions of the code are validated 

against experimental data published by Belardini et al (1992), Nomura et al (1996), and 

Tanabe et al (1995). In the absence of break-up, the influence of temperature gradient on 

droplet evaporation in realistic diesel engines conditions is generally small (1 - 3%). In 

the presence of the break-up process, however, the temperature gradient inside droplets 

can lead to a significant decrease in the evaporation time under the same conditions. 

This is attributed to the fact that the effect of temperature gradient inside droplets leads 

to a substantial increase in droplet surface temperature at the initial stages of its heating. 

This increase, in tum, leads to a decrease of droplets surface tension and a decrease in 

the threshold radii at which break-up occurs, assuming that bag and stripping break-ups 
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are the dominant mechanisms of the droplet break-up. Even in the absence of break-up, 

the effect of temperature gradient inside droplets leads to a noticeable (up to about 20 %) 

decrease of the total ignition delay time (comprising the physical and chemical ignition 

delays). In the presence of break-up, this effect is enhanced substantially, leading to 

more than halving of the total ignition delay. This reduction of the total ignition delay 

time is understood to be the combined effect of the influence of increased droplet surface 

temperature on the chemical ignition delay, and the influence of this temperature on 

droplet evaporation (in the presence of break-up processes). It is recommended that the 

effects of temperature gradient inside droplets are taken into account in computational 

fluid dynamics codes describing droplet break-up and evaporation processes, and the 

ignition of the evaporated fuel / air mixture. 
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7. IMPLEMENTATION OF THE ETC MODEL INTO KIV A CFD CODE 

In a typical internal combustion engine environment, the duration of the transient droplet 

heating is comparable with the droplet vaporization time. Therefore the temperature 

gradient inside droplets cannot be ignored in CFD calculations (Bertoli and Migliaccio, 

1999). The ETC model (based on the analytical solution of heat conduction equation 

inside droplets for constant heat transfer coefficient), which takes into account 

temperature gradient and recirculation inside droplets as discussed in Chapters 4-6, has 

been formulated to remove some over simplifying assumptions in the original Spalding 

model (Spalding, 1953), thus leading to a better understanding of the evaporation 

process in diesel engines. One of the most important hypotheses of the Spalding model 

is that the thermal conductivity of the droplet is "infinite" and the temperature inside the 

droplet is uniform and equal to its surface temperature value. This model also neglected 

the thermal radiation effects and the circulation inside droplets. In order to introduce a 

more realistic transient heating of the droplet, the new heating model allows for the 

calculation of the internal temperature distribution of the droplet taking into account the 

circulation inside it and the thermal radiation effects. 

The effects of temperature gradient inside droplets are described by the ETC model 

based on the analytical solution of the heat conduction Equation (4.2.1) inside the 

droplets for h = constant, on heating, evaporation, ignition and break-up of diesel fuel 

droplets were discussed in Chapter 6. These were obtained by using a zero dimensional 

code in which all values of gas parameters (velocity, temperature, fuel vapour 

concentration etc) were assumed to be homogeneous. This code took into account the 

coupling between liquid and gas phases and described the autoignition process based on 

the Shell model. The effects of thermal radiation on the same parameters using Equation 

(5.6.1) were discussed. 

This chapter is focused on the implementation of the ETC model into KIV A2 CFD 

code to study the effects of the contribution of temperature gradients and recirculation 

inside fuel droplets on the diesel engine processes. Thermal radiation is neglected. All 

other models describing turbulence, coalescence, break-up and chemical reactions 

processes are used as they were in the original KIV A2 CFD code. 

A brief description of KIVA2 code is presented in Section 7.1. In Section 7.2 the 

spray modelling in KIV A2 is summarized. The implementation of the ETC model into 

KIVA2 code is described in Section 7.3. The results are discussed in Section 7.4. The 

main results of the chapter are briefly summarised in the conclusions section. 
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Some preliminary results of this chapter were published in Abdelghaffar et al (2005). 

7.1 Introduction to KIV A2 CFD code 

KIVA2 CFO code solves governing equations of transient, two and three-dimensional, 

chemically reactive fluid flow, with sprays modelled by Lagrangian approach. The 

equations solved in KIV A2 can be applied to laminar or turbulent flows, subsonic or 

supersonic flows, and single-phase or dispersed two-phase flows. Evaporating liquid 

sprays are represented by a discrete-particle technique (Dukowicz, 1980) in which each 

particle represents a number of droplets of identical size, velocity, and temperature. The 

particles and fluid interact by exchanging mass, momentum, and energy. Accurate 

calculation of mass and energy exchange is ensured by automatic reductions in the time 

step when the exchange rates become large. Turbulence effects on the droplets are 

accounted for in one of two ways. When the time step is smaller than the droplet 

turbulence correlation time, a fluctuating component is added to the local mean gas 

velocity when calculating each particle's mass, momentum, and energy exchange with 

the gas (Dukowicz, 1980). When the time step exceeds the turbulence correlation time, 

turbulent changes in droplet position and velocity are chosen randomly from analytically 

derived probability distributions for these changes (O'Rourke, 1987). Droplet collisions 

and coalescence are accounted for (O'Rourke, 1981) and a TAB break-up model is used 

for droplet aerodynamic break-up (O'Rourke, 1987). 

The number of species and chemical reactions that can be accounted for in KIV A 2 

can be arbitrarily assigned. It is limited only by CPU requirements and storage 

considerations. The code distinguishes between slow reactions, which proceed 

kinetically, and fast reactions, which are assumed to be in equilibrium (Ramshaw, 1980). 

The chemical kinetic model for combustion is a single step oxidation model (Ramshaw, 

1980). The real combustion processes would be much more complex than a single step 

mechanism; therefore the accuracy will be limited. Chemical kinetic equations with rate 

expressions, which are Arrhenius in form, are evaluated by two equation solvers, which 

are available to compute chemical equilibrium: a fast algebraic solver for 

hydrocarbon/air combustion (Meintjes and Morgan, 1987) and an iterative solver for 

more general circumstances (Ramshaw and Amsden, 1985). The latter solver is general 

but more CPU intensive. 

Two models are available to represent the effects of turbulence. The user has the 

option to use a standard version of the k-£ turbulence model (Launder and Spalding, 
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1972), modified version of this model to include volumetric expansion effects 

(Reynolds, 1981) and spray/turbulence interactions (Reitz and Diwakar, 1987) or to use 

a modified version of subgrid scale (SGS) turbulence model of KIV A (Amsden et al, 

1985). The SGS model reduces to the k-e mode near walls where all turbulence length 

scales are too small to be resolved by the computational mesh. Boundary layer drag and 

wall heat transfer are calculated by matching to the turbulent law of the wall. KIV A2 

does not take into account the effects of turbulence on the main chemical reaction rates. 

KIVA2 solves the equations of motion of a turbulent, chemically reactive mixture of 

ideal gases, coupled to the equations for a single-component vaporizing fuel spray. The 

solution procedure is based on the ALE (Arbitrary Lagrangian-Eulerian) finite volume 

method (Hirt et al, 1974; Pracht, 1975). Spatial differences are formed on a finite

difference mesh that subdivides the computational region into small cells that are 

hexahedrons. The mesh can conform to arbitrary curved boundaries, and it can move 

with time following changes in combustion chamber geometry. The strength of the 

method is that the mesh needs not to be orthogonal. The time marching scheme in 

KIV A2 is fully implicit (Patankar, 1980) allowing timesteps to be calculated based on 

accuracy, not stability, criteria. This results in requiring less computing time in many 

problems. The coupled PDEs (Partial Differential Equations) are solved iteratively with 

pressure equation using a method similar to the SIMPLE algorithm (Patankar, 1980). 

Explicit time-marching methods are used to calculate convection in the rezone phase 

(when the piston moves in internal combustion engine calculations), but the convection 

calculation can be subcycled an arbitrary number of times, and thus the main 

computational timestep is not restricted by the Courant stability condition of explicit 

methods. 

In KIV A2, the solution of droplets and gas governing equations is performed in three 

stages or phases (A, B and C). In phase A, the calculations related to the droplets are 

performed. Droplet collision and oscillation/break-up is taken into account. The droplets 

ODEs for mass and temperature are calculated. The droplets positions and velocities are 

also calculated in Phase A. The droplets then exchange mass, momentum and energy 

with the gas in the computational cell in which they are located. Phase A calculations are 

completed with the update of droplets radii and temperatures due to break-up heating 

and evaporation. The gravitational acceleration terms are taken into account for the 

droplets velocities. 
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The implicit solution of governing equations (Patankar, 1980) for the conservation of 

mass, momentum, internal energy, turbulent kinetic energy and dissipation of turbulent 

kinetic energy is performed in Phase B. Also computational cell volume change is taken 

into account in Phase B for moving geometries (e.g. piston in internal combustion 

engine cylinder) (Amsden et al, 1989). The SIMPLE method (Patankar, 1980) as a two

step iterative procedure is used to solve the pressure - momentum equations in Phase B. 

Up to 10 chemical species can be calculated in KIV A2 CFO code. 

Phase C is the rezone phase, in which the flow field is frozen and rezoned or 

remapped onto a new computational mesh for moving geometries (Amsden et al, 1989). 

Inject fuel droplets (INJECT) 

Droplet transport and turbulence (PMOVTV) 

Droplet breakup (BREAK) 

Droplet collision /coalescence (COLIDE) 

Droplet heating and evaporation (EV AP) 

Wall shear stresses, heat transfer (LAWALL) 

Kinetic chemistry, ignition (CHEM) 

Equilibrium chemistry (CHEMEQ or CHMQGM) 

Fig. 7.1 Block diagram for the subroutine related to droplets in KIVA2 code. 
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Figure (7.1) shows a block diagram of the subroutines related to droplets in KIV A2 

(Amsden et al, 1989). The name of the subroutine which calculates the related process is 

written between the brackets. 

7 .2 Spray modelling in KIV A2 

The dynamics of a spray, and its interaction with the in-cylinder gas, is a complex 

problem. To calculate the mass, momentum and energy exchange between the spray and 

the gas in a real diesel engine, one must account for a distribution of droplet sizes, 

velocities and temperatures. In many sprays, droplet Weber numbers are larger than 

unity (Hinze, 1948), and droplet oscillations, distortions and break-up must be 

considered. Droplet collisions and coalescences have also been found to be important in 

many engine sprays (O'Rourke, 1981). A mathematical formulation that is capable of 

representing these complex physical processes, leads to a system of ODEs (Ordinary 

Differential Equations). Its solution will provide source terms for the gas phase PDEs. 

In what follows, a brief description of droplets heating, evaporation and break-up 

models in KIV A2 CFD code are presented. 

7.2.1 Droplet heating model 

A cJassic droplet vapoiization model widely used in CFD codes, is the Spalding model 

(Spal.ding, 1953). This model is based on several simplifying assumptions: gas boundary 

layer is assumed to be quasi-steady; spherical symmetry is employed· thermal radiation 

is neglected; air and fuel vapour behave as ideal gases; vapour/liquid phase equilibrium 

occurs at the fuel surface; "1/3 rule" is used for gas properties; both circulation and 

temperatw·e gradient inside the fuel droplets are neglected (Spalding, 1953). 

The energy balance at the droplet ' s surface is e;ir.pressed as: 

4 3 dT 2 · 2 

3nR.np1c1 dt - 4nRr1R,1p1L = 41lRr1Q,, (7.2.L 1) 

where Qi is the rate of heat conduction to the droplet surface per unit area (W / m2
). It 

was given by the Ranz-Marshall co11"elation (Faeth, 1977): 

Q 
_ N knir (T,vf ){T_1/ -Td) 

I - U , 
2Rd 

where Nu is calculated from Equation (2.2.1.2.23), 

Pr = A,,;, (T,tf )c nir (T,.~, ) 

knlr (Trtf ) 

K T 3/2 
I nef 

kn;, (T,ef ) = T + K , 
ref 2 

A y J 12 
I ref 

(7.2.1.2) 
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K1 = 252 g cm I (sec3 K312
), K2 = 200 K, A1 = 1.457E-5 g/(sec cm K I12

), A2 = 110 K, kair 

is the air thermal conductivity at Tref, Cair is air specific heat capacity at constant pressure 

at Tref and /lair is air viscosity (Amsden et al, 1987). 

The droplet temperature is given by the solution of Equation (7.2.1.1) using an 

iterative solver in KN A2 code. 

7 .2.2 Droplet evaporation model 

The mass vaporization rate from the droplet surface is described by Equation (6.3.1); 

but it can be represented as (Ranz and Marshall, 1952): 

where Sh is calculated from Equation (2.2.1.2.24), Sc=µ ,,;, (Tref) , Pair and Dnir are 
Pn1, Da, 

average air density and binary diffusion coefficient of the fuel's vapour in air. An 

empirical correlation suggested in Amsden et al (1985) was used in KN A2: 

(7.2.2.1 

D2 = 0.6, D1 is a constant based on the fuel type. 

KIV A2 code computes an evaporation, and subcycle the evaporation calculation a 

number of times. The choice for the evaporation timestep is based on the idea that the 

heat transfer to a particle in one timestep should not exceed half of the energy available 

for transfer. 

7 .2.3 Droplet break-up model 

The spray atomization in KIVA2 is based on the TAB model (O'Rourke, 1987). This 

model is based on the Taylor's analogy between the oscillating and distorting drop and a 

spring-mass system. The external force corresponds to the aerodynamic force acting on 

the drop; the spring reaction is analogous to the liquid surface tension; finally the 

damping forces correspond to the liquid viscosity force (O'Rourke, 1987). 

Therefore: 

mx = F-kx-di (7.2.3.1) 

where x is the displacement of the drop equator from its equilibrium position. In the 

Equation (7.2.3.1), 

k -C a, 
-- K --3 
m p,R{/ 
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It is assumed that the drop break-up occurs if x > Clfld, where Cb is a dimensionless 

constant equal½. Letting y = xl(Cb Rd), Equation (7.2.3.1) can be rewritten as: 

.. CF P,: (V d - U ,) 
2 

CK a-1 C 0 µ, . 
y= ? - --3 y---2 y 

Cb p,R;; p,R,, p,R,, 
(7.2.3.2) 

with break-up occurring if and only if y > 1. 

For constant (Ud- U8) the solution of Equation (7.2.3.2) can be written as (O'Rourke, 

1987): 

sin wt 

(7.2.3.3) 

where _!_ = C O µ , 
2 

, oi = CK ~-~ is the square of the oscillation frequency. 
td 2p,Rd p ,R,, td 

For each particle, first We, td and oJ are calculated. If oJ::; 0 the droplets distortions and 

oscillations are negligible, which occurs only for very small droplets. The amplitude A 

of the undamped oscillation is calculated (O'Rourke, 1987): 

(7.2.3.4) 

where superscript n refers to timestep. 

If ~We+ A::; 1, then according to Equation (7.2.3.3), the value of y will never 
CKCb -

exceed unity and break-up will not occur. If ....E...t:__ We+ A> 1 the updated values of y 
CKCb 

and y are obtained for the next time step using Equation (7.2.3.3). In the latter case, the 

break-up is possible on the current timestep and the break-up time tbu is calculated as the 

smallest root greater than t of the equation: 

C __ F_We + Acos[m(t - tn) + ¢] = 1, 
CKCb 

(7.2.3.5) 
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where cos(/)= (yn -~we]/ A andsin (/J = -Y /(Aw) . 
CKCb 

If time t+1 is less than fbu then no break-up occurs on the current time step, and y and 

y are obtained for the next time step using Equation (7.2.3.3). 

The dimensionless terms CF, CK and Co are the model constants that have to be 

adjusted to reproduce the experimental data. O'Rouke (1987) suggested CF= 1/3, CK =8 

and Co = 5. These values have been obtained using shock tube experimental data. As 

follows from these data, the critical Weber number is about 6 and it is matching to the 

fundamental oscillation mode. In this study I took CF= 1/3, CK= 3 and Co= 5 (Beatrice 

et al, 1995). 

7.3 Implementation of the ETC model into KIV A2 

The droplet heating and evaporation processes are modeled in EV AP subroutine. The 

droplet's temperature was calculated based on the Spalding model (Equation (7.2.1.1)). 

The main modification of the KIV A2 CFD code was made in the EV AP subroutine 

where the Spalding heating model was replaced by the ETC model described in Chapters 

4-6. This leads to replacing the numerical solution of Equation (7 .2.1.1) by the analytical 

solution of heat conduction Equation (4.2.1) for constant h using the formula (4.3.1.19). 

The terms Qn, Tav and P11 were calculated based on the analytical formulae in Appendix 

5. 

The droplet surface tension, the latent heat of vaporization and the vapour pressure 

were calculated based on droplet surface temperature while the liquid heat capacity at 

constant pressure and droplet viscosity were calculated based on droplet average 

temperature. T,ef was calculated based on the droplet surface temperature. The 

correlations for Nu, Pr, Re and Sh were used as described in Sections 7.2.1 and 7.2.2. 

The air thermal conductivity and viscosity were used as described in Equation (7.2.1.2). 

The liquid thermal conductivity was calculated for diesel fuel and tetradecane as a 

function of droplet average temperature, as described in Appendix 7, using LIQTC 

subroutine. 

The effect of internal circulation inside fuel droplets was taken into account based on 

the so called effective conductivity model, where the actual thermal conductivity is 

replaced by the effective thermal conductivity keff = zk1 where Xis defined by Equation 

(2.2.1.1.1). Thermal swelling effect was neglected. This approximation was applied by 
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Bertoli and Migliaccio (1999), where it was found that the thermal swelling is important 

for isolated single droplet computations while it does not modify significantly numerical 

results under high temperature and high turbulence conditions such as those in the 

combustion chamber of a DI diesel engine. 

The new algorithm requires calculations of the eigenvalues An based on Equation 

(4.3.1.9). They were calculated in LAMBDAN subroutine (Press, 1989). This subroutine 

is called by EV AP subroutine in KIV A2 code as shown in Figure (7 .2). 

I Droplet collision / coalescence (COLIDE) I 

Calculate .. 
Calculate the 

eigenvalues An Droplets heating and liquid thermal 
evaporation ODEs ~ m Equation f-----+ conductivity 

(4.3.1.9) (EVAP) (LIQTC) 
(LAMBDAN) 

•r 

I Wall shear stresses, heat transfer (LAWALL) I 

Fig. 7 .2 Block diagram for the modified part of the KIV A2 CFD code. 

Break-up and coalescence phenomena were simulated by standard KIV A subroutines 

after taking into account the temperature gradient inside the droplets. The liquid 

viscosity for the break-up model was calculated based on droplet average temperature, 

while surface tension was calculated based on droplet surface temperature. 

The description of coalescence process was changed in such a way that the new 

droplet, which results from coalescence, has a uniform temperature equal to a mean 

value for the two coalescence droplets. The liquid droplet was assumed to consist of 

layers. The equivalent temperature for a layer "i" in the new droplet is calculated based 

on the conservation of enthalpy of the equivalent layers in the main droplets as: 
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(7.3.1.1) 

where subscripts 1, 2 and n refer to the droplets and subscript i refer to the layer 

number. This approach agrees with the one used by Bertoli and Migliaccio (1999). 

Sauter mean diameter (SMD) is calculated to compare the effect of the ETC model on 

the droplets mean diameter. SMD is defined as (Lefebvre, 1989): 

I N;d/ 

SMD = - -
IN;d;2 

(7.3.1) 

where d; represents the diameter of the droplet in parcel i while N; represents the number 

of droplets in the same parcel. 

7 .4 Results and discussions 

In order to evaluate the influence of taking into account temperature gradient inside 

droplets (the ETC model) on the spray behaviour, a preliminary analysis without 

considering combustion is discussed first in Section 7.4.1. After that the influence of the 

ETC model on combustion and exhaust emissions is discussed in Section 7.4.2. The 

numerical results from KIV A2 CFD code were validated using the experimental data 

from Beatrice et al (1995) and Belardini et al (1996). The effects of thermal radiation are 

neglected. 

7 .4.1 The effects of the temperature gradient inside droplets on the spray behaviour 

without combustion 

Numerical calculations for several test cases were validated against experimental data 

for a combustion chamber of a realistic single cylinder, direct injection, naturally 

aspirated, diesel engine whose characteristics are reported in Table (7 .1) (Beatrice et al, 

1995). 

The engme was equipped with a pressure transducer to measure the in-cylinder 

pressure. The engine cylinder head was also equipped with optical accesses to mount 

two water cooled endoscopes and perform high speed cinematography of the spray 

injection development. To transmit the image from the endoscope to the high speed 

camera an optical linkage was used. The frames acquisition speed is up to 32000 

frames/sec. To obtain the tip penetration data the films were processed by Hithachi 

movie analyser. The film speed was set at 8000 frames/sec, obtaining a crank angle 

resolution of about 1 CA at 1250 rpm. To obtain reliable tip penetration measurements 
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with the same test condition different shots were performed and processed: the resulting 

variation coefficient was about 5% (Beatrice et al, 1995). 

Numerical results in terms of typical spray characteristics are presented in Figures 

(7 .3) - (7 .6). Figure (7 .3) represents the predicted amount of fuel vapour mass in the 

combustion chamber versus crank angle based on the ETC model and the original 

Spalding model in KIV A2 CFD code. As expected, it is shown that the predicted 

evaporation rate obtained by the ETC model is higher than that predicted by the 

Spalding model. The increase in the prediction amount of fuel vapour mass for the ETC 

model reaches 5% at 3 CA BTDC. 

Compression ratio 18 

Bore 100mm 

Stroke 95mm 

Connecting rod length 178mm 

Combustion chamber Toroidal 

Speed 1250 rpm 

injector 4 holes D11 = 0.28 mm 

Angle between two sprays 160° 

Injection velocity 210 mis 

Fuel injected mass 0.02 g/cycle 

Injection start 7.4 CA BTDC 

Injection duration 7CA 

fuel Diesel fuel 

Computational Mesh 20x20x21 

Table 7 .1 The engine characteristics for the case without combustion. 

This can be related to a higher surface temperature that leads to higher evaporation rate. 

Also there is a rather strong dependence of the surface tension coefficient on the droplet 

surface temperature, which is translated into more rapid decrease of the droplet diameter 

due to enhanced evaporation and break-up. Since the ETC model predicts more rapid 

initial increase in the droplet surface temperature compared with the Spalding model, it 

is expected that the break-up process, as predicted by the ETC model, will result in a 

wider range of droplet radii. As a consequence the evaporation of droplets, as predicted 
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by the ETC model, is expected to be more rapid when compared with the prediction of 

the Spalding model. This is consistent with the results in Chapter 6. 
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Fig. 7.3 The values of fuel vapour mass versus crank angle for diesel fuel calculated by 
KIV A2 CFD code without combustion based on the Spalding and the ETC models. 

In Figure (7.4) the plots of SMD versus crank angle are presented based on the ETC 

model and the Spalding model. It can be noticed that the droplet size distribution in 

terms of SMD as predicted by the ETC model, is marginally lower than that predicted by 

the original Spalding model. This can be related to the higher predicted evaporation rate 

obtained by the ETC model compared with that predicted by the Spalding model as 

explained in Figure (7.3). Some oscillation of the results as seen in Figure (7.4) can be 

related to the coalescence process and continuing fuel injection, from 7.4 CA BTDC to 

0.4 CA BTDC. The average SMD drops to about 8 µm almost immediately after the start 

of injection at 7.4 CA BTDC, staying at approximately this value until 3 CA BTDC. 

The liquid spray tip penetration versus crank angle based on the ETC model and the 

Spalding model is presented in Figure (7.5). Experimental data, obtained from an in

cylinder high speed cinematography technique (Beatrice et al, 1995) were used for 

comparison with the numerical results. 
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Fig. 7.4 The values of Sauter mean diameter (SMD) versus crank angle for diesel fuel 
calculated by KIV A2 CFD code without combustion based on the Spalding and the ETC 
models. The initial part of Figure (a) is magnified in Figure (b) for SMD upto 10 µm. 
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The calculations of the liquid tip penetration stopped at 4 CA BTDC to avoid 

impingement on the piston surface. It is observed that the penetration predicted by the 

ETC model was slightly lower than that predicted by the Spalding model and a better fits 

with the experimental results. This can be related to the fact that application of a 

temperature gradient inside droplets increases the predicted evaporation rate (see Figure 

(7.3)) and as a result droplet diameters are reduced (see Figure (7.4)). The latter leads to 

a reduction of the droplet momentum and finally the liquid spray tip penetration is 

reduced. 
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Fig. 7 .5 The values of the liquid spray tip penetration versus crank angle for diesel fuel 
as measured by Beatrice et al (1995) and the results of calculations obtained by KIVA2 
CFD code without combustion based on the Spalding and the ETC models. 

Figure (7.6) shows the fuel distribution in the combustion chamber using the ETC 

model and the Spalding model. It confirms the tendency of the ETC model to predict 

more fuel vapour. 

From the above investigation it is observed that the influence of the temperature 

gradient inside the fuel droplets on the break-up process is translated into an increase in 

the fuel evaporation rate and a decrease of the droplet SMD compared with the case 

when the gradient was neglected. As a consequence the liquid tip penetration is reduced 

for the case applying the temperature gradient model. 
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Fig. 7.6 Fuel vapour distribution for the Spalding model (a) and the ETC 
model (b) for diesel fuel without combustion. Meridional section (plane j = 
4). 

7 .4.2 The effects of the temperature gradient inside droplets on combustion 

performance and exhaust emissions 

To analyse the influence of the temperature gradient inside droplets on combustion 

process and exhaust emissions, a further number of numerical test cases were validated 

against experimental data obtained from a single cylinder DI (Direct Injection) diesel 

engine. The characteristics of this engine are reported in Table (7.2) (Belardini et al, 

1996; Bertoli and Migliaccio, 1999). 

The engine was equipped with cylinder and line pressure transducers as well as a Hall 

current needle lift transducer. The injection system comprised a Bosch P-type in-line 

pump and a four holes injector, with a cone angle between the sprays of 160°. The 

injection pump permitted variation of the injection timing during the engine runs. With a 

proper choice of plunger diameter and injection pipe bore to length ratio, a very stable 

operation at low-test speed allowed control of the cyclic variation of the injection with 

errors below 1 %. The electronic control system of the valve was able to open the needle 
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for about 5-7 CA degrees at 1250 rpm engine speed for each engine cycle (Bertoli and 

Migliaccio, 1999). 

Compression ratio 18 

Bore 100mm 

Stroke 95mm 

Connecting rod length 178mm 

Combustion chamber Toroidal 

Speed 1250 rpm 

Injector 4 holes D11 = 0.28 mm 

Angle between two sprays 160° 

Injection velocity 140 mis 

Fuel injected mass 0.02 g/cycle 

Injection start 3.6CABTDC 

Injection duration 7CA 

Fuel Tetradecane 

Computational Mesh 20x20x21 

Table 7.2 The engine characteristics for the case with combustion. 

In Figure (7. 7) the computed in-cylinder pressures based on the ETC and the Spalding 

models are presented. Experimental data, obtained by Beatrice et al (1995) was used as a 

reference for the numerical data. It can be noted that, in the case of the ETC model, the 

higher quantity of fuel vapour in the combustion chamber resulted in a higher heat 

release rate and hence higher pressure. It is clear that the results obtained by using the 

ETC model fit the experimental results better than those obtained by using the Spalding 

model. The higher fuel vapour quantity predicted by the ETC model as compared to the 

Spalding model, is related to the enhancement of the break-up process, compared with 

the prediction of the Spalding model. 

174 



Chapter 7: Implementation of the ETC Model into KIV A CFD Code 

60 ......------- ------------
• 

• Experimental data 

- Calculations (Spalding model) 

- Calculations (ETC model) 

0 - ------.------~-----------------l 

-40 -20 0 
Crank angle 

20 40 

Fig. 7.7 Plots of the in-cylinder pressure versus crank angle for tetradecane fuel as 
measured by Belardini et al (1996) and the calculations obtained by KIVA2 CFD code 
based on the Spalding and the ETC models. 

It is important to analyse the influence of the temperature gradient inside droplets on 

the chemical composition of in-cylinder mixture. Figures (7.8 - 7.12) show the results of 

calculation of: fuel vapour, 0 2, CO2, CO and NO masses versus crank angle based on the 

ETC model and the Spalding model. Figure (7.8) confirms that taking into account the 

temperature gradient inside droplets predicts higher evaporation rate. Also it can be 

noticed from Figure (7 .8) that the reduction of the fuel vapour mass due to combustion 

as predicted by the ETC model is higher than that predicted by the Spalding model. This 

can explain the higher pressure peak values for the ETC model in Figure (7.7). Figure 

(7.9) shows the higher consumption of oxygen as predicted by the ETC model compared 

with that predicted by the Spalding model. The oxygen mass predicted by the ETC 

model is 3.3% less than that predicted by the Spalding model at 40 CA ATDC. This can 

be related to high combustion rate predicted by the ETC model. The latter can be related 

to two factors: firstly, the predicted high evaporation rate by the ETC model (see Figure 

(7.8)); secondly, the increase in the droplets surface temperature. As a result, the 

convectional heat transfer from the surrounding hot gas to the droplets is reduced. The 

latter leads to an increase in the gas temperature when using the ETC model. The 

combustion rate increases with increasing gas temperature (Heywood, 1988). As a 

consequence of the higher combustion rate for the ETC model, Figure (7-10) shows that 

175 



Chapter 7: Implementation of the ETC Model into KIV A CFD Code 

the predicted formation of CO2 by using the ETC model is higher than that obtained by 

the Spalding model. This increase reaches 4.7% at 40 CA ATDC. 

Figures (7-11) and (7-12) show the effects of taking into account the temperature 

gradient inside the fuel droplets on the predicted formation of CO and NO. From these 

figures, the amount of CO and NO predicted by the ETC model are 64.8 % and 29 % 

respectively higher than those predicted by the Spalding model at 40 CA ATDC. Again 

this is a consequence of modelling the temperature gradient inside droplets. This effect is 

transferred to the formation process of CO, which is mainly formed during the 

dissociation processes. The dissociation processes are sensitive to the gas temperature 

(Heywood, 1988). Also NO formation increases with increasing gas temperature 

(Heywood, 1988). 
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Fig. 7 .8 The values of fuel vapour mass versus crank angle for tetradecane fuel 
calculated by KIV A2 CFD code based on the Spalding and the ETC models (both with 
combustion). 
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Fig. 7 .9 The values of 0 2 mass versus crank angle for tetradecane fuel calculated by 
KIV A2 CFD code based on the Spalding and the ETC models (both with combustion). 
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Fig. 7 .10 The values of CO2 mass versus crank angle for tetradecane fuel calculated by 
KN A2 CFD code based on the Spalding and the ETC models (both with combustion). 
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Fig. 7 .11 The values of CO mass versus crank angle for tetradecane fuel calculated by 
KIV A2 CFD code based on the Spalding and the ETC models (both with combustion). 
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Fig. 7.12 The values of NO mass versus crank angle for tetradecane fuel calculated by 
KIV A2 CFD code based on the Spalding and the ETC models (both with combustion). 
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Figure (7-13) shows the temperature distribution at TDC inside the combustion 

chamber as predicted by both models. It can be noticed that the location of the maximum 

temperature of 2200 K, as predicted by the ETC model, covers a wider area than that 

predicted by the Spalding model. This can be related to the higher combustion rate 

predicted by the ETC model. 
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Fig. 7 .13 Temperature distribution at TDC inside the combustion chamber for the 
Spalding model (a) and the ETC model (b) for tetradecane fuel with combustion. 
Meridional section (plane j = 4 ). 

From the above investigation it can be observed that taking into account temperature 

gradient inside droplets has a significant effect on the prediction of the combustion 

species. 
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7 .5 Conclusions of Chapter 7 

A ETC model which takes into account the temperature gradient inside droplets, based 

on the analytical solution of the heat conduction equation for constant heat transfer 

coefficient, has been implemented into the KIV A2 CFD code. The influence of the 

temperature gradient inside droplets can lead to an increase in the fuel evaporation rate 

and consequently a decrease of the SMD. This is attributed to the fact that the effect of 

temperature gradient inside droplets leads to a substantial increase in the droplet surface 

temperature at the initial stages of its heating. This increase leads to the decrease of 

droplet surface tension and the threshold radii of the unstable droplets. This influence of 

temperature gradient inside droplets can lead to increased evaporation rate, and hence 

the amount of the fuel vapour in the combustion chamber. It can also lead to an increase 

in the formation of CO2, CO and NO, and the consumption of 0 2. This is attributed to 

the fact that increasing the droplet surface temperature leads to the decrease of 

convection heat transfer to the droplets, which in tum increases the gas temperature. The 

latter increases the combustion, the dissociation rates and the rate of formation of NO. 
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8. CONCLUSIONS 

1) Results of the measurements of the index of absorption of four types of diesel 

fuel in the range of wavelengths 0.2 µm - 6 µm are presented. 

2) The applicability of the approximation of the average absorption coefficient of 

droplets by the function aR~ , where Rd is the droplet radius, and a and b are 

polynomial functions of external temperature, is investigated for four types of 

diesel fuel in the range of external temperature and droplet radii 500 K - 3000 K 

and 2 µm - 200 µm, respectively. The accuracy of this approximation is shown 

to be reasonably good for droplet radii in the range 2-50 µm, but can be worse 

for droplet radii in the range 5-200 µm. 

3) In agreement with the previously reported results, it is shown that the effect of 

thermal radiation on heating and evaporation of semi-transparent diesel fuel 

droplets is considerably smaller when compared with the case when droplets are 

approximated as black opaque spheres. The effect of thermal radiation increases 

with increasing droplet radii and external temperature and decreases with 

increasing the gas temperature in the vicinity of droplet. 

4) New analytical solutions of the heat conduction equation inside a spherical 

droplet have been suggested and investigated in the limit of slow evaporation. 

The droplet has been assumed to be heated by convection and radiation from the 

surrounding hot gas. Three approximations for the convection heat transfer 

coefficient have been considered. Firstly, this coefficient has been assumed 

constant and an explicit formula for the time dependent distribution of 

temperature inside droplets has been derived and investigated. Secondly, the 

general case of time dependent convection heat transfer coefficient has been 

considered. In this case the solution of the original differential equation has been 

reduced to the solution of an integral equation. A numerical scheme for the 

solution of this equation has been suggested and tested. Thirdly, in the case of 

almost constant convection heat transfer coefficient the problem has been solved 

using the perturbation theory. A set of solutions corresponding to ascending 

approximations have been obtained and tested. 

5) The solution based on the assumption of constant convective heat transfer 

coefficient is shown to be the most efficient for implementation into numerical 

codes when compared with the solutions based on arbitrary or almost constant h. 

Initially, this solution is applied to the first time step, using the initial distribution 
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of temperature inside the droplet. The results of the analytical solution over this 

time step are used as the initial condition for second time step etc. 

6) The algorithm based on the analytical solution for constant h has been shown to 

be more effective (from the points of view of accuracy and CPU time 

requirement) than the approach based on the direct numerical solution of the heat 

conduction equation inside the droplet, and more accurate than the solution based 

on the parabolic temperature profile model. 

7) Relatively small contribution of thermal radiation to droplet heating and 

evaporation allowed the use of a simplified model. This model takes into account 

droplet semi-transparency, but does not consider the spatial variations of 

radiation absorption inside droplets. 

8) A zero dimensional code considering the temperature gradient inside droplets, 

the coupling between liquid and gas phases and describing the autoignition 

process based on the autoignition Shell model was developed. This code was 

used to study the effects of temperature gradient inside fuel droplets on droplet 

evaporation, break-up and the ignition of fuel vapour / air mixture. The 

predictions of the code were validated against available experimental data. 

9) In the absence of break-up, the influence of temperature gradient on droplet 

evaporation in realistic diesel engine conditions is generally small (1 - 3%). In 

the presence of the break-up process, however, the temperature gradient inside 

droplets can lead to a decrease in the evaporation time by several times at the 

same conditions. Even in the absence of break-up the effect of temperature 

gradient inside droplets leads to a noticeable (up to about 20 % ) decrease of the 

total ignition delay time (comprising the physical and chemical ignition delays). 

In the presence of break-up this effect is enhanced substantially, leading to more 

than halving of the total ignition delay. 

10) The ETC model which considers temperature gradient inside droplets based on 

the analytical solution of the heat conduction equation for constant heat transfer 

coefficient has been implemented into KIV A2 CFD code. The results predicted 

by this code have been compared with the observed liquid tip penetration and in

cylinder pressure. The results predicted by the ETC model have been shown to fit 

the experimental data better than the Spalding model which ignores temperature 

gradient inside droplets. Preliminary results of modelling of combustion of diesel 

fuel spray, using the ETC model, but ignoring the effects of radiation, have been 
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reported. It is recommended that the effects of temperature gradient inside 

droplets are taken into account in computational fluid dynamics (CFO) codes 

used for modelling of fluid dynamics, heat transfer and combustion processes in 

diesel engines. 
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Recommendations for further work 

The solution of the heat conduction equation inside droplets is obtained based on the 

assumption that the changes in droplet surface area are negligibly small. This 

assumption is justified when the time interval is small, while the latent heat of 

evaporation is large. It is suggested that the solution of this equation for the general case, 

with the moving droplet boundary, when the changes in droplet surface area are not 

neglected need to be developed. Further work in this direction would be beneficial. 

KIV A2 CFD code does not have the Shell autoignition model to predict the ignition 

delay times. Also it does not have a proper mesh generator to create a realistic mesh for 

diesel engines environments including ports for 2-stroke engines or valves for 4-stroke 

engines. It is suggested that implementation of the autoignition Shell model into KIV A 

3V REL2 will lead to a more accurate investigation of the effects of temperature 

gradient inside droplets on ignition delay time in realistic diesel engine conditions. 

The effects of temperature gradient inside droplets on realistic diesel engine 

conditions were studied based on TAB break-up model, which is originally implemented 

into KIV A2 CFD code. It is suggested that implementing bag and stripping break-up 

model into KIV A CFD code and comparing the results obtained based on it with the 

results obtained based on TAB break-up model will lead to deeper understanding of the 

effect of temperature gradient inside droplet on the spray and combustion processes in 

realistic diesel engine conditions. 

The thermal radiation effect was not taken in KIV A2 CFD code. It is suggested that 

implementing P-1 model into KIV A CFD code will allow us to investigate the effects of 

thermal radiation. 

It is suggested that the additional work on simulation of exhaust emissions will lead to 

a better understanding of the effect of temperature gradient inside droplets and thermal 

radiation effects on the emissions of diesel engine. 
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APPENDIX 1. ESTIMATE OF G (t, r) AT t ➔ 0 

Series (4.3.2.6) converges absolutely and uniformly to the continuous function 

for(t,r)E [J,oo]x[0,1] for any small J>0since: 

exp[-KA~t] < exp[-Kn 1t] ~ exp[-Kn 2J] (Al.1) 

(recall that A~ > n 2 for n 2 > 1 according to inequalities ( 4.3.1.20). Now we prove the 

estimate (4.3.2.7) t > 0. Inequality (Al.l) allows us to write: 

IG(t, r)I,; c0 K {1 + texp[-Kn't]} = G(t) (Al.2) 

where co is a constant for which the condition llvn 11
2 ~ c0 is satisfied. For example, if ho 

~ 0 we can take co= 2 sincellvnll
2 ~ 1/2. 

The sum L:=
2 
exp[-Kn 2 t] can be considered as a sum of areas of polygons of unit width 

placed under the curve exp[-Ky 2t]. This sum is less than the area under this curve. 

Hence, 

00 00 00 loo 
L -[Kn 2t] < fexp[-Ky 2t]dy < fexp[-Ky2t]dy = ~ fexp[-z 2 ]dz 
n=2 I o V Kt o 

(Al.3) 

Having substituted (Al.3) into (Al.2) we obtain: 

t E [0,t0 ] (Al.4) 

for any fixed to> 0. The new constant c depends on t0• Inequality (Al.4) is equivalent to 

Inequality (4.3.2.7). It holds uniformly for r E [0,1]. 
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APPENDIX 2. NUMERICAL SOLUTION OF EQUATION (4.3.2.9) 

In what follows the numerical solution suggested in Section (4.3.2) will be described. 

Let 1/f(t) = u(l,t) and rewrite Equation (4.3.2.9) as: 

I 

1//(t) = U(l,t)- f[M(r)-h1 (r)l/f(r)]G(t -r,l)dr (A2.l) 
0 

We look for the solution of Equation (A2.l) fort E lo,t• J, where t* is a constant. Let M 

= t* IN and t 11 = nM, where N is the total number of time step, n = 0, 1 ... N is the number 

of the current time step. Note that to= 0 and tN = t*. Discretisation of Equation (A2.l) 

gives: 

n I j 

1//(tn) = u(1,tJ- L f[M(r)-hi{,r)l//(r)p(tn -r,l)dr, (A2.2) 
)=I tj-1 

where n = 1, ..... . N. Note that l/f(r0 ) = 1/f(O) = U(l,O) = f0 (1) is a known constant. 

The first (n-1) integrals in this sum can be approximated as: 

I j 

f[M(r)-h1 (r)l//(r)]G(tn -r)dr 
I j-1 

(A2.3) 

= {M (i-1 )- h1 (r1 )[1/f(t 1 )+ 1/f(t J-I )]! 2 }o(t n - r1 ,l)M, 

wherej = 1, 2, ..... , n-1, 'Zj = lj-M/2. Approximation (A2.3) is valid since all functions in 

the integrand are continuous, and we look for the solution in the class of continuous 

functions. The known functions are taken at 'l"= 'Zj (middle of the range [tj-J, t1], while the 

unknown functions are taken as the average of the values at the end points tj-J and tj. 

The last term in the sum in Equation (A2.2) requires special investigation since the 

kernel G (tn-T. 1) in the integrand becomes singular when r➔ tn-0 (see estimate (Al.4)). 

All other functions in this integrand, including the unknown function u (t) are assumed 

continuous. Hence, we can write: 

'~M(r )- h, (r!/f(r)}';(t, -r,l)dr ~ { M(r, )- Ii, (r,) w(t,, )+t(t,r , )} 'ja(t, - r,l}tr. 
t,1-I ln-1 

(A2.4) 

1,, 

Let us consider an auxiliary integral: /(t)= fG(tn -T,l)d'l", where tE [tn_Ptn]. In 
111-I 

the range [tn_1,t] series (4.3.2.10) converges uniformly and absolutely as proven in 
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Appendix 1. Also, all terms of this series are continuous. Hence the order of summation 

and integration can be changed and using formula (4.3.2.10), we can write: 

= /42 , 
I(i) = -2KL 2 "' 

2 
J exp[-KA~ (tn -T)]dT 

m=l ho + ho + A,,. ,,,_, 

(A2.5) 

The denominator in series (A2.5) is always positive since llvn 11
2 

> 0. 

Remembering estimate (4.3.1.20), the series in (A2.5) converges absolutely and 

uniformly for t E [t n-1' t n] • Since all terms in series (A2.5) are continuous, the series is 

the continuous function as well. This allows us to consider the limit t ➔ tn -0 in both 

formula (A2.5) to obtain 

's" G(tn -T,l}ir = _lim l(t) = -f 2 
2 

2 I lim exp[-KA~ (tn -t)]-exp[-KA~M]} ,__,,,.-o _
1 
h + h + .,t ~__,,,.-o 

In-I Ill- 0 0 111 

(A2.6) 

If ho = 0 then A,,, = n(m -1/ 2). The combination of formulae (A2.3), (A2.4) and 

(A2.6) allows us to present Equation (A2.2) in the following form: 

'lf(tn) = u(l,tn )-{M(i-n )-hi (i-)['lf(tn )+ 'lf(tn-1 )]! 2}g 
n-1 

-"I{M(i-J-h1(i-J[l/f(tJ+l/f(t1_1)]12}G(tn -T1 ,1)L1t, 
(A2.7) 

where n = 1,2, .... , N and g is given by series (A2.6). 

Equation (A2.7) can be rearranged to the form particularly convenient for numerical 

analysis: 

'lf(tn) = l {U(l,tn )-[M(rn )- h1 (i-,, )'lf(t,,_1 )] g 
1-0.5h1 (i-11 

)g 2 
n-1 

-L {M(i-1 )-h1 (r 1 X'lf(t1 )+ 'lf(t1_1 )]! 2p(tn -T1 ,1)i1t} 

(A2.8) 

j=I 

For n =1 the sum in formula (A2.8) is equal to zero and 'lf(t0 ) is a known constant (see 

above). This allows us to calculate '1f(t1 ) explicitly from formula (A2.8). Once 'lf(t1 ) has 

been calculated we can use formula (A2.8) for calculation of '1f(t2 ) etc. At the nth step, 

formula (A2.8) is used for calculation of 'lf(t n) using the values of 'lf(t0 ), 'lf(t1 ), •••• , 

'lf(tn-i) calculated at the previous steps. At this step all terms in the sum I::: are 
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already known. Once we have obtained the solution of Equation (4.3.2.9) we can find 

the value of u(r,t*)from a discretised form of Equation (4.3.2.5): 

N ti 

u(r,t*) = U(r,t*)- L fµ80 (r)G(t-T,r)dr 
j=l I i-l 

=U( *)-~µgo (l i_1)+µ11 o(t i )G(*- )A r,t Li------- t Ti,r ut 
j=l 2 

(A2.9) 

where t* = t N. From estimate (4.3.2.7) it follows that the last integral is improper and 

needs to be calculated separately. Remembering Equation (4.3.2.6), we can write 

_ ~ sin /411 sin 11.,, r [l ( ., 2 A ) __ Li ____ -exp-KA ut] 

n=l llv .. 112 A! n 

(A2.10) 

when deriving this equation we took into account the expression for llv
11
ll\ntroduced in 

Equation (4.3.1.12). This derivation is similar to the one given above (see Equation 

(A2.6)). Having substituted Equation (A2.9) into (A2.8) we obtain the required value of 

u(r,t*). Note that µ 110 (ti)=M(ti)-h1(ti)u(l,ti), where u(l, tj) is the solution of 

Equation (A2.8). 
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APPENDIX 3. INVESTIGATION OF THE CONVERGENCE OF SERIES 

(4.3.3.1) 

Let to be an arbitrary fixed positive number and introduce the norm of the continuous 

function F (t) for t E [O, t 0 ] : 

(A3.l) 

Let us rewrite integral in the last equation in the system (4.3.3.5) as: 

I 

v/t) = J11(t - r)v j-i (t - r)G(r,l)dr, (A3.2) 
0 

where tE [0,t0 ]. Hence, we can estimate the terms in series (4.3.3.1) as: 

I I 

Iv j (t)I $ ]11(t - r)llv j-i (t - r)IIG(r,l)ldr $ 1111110 llv j-i llo ]G(r,1)1 dr 
o 0 

I ~ 
(A3.3) 

$1111110 llv j-1 ll0 J Ji d r = 2c ✓t ll11 llo llv j-1 ll0 

where t E [O, t 0 ]. When deriving this estimate we took into account inequality (Al.4) for 

r= 1. 

Inequality (A3.3) can be applied for v j-i , v j-2 etc. This leads to the new estimate: 

(A3.4) 

where v0 is given by formula (4.3.3.3) and tE [0,t0 ]. Inequality (A3.4) allows us to 

estimate series (4.3.3.1) as: 

f cjlv/t)I $ I (2cc✓tll11ll0Yllvollo $ I (2ccFoll11llof llvollo' (A3.5) 
j=O j=O j=O 

The series on the right hand side of (A3.5) is the geometrical progression which 

converges when 2c cFoll11ll
0 

< 1, i.e. when 

(A3.6) 

where the constant c is determined by inequality (Al.4). Based on the Weirschtrass 

criterion about uniform convergence of functional series, series (4.3.3.1) converges 

absolutely and uniformly for t E [0, t0 ] if estimate (A3.6) is valid. If to is fixed then the 

criterion (A3.6) can be rewritten as: 

(A3.7) 
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Note that series (4.3.3.1) converges not only for small 8 but also for arbitrary fixed 8 

when to is small enough. In this case criterion (A3.7) needs to be replaced by the 

criterion: 

(A3.8) 

Let us now estimate the remainder of series (4.3.3.1) using inequality (A3.4): 

(A3.9) 

Hence, it follows from series (4.3.3.1) that 

(A3.10) 

where tE [0,t0 ] and estimate (A3.6) is assumed to be valid. 
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APPENDIX 4. NUMERICAL SOLUTION OF THE DISCRETISED HEAT 

CONDUCTION EQUATION 

The one-dimensional unsteady heat conduction equation in Cartesian coordinates (4.2.5) 

can be solved numerically as follows (Versteeg and Malalasekera, 1995): 

kw 

8rwp 8rpE 
- ~ ~ ~ 

~ -

I I 
I I UB2 

w 

1
4 ► I 

E 
p 

8r 
~ - ~ 

r 

Fig. A4.1 The grid used for NSDE 

Consider the one-dimensional control volume shown in Figure ( 4.1 ). Integration of 

Equation (4.2.5) over the control volume and over a time interval from t tot+ M gives: 

r+t.t a r+/J.r a ( a ) r+t.t f f ~Vdt = f f- k_!!:_ dVdt + ff s dVdt 
r CV at r CV ar ar r CV 

(A4.1) 

This may be written as: 

AJ'7 au dt]dr = 
1J[(kA au) -(kA au) ] ! l , a, , ar e ar w 

r+t.t 

dt + fs8Vdt (A4.2) 

In Equation (A4.2), A is the face area of the control volume; 8 Vis its volume and S is 

the average source strength. The left hand side can be written as: 

(A4.3) 

where 8 V is equal to A8r where 8r is the width of the control volume, superscript 'O' 

refers to u at time t; u at the level t + M are not superscripted. If the central differencing 

to the diffusion term on the right hand side is applied, Equation (A4.2) can be written as: 
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(A4.4) 

To evaluate the right hand side of this equation we need to make an assumption about 

the moments of time when the values of up, uE and uw are taken. We introduce a 

weighting parameter 0 between O and 1 and write the integral h of Up with respect to 

time as: 

t+t!J 

Ir = Jupdt = [6ttp + (1-B)u~]!J.t (A4.5) 

Using formula (A4.5) for uw and uE in Equation (A4.4), and dividing by AM 

throughout, we have 

(
u/> - u~ )!J.r = e[ke(uE -up)_ kw(Up -Uw)] + (1-B)[ ke(u~ -u~) 

6.t !J.rPE !J.rWP !J.rPE 

+ S!J.r (A4.6) 

Assuming that ke = kw = k and !J.rPE = !J.rwp = !J.r, Equation (A4.6) can be 

rearranged to: 

!J.r 20k k O k O !J.r 2(1( 0 [-+-]u =-[6tt +(1-B)u ]+-[6tt +(1-B)u ]+[--2(1-0)-]u 
M !J.r P !J.r E E !J.r w w !J.t !J.r P 

+ S!J.r (A4.7) 

We divided the domain into n control volumes. Equation (A4.7) is the discretised 

equation for the value of up at the centre of a control volume. The control volumes 1 and 

n have to be modified to take into account the boundary conditions. The discretised 

equation for the control volume 1 can be written as: 

(
up -u~ )6.r = e[k(uE -up)_ 2k(up -uB1) ]+ (l-B)[ k(u~ -u~) _ 2k(u~ -uB1)] 

!J.t !J.r !J.r !J.r !J.r 

+ S!J.r (A4.8) 

where u81= 0. Equation (A4.8) can be re-arranged as: 

[
!J.r + 3(1( ] u = ~[6tt + (1- 0)u 0

] + [/J.r -3(1- 0) 
2

(1( ]u0 + S!J.r 
!J.t !J.r P !J.r E E M !J.r P 

(A4.9) 

The discretised Equation for the control volume n can be modified as: 

(
u p - u~ ) 6.r = e[2k(uB2 -up) _ k(up -uw) ]+ (l-B)[2k(uB 2 -u~) _ k(u~ -ut)] 

!J.t !J.r !J.r !J.r !J.r 

S!J.r (A4.10) 
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where the value of u82 can be obtained from the boundary condition in Equation (4.2.6) 

as: 

2 
M(t)+-up 

!!..r 
UB2 = 2 

H(t)+
!!..r 

Substituting Equation (A4.11) into Equation (A4.10) we 

!!..r 3(1( 4k 
-+--------
M !!..r !1r2( H(t) + :r) 

_ (1( (1- 0)k O ( !!..r _ 3(1- 0)k) 0 
Up - Uw + - --Uw + --- Up+ 

!!..r !!..r !!..t !!..r 

2kM (t) + S!!..r 

11{ H(t) + :r) 

(A4.11) 

obtain: 

(A4.12) 

The exact form of the final discretised equations depends on the value of 0. When Bis 

zero, we use u ~, u~ and u ~ at the previous time level t on the right hand side of the 

Equations (A4.7), (A4.9) and (A4.12) to evaluate up at the new time level. The resulting 

algorithm is called explicit. When O < 0 < 1 u at the new time level are used on both 

sides of the equation. The resulting algorithm is called implicit. The algorithm based on 

the assumption 0 = 1 is called fully implicit and the algorithm corresponding to 0 = 1/2 

is called the Crank-Nicolson algorithm (Versteeg and Malalasekera, 1995). For implicit 

algorithm the solution of the discretization equation was obtained by Thomas algorithm 

or the TOMA (TriDiagonal-Matrix Algorithm) (Patankar, 1980). 
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Let us present Equation (4.3.1.19) in the form: 

T(r,t) = _!_ :t Yn'<p> sin(An'<p>r)sin(Anr) + Teff (tn) 
r n'=I 

where 

Pn [ K 12 J( P,, ) sinAn (O) [ 12] r =--+exp- /Lt q - -- ------"'--µ exp-KA t -
n KA2 n n KJ). II 112 A,2 0 n 

n II vn n 

sin A,, 
1

Jdµ 0 ( 7:) [ 12 ( )l ' 
2 

---exp-KAn t-r pr, 
llv,, II ii,~ o dr 

Appendices 

(A5.l) 

all parameters in Equation (A5.1) are taken at the previous time step t11_1 (indicated by 

the additional subscript (p). 

Having substituted equation (A5.1) into Equation (5.3.2) we obtain: 

= I I 

T(tn) = 3L Yn'(p) Jrsin(An'(p)r)dr + 3Teff (tn) Jr
2
dr 

n'=I O 0 

= r sinJ 
= 3(1 +ho) L ,{(p) 2 n'(p) + Teff (t n) 

n'=I A,,'(v) 
(A5.2) 

Similarly, having substituted Equation (A5.1) into the definition of q11 we obtain: 

1 = 1 T (t ) I 

qn(tn) = --2 LYn'p Jsin(An'pr)sin(Am.r)dr+ ~ff ; Jrsin(Anr)dr 
llvnll n'(v) 0 llv,ill 0 

(A5.3) 

where 

Assuming that 0 R= Tex, and ignoring the contribution of T , substitution of P1 ( R ), 

defined by Equation (5.6.1) into the expression for p11 gives: 

Pn =-
1

-2 f3xl0 6 aoR:z~>Te~,rsin(Anr)dr = /3; (l+h0 )sinJn, 
~n~ 0 ~ 

(A5.4) 

where 
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APPENDIX 6. THE SHELL AUTOIGNITION MODEL 

In the Shell model the autoignition chemistry is reduced to eight-step chain branching 

reaction scheme incorporated into four processes (Halstead et al, 1977): 

Initiation: 

RH +02 ➔ 2R* Rate coefficient kq (A6.l) 

Propagation: 

R* ➔ R* +P Rate coefficient kp (A6.2) 

R* ➔ R* +B Rate coefficientf1 kp (A6.3) 

R* ➔ R* +Q Rate coefficientf4 kp (A6.4) 

R* +Q ➔ R* +B Rate coefficientfz kp (A6.5) 

Branching: 

B ➔ 2R* Rate coefficient kb (A6.6) 

Termination: 

R* ➔ out Rate coefficienth kp (A6.7) 

2R* ➔ out Rate coefficient k, (A6.8) 

where RH represents hydrocarbon fuel (CnH2m), R* is the radical, B is the branching 

agent, Q is the intermediate agent and P is the product, consisting of H20, CO2 and CO. 

The intermediate species can be generally related to aldehydes (RCHO) while the 

branching agent is related to hydroperoxide (R02H) at low temperatures and to 

hydrogen peroxide (H20 2) at high temperatures (Benson, 1981) The main assumption of 

the Shell autignition model is that the radicals R* entering into the scheme are treated as 

one type of radical using the steady-state hypothesis. 

The time variation of species concentrations are described by (Halstead et al, 1977): 

d[R• ] =2(kq[RH][0
2
]+kb[B]-k

1
[R*]2)-f

3
kp[R*] 

dz 

d[B] = f k [R*] + f k [Q][R*] - k [B] 
dt I p 2 p b 

d[Q] = f k [R*]-f k [Q][R*] 
dt 4p 2p 

d[02] = -pk [R*] 
dl P 

[RH]= [Oz]-[02J(t = 0) + [RH](t = 0) 
pm 

(A6.9) 

(A6.10) 

(A6.11) 

(A6.12) 

(A6.13) 
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where [M] is the molar concentration of the various species M. The parameter p is 

obtained from the overall product path (Schapertons and Lee, 1985): 

where 

P = [(n/ m)(,CO + (1-y)COz) + H 20]/ q 

p = (n(2-y) + m)/2m, 

n 
q=-+1 

m 

(A6.14) 

The coefficient y determines the burned products mixture via [CO]/[ CO2 ] = y /(1- y). 

The rate constants in Equations (A6.9)-(A6.13) are defined by the following 

expression (Halstead et al, 1977; Schapertons and Lee, 1985): 

11 = A11 exp(-£11 / RT)[02 Y1[RH]Y 1 

12 = A12 exp(-£12 / RT) 

13 = An exp(-En I RT)[02 Y3 [RH]Y 3 

14 = A
14 

exp(-£14 / RT)[Oz]x4 [RH]Y 4 

k; = A; exp(-E; / RT) 

(A6.15) 

A6.16) 

(A6.17) 

(A6.18) 

(A6.19) 

where i stands for pl, p2, p3, q, Bandt, kr =[ 
1 +-1-+ 1 

] -

1

, R is the 
kr1[02 ] kr2 kr3 [RH] 

universal gas constant and A1, E1, x and y are the kinetic rate parameters fitted for each 

particular fuel. 

The Shell autoignition model uses the following equation for the temperature 

(Halstead et al, 1977): 

dT =-1-(QK -QL _ n101 RT dV) 
& ~n~ V & 

(A6.20) 

where Cv is the heat specific capacity for constant volume, n101 is the total number of 

moles in the volume V, QK is the chemical heat release defined as: 

(A6.21) 

q is the exothermicity per cycle, QL is the heat loss through the boundary walls defined 

as: 

(A6.22) 

where~= hS IV, S/V is the surface to volume ratio. 
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The last term on the right hand side of Equation (A6.20) accounts for the work due to 

the piston motion. This term, as well as the term QL, is accounted for by the enthalpy 

transport equation in CFD codes. In this case, the change in temperature must be based 

only on the contribution of the chemical reaction. Equation (A6.20) is simplified to 

(Sazhin et al, 1999): 

(A6.23) 

The development of the Shell model followed two main directions. The first one is 

focused on modifications of the coefficients without changing the overall structure by 

adjusting the kinetic rates to fit experimental data (Schapertons and Lee, 1985; 

Theobald, 1986). The second direction is focused on modifying the equations to better 

reflect the underlying chemistry and this leads to changes in the overall structure of the 

model. For example, Cox and Cole (1985) increase the number of generic reactions from 

6 to 15. 

Schapertons and Lee ( 1985) made the first attempt to modify the Shell model to 

ensure the required mass conservation by increasing the depletion of fuel and Oxygen to 

account for the formation of the generic species B and Q. They described the 

propagation path as: 

where 

l = (f,M 8 + f 4M Q) l(M RH Im+ pM 02 ), 

P = [(nl m)(,,CO + (l-y)C02 ) + H 20]/ q 

p=(n(2-y)+m)l2m 

n 
q=-+1 

m 

(A6.24) 

The increase (l times) of consumption of reactants accounted for the newly emerging 

masses of B and Q species. Radicals are converted to inert species in the termination 

reactions: 

R* ➔ (M / M N2 )N 2 

2R* ➔ (2M RIM N2)N2 

(A6.25) 

(A6.26) 

The main shortcoming of the Schapertons and Lee (1985) scheme is that it does not 

describe the increase in mass of radicals R* . The change of their mass with time is not 
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compensated by respective change in mass of other species, as the reactions of the 

original Shell model are not balanced. 

Sazhin et al (1999) has suggested a new mathematical formulation for the Shell 

model. This is particularly important for the implementation in CFD codes. The authors 

replaced the time as an independent variable by the fuel depletion, which is the 

difference between the initial fuel concentration and the current one. This has allowed 

reducing the original system of equations used in the model to only two coupled first

order ordinary differential equations for the concentration of radicals and branching 

agent. Then these two equations were reduced to one second-order differential equation 

for the concentration of radicals: 

dR[R*][R*t' +dR([R*]') 2 +(-(d~ -dRJ8 )[R*]-dRbR -2dRcR[R*])[R*]' = (dRb~ -

bR(d~ -dRJ8 ))[R* ]+(dRc~ -cR(d~ -dRJ8 ))[R*]
2 
+d8 a~ +d;g 8 -aR(d~ -dRf8 ) 

(A6.27) 

where: 

mA12 exp 
E 

/2 [Q] 
R(T, mq ;: 

o + Cv[N] i;, 

Once the concentration of radicals is obtained, the concentration of the intermediate 

agent, temperature and time can be obtained from: 

~ 

[Q] = e-F f gQeF dt (A6.28) 
0 

T=T. + mq ;: 
o Cv[N] i;, 

(A6.29) 
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t = t0 + (A6.30) 

; 
where i; = [RH] 0 - [RH], [RH]o = [RH](t = 0), F = f fQdi;, To = T (t = 0) and the value 

0 

of i;, is based on the accuracy of computations of the integral in Equation (A6.30). 

This reformulation of the Shell model saves CPU time by about 40-60 % per step for a 

typical problem (Sazhin et al, 1999). 

Sazhina et al (1999, 2000) considered the application of the Shell model to the 

autoignition of diesel fuel sprays, which takes place at a wide range of equivalence 

ratios, pressures and temperatures, in contrast to autoignition in premixed gasoline fuel. 

It was necessary to impose flammability limits to restrict the range of equivalence ratios 

for which the autoignition model is active. They suggested flammability limits in the 

range of equivalence ratios from 0.5 to 3.2 as a starting point and this limit increases 

linearly with increasing pressure. The Shell autoignition model does not predict 

autoignition for end of compression temperature lower than 570 K and is inhibited if the 

temperature increases higher than 1100 Kor a very sharp temperature rise (> 107
) K/s 

occurs. The authors showed that the autoignition chemical delay for diesel fuel 

(approximated by n-heptane and n-dodecane) is much less than the physical delay due to 

droplet transit time, atomization, heating, evaporation and mixing for typical droplet 

radii. This justifies the application of less accurate than DKM (detailed kinetic 

mechanism) , but more computer efficient Shell model for diesel fuel autoignition. The 

values of the coefficient ~r4 in the Shell model for n-heptane were taken equal 3 x 106 

and 6 x 106
• 

Sazhina et al (2000) followed the Schapertons and Lee (1985) idea that the increase 

in mass of R*, B and Q originates in fuel and oxygen consumption. They suggested 

calculating the total change in mass of R* , B and Q over a time step as: 

(A6.31) 

where cinR, cin8 and cinQ are changes in mass of R*, B and Q respectively in a given 

cell over a time step of integration. cinRBQ is shared stoichiometrically between the 

reactants, CnH zm and 02, so that decrement of fuel mass is estimated as linRBQ /(1 + S) 

where S is the stoichiometric oxygen-fuel ratio by mass in the main propagation path: 
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(A6.32) 

In this case the 02 consumption will increase by &nR8QS /(1 + S) and the termination 

reactions convert the R* radicals into fuel and oxygen. In Sazhina et al (2000) a 

polydisperse spray ignition under condition close to those in the medium duty truck 

diesel engine is modelled using the Shell model implemented into VECTIS CFD code. 

Neither internal circulation nor the temperature gradient inside the droplets was taken 

into account and the effects of thermal radiation were neglected. The results showed that 

the gas temperature initially decreases due to droplet evaporation before it rapidly 

increases due to the development of autoignition process. The results also show that 

there is an initial increase in the fuel vapour mass fraction due to droplet evaporation. 

Then the concentration of oxygen and fuel vapour remained practically constant due to a 

very slow combustion process. The ignition process is accompanied by a rapid decrease 

of the concentration of fuel and oxygen and an increase in the concentration of the 

product. The ignition of the spray has started as expected at the periphery where the 

ignition delay for droplets is less than in its core. 

In this work we used the Shell autoignition model (Sazhin et al, 1999; Sazhina et al, 

1999; Sazhina et al, 2000) to predict the autoignition delay time for diesel fuel in typical 

conditions of Diesel engine. Both temperature gradient and circulations inside droplets 

were taken into account. Thermal radiation was taken into account with neglecting 

thermal radiation distribution inside droplets. 
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APPENDIX 7. PHYSICAL PROPERTIES OF FUELS 

A 7.1 Physical properties of tetradecane 

Using data presented in Maxwell (1950), the latent heat of evaporation in J/kg was 

approximated as: 

L = 4.7999679442xl05 -447.99679239T + 1.0772809826T 2 -8.4415064357xl0-3 T 3 

+ 2.907585478xl0-5 T 4 -4.3509615486xl0-8 T 5 + 2.1527777826xl0-11 T 6 

when T <Tc,= 693 K (critical temperature) (Poling et al, 2000), and zero otherwise. 

Using data presented in Maxwell (1950), the specific heat capacity of liquid in JI 

(kg K) is approximated as: 

c1 = 1453.5010887 xexp(0.00141229330177T) 

The specific heat capacity of vapour at constant pressure is approximated as (Poling et 

al, 2000): 

cv = -1.7787319 + 6.4564177T-3.2454867 x10-3 T 2 

+ 4.5752023xl0-7 T 3 + 8.510382xl0-11 T 4 

The saturated vapour pressure is assumed to be equal to: 

Ps = 105 x104.1379-1740.88/(T-105.43) N/m2 

when T < Tc, and zero otherwise (Poling et al, 2000). 

Using data presented in Maxwell (1950), the density of liquid is approximated as: 

P1 = 915.017-0.366493T-4.68132xl0-4 T 2
, 

and the thermal conductivity of liquid in W/(m K) is approximated as: 

k1 = 0.16243019148 + 1.1551271437 xl0-4 T-7.6492882118x10-7 T 2 

+ 5.9731934732xl0-10 T 3 

when T < Tcr, and zero otherwise (Maxwell, 1950). 

A 7 .2 Physical properties of n-heptane 

Latent heat of evaporation in J/kg is approximated as (Chin and Lefebvre, 1985): 

( J
0.38 

T -T L = 317 .8 X 103 ---'-'-er __ 

Tcr -Tb 

where Tcr = 540.17 K and Tb= 371.4 K (Poling et al, 2000), when T < Tcr, and zero 

otherwise. 

Using data presented in Maxwell (1950), the specific heat capacity of liquid in J/kg. K 

is approximated as: 
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c1 = 13058.45044066-126.5095282565T + 0.5279613848638T 2 

-0.0009457386295687T 3 + 6.369853422618xl0-7 T4. 

The specific heat capacity of vapour at constant pressure is approximated as (Poling et 

al, 2000): 

cv = 799.3401062 + 0.3448263942T + 0.0128554864T 2 -1664.890863xl0-8 T 3 

+ 644.6826474xl0-11 T 4
• 

The saturated vapour pressure is assumed to be equal to 

P., = 105 x 104.02611-1258.34/(T-53.85) N/m2 

when T < Tm and zero otherwise (Poling et al, 2000). 

Using data presented in Maxwell (1950), the density of liquid is approximated as: 

p 1 = -941.03 + 19.96181T-0.08612051T 2 + l.579494xl0-4T 3 -l.089345xl0-7 T 4 

when T :5 538 K, and 

p1 = 4.19528lxl07 -2.360524xl05 T + 442.7316T 2 -0.2767921T 3 

when T > 538 K. 

Using data presented in Maxwell (1950), the thermal conductivity of liquid in W/(m. 

K) is approximated as: 

k1 = 0.258448901 l-4.5549450549xl0-4 T 

when T < Tcr, and zero otherwise. 

A 7.3 Physical properties of n-dodecane 

Latent heat of evaporation in J/kg (Borman and Johnson, 1962) 

L = 329037.62 + 1883.02T-10.99644T 2 + 0.021056T 3 -1.44737 xl0-5 T 4 

when T < Tcr = 659 K (Poling et al, 2000) and zero otherwise 

Using data presented in Maxwell (1950), the specific heat capacity of liquid in J/kg. K 

is approximated as: 

c1 = 803.42+ 5.076T-0.00221T 2 + 1.673xl0-6T3 

The specific heat capacity of vapour at constant pressure is approximated as (Durret et 

al, 1987): 

cv = 380.63 + 4.1372T + 2.004xl0-4 T 2 -l.8009xl0-8 T 3 

+ 7.7875xl0-10 T4 -l.0152xl0-13 T5 

The saturated vapour pressure is assumed to be equal to: 
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Ps = 6894.757xexp[l2.12767-3743.84/(T-93.022)] N/m2 

when T < Tcr, and zero otherwise (Chin and Lefebvre, 1985). 

The density of liquid is approximated as (Handbook of aviation fuel properties, 1984): 

p, = 1104.98-l.9277T + 0.003411T 2 -3.2851xlO--<iT 3 

The thermal conductivity of liquid n-dodecane and liquid diesel fuel in WI (m.K) was 

used as a look-up table (see Table (A7.1)) (Reid et al, 1987) 

The surface tension is approximated as (Durret et al, 1987): 

(j" = 0.0528 1-.I_ 
( )

0.121 

Tc, 

A 7 .4 Physical properties of diesel fuel 

In this section a compilation of physical properties of a 'typical' diesel fuel is given. 

These are expected to differ slightly from any particular diesel fuel. 

Latent heat of evaporation in J/kg (Chin an Lefebvre, 1985): 

( )

0.38 
T -T 

L = 254xl0 3 
er , 

Tcr -Tb 

when Tc,= 725.9 K and Tb= 536.4 K, when T < Tcr, and zero otherwise. 

The specific heat capacity of liquid in J / (kg K) is approximated as (Durret et al, 1987): 

c1 = 264 + 6.33T-0.00296T 2 

The specific heat capacity of vapour at constant pressure is approximated as equal to 

that of n-dodecane (Durret et al, 1987). 

The saturated vapour pressure is assumed to be equal to (Chin an Lefebvre, 1985): 

1000xexp[8.5872101-2591.5232/(T-43)] when T <380K 

1000xexp[14.060729-4436.099/(T-43)) when 380 ~ T < 500K 

p,= 1000 x exp[l 2.93692 - 3922.5184 /(T - 43)] when 500 ~ T < 620K 

1000xexp[16.209535-5810.817 /(T-43)] when 620~ T <Tc, K 

0 when T ~ Tcr K 

The density of liquid is approximated as (Handbook of aviation fuel properties, 1984): 

p1 = 840/[l + 0.00067(T - 288)] 

The thermal conductivity of liquid is presented in Table (A 7.1).) (Reid et al, 1987). 

The surface tension is approximated as (Durret et al, 1987): 

( )

0.121 

(js = 0.059 1-_I_ 
Tc:r 
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T(K) k, (W/(m. K) 
Diesel fuel n-dodecane 

250 0.156 0.150 
260 0.153 0.148 
270 0.151 0.146 
280 0.149 0.143 
290 0.147 0.141 
300 0.145 0.139 
310 0.143 0.136 
320 0.141 0.134 
330 0.139 0.132 
340 0.137 0.130 
350 0.135 0.128 
360 0.133 0.126 
370 0.131 0.123 
380 0.129 0.121 
390 0.127 0.119 
400 0.125 0.117 
410 0.123 0.115 
420 0.121 0.112 
430 0.119 0.110 
440 0.117 0.108 
450 0.115 0.106 
460 0.113 0.103 
470 0.111 0.101 
480 0.109 0.098 
490 0.107 0.096 
500 0.104 0.093 
510 0.102 0.091 
520 0.100 0.088 
530 0.098 0.086 
540 0.096 0.083 
550 0.094 0.080 
560 0.091 0.077 
570 0.089 0.073 
580 0.086 0.070 
590 0.084 0.066 
600 0.081 0.062 
610 0.078 0.058 
620 0.076 0.053 
630 0.073 0.047 
640 0.069 0.040 
650 0.066 0.030 
660 0.062 0 
670 0.059 0 
680 0.054 0 
690 0.049 0 
700 0.043 0 
710 0.036 0 
720 0.025 0 
730 0 0 

Table A7.1 Thermal conductivity of n-dodecane and diesel fuel. 
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