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Abstract

Ameshless method for modelling of 2D transient, non-isothermal, gas-droplet
flows with phase transitions, based on a combination of the viscous-vortex
and thermal-blob methods for the carrier phase with the Lagrangian ap-
proach for the dispersed phase, is developed. The one-way coupled, two-fluid
approach is used in the analysis. The method makes it possible to avoid the
‘remeshing’ procedure (recalculation of flow parameters from Eulerian to La-
grangian grids) and reduces the problem to the solution of three systems of
ordinary differential equations, describing the motion of viscous-vortex blobs,
thermal blobs, and evaporating droplets. The gas velocity field is restored us-
ing the Biot-Savart integral. The numerical algorithm is verified against the
analytical solution for a non-isothermal Lamb vortex and some asymptotic
results known in the literature. The method is applied to modelling of an im-
pulse two-phase cold jet injected into a quiescent hot gas, taking into account
droplet evaporation. Various flow patterns are obtained in the calculations,
depending on the initial droplet size: (i) low-inertia droplets, evaporating at
a higher rate, form ring-like structures and are accumulated only behind the
vortex pair; (ii) large droplets move closer to the jet axis, with their sizes
remaining almost unchanged; and (iii) intermediate-size droplets are accu-
mulated in a curved band whose ends trail in the periphery behind the head
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of the cloud, with larger droplets being collected at the front of the two-phase
region.

Keywords: Droplets, Evaporation, Two-phase flow, Lagrangian approach,
Meshless method
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Nomenclature

c specific heat capacity
F mollified kernel
fd aerodynamic drag force
Fr Froude number
H latent heat of evaporation
L length scale
lτ droplet velocity relaxation length
M number of thermal blobs
mref mass of a droplet of radius σref

ṁ evaporation rate
N number of viscous-vortex blobs
Pr Prandtl number
q heat flux
r = (x, y) radius vector
Re Reynolds number
t time
T temperature
U velocity scale
v = (u, v) velocity

Greek symbols

α thermal expansion coefficient
β droplet inertia parameter (β = 6πσrefµL/ (mrefU))
Γ velocity circulation, strength of a viscous-vortex blob (Γi = ω (rvi)∆vi)
γ specific heat ratio (γ = cp/cv)
∆vi (∆T i) area of a viscous-vortex (thermal) blob
δ droplet evaporation parameter (δ = 8πσrefLλ (T∞ − Tref) / (3mrefUH))
ε radius of a blob core
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ζ cut-off function
Θ strength of a thermal blob (Θi = T0 (rT i)∆T i)
λ thermal conductivity
µ dynamic viscosity
ρ density
σ droplet radius
Ψd, Ψh correction functions
ω vorticity

Subscripts

d diffusion
i index
ini initial
c constant pressure
ref reference value
s dispersed phase parameter
T thermal blob parameter
v viscous-vortex blob parameter or constant volume
V C centre of vorticity
0 initial value
∞ value in the far field

Superscripts

∗ dimensional parameter

1. Introduction

Meshless methods based on the ‘smoothed-particle’ approximation proved
to be an efficient tool when investigating complex single-phase flows both
with primitive and vorticity-velocity variables (Barba et al., 2005; Koumoutsakos,5

2005; Andronov et al., 2006; Monaghan, 2012). A combined meshless method
for modelling gas-particle flows was considered by Chen and Marshall (1999);
Walther and Koumoutsakos (2001). Lebedeva et al. (2013) proposed a method
combining the viscous-vortex method for the carrier phase and the Fully La-
grangian approach (Osiptsov, 2000) for particles. This method combines the10

advantages of both the viscous-vortex and the Fully Lagrangian approaches.
It is a fully meshless approach for simulating particle-laden flows, which
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makes it possible to perform accurate calculations of the particle number
density fields in transient flows including those with crossing particle trajec-
tories.15

The approaches mentioned above were focused on hydrodynamic aspects
of particle-laden flows. However, in many engineering applications, including
automotive applications (Sazhina et al., 2000; Sazhin et al., 2014), the effects
of heat and mass transfer are significant. The objective of the present study
is to generalise the approach described in Lebedeva et al. (2013) to take into20

account some of these effects. The phase transitions on the droplet sur-
face are described using a simple model developed in Osiptsov and Shapiro
(1993); Wang and Osiptsov (2002). In this model, the temperature inside the
droplets is uniform and its variations with time are negligibly small; the heat
flux reaching the droplet is spent only on the evaporation from the droplet25

surface. This assumption has been widely used for qualitative engineer-
ing analysis of droplet evaporation in multiphase flows (e.g. Goldfarb et al.
(1999); Sazhin et al. (2010)).

An approach based on the viscous-vortex blob method was chosen in
view of its potential application to study the processes in internal combus-30

tion engines, accompanying the injection of a jet of fuel. It is recognised
that modern vortex methods are well-developed for single-phase flows and
can be considered as reasonable alternatives to the Eulerian approach to
simulate fluid flows with transient and complex but localised vortex re-
gions (Cottet and Koumoutsakos, 2000). One of the key advantages35

of these methods is that the calculation of the flow parameters
is reduced to solving a system of ordinary differential equations.
This implies that the computational time could be optimised if, for
example, parallel computing techniques are used (Koumoutsakos,
2005; Sbalzarini et al., 2006). Further advantages of this approach40

are due to limiting the computational domain only to restricted re-
gions of non-zero vorticity and an absense of an Eulerian grid. Fur-
thermore, the modelling of two-phase flows using the fully meshless
(completely Lagrangian) approach avoids the cumbersome ‘remesh-
ing’ procedure; i.e. the recalculation from the Eulerian to La-45

grangian grid. More detailed comparisons between vortex-based
and conventional algorithms have been discussed in the litera-
ture (Ould-Salihi et al., 2000; Yokota and Obi, 2010).

In the present study, two dimensional, non-isothermal flows are
considered and the viscous-vortex blobs are supplemented with50
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thermal blobs to take into account the temperature variations in
the carrier phase. For 2D flows, the viscous-vortex blob method
has important advantages as the vorticity transport equation may
be written in the fully divergence form. This leads to the conser-
vation of the circulation around the boundary of each blob. The55

same approach is applied to the energy balance equation of the
carrier phase. The droplet trajectories and the fields of droplet velocities,
temperature, and sizes are calculated using the Lagrangian approach, which
makes it possible to calculate correctly regions with intersecting droplet tra-
jectories and to simulate correctly the mixing of droplets in the carrier phase60

and the spatial variation of droplet sizes due to evaporation. As shown
in Lebedeva et al. (2013), the appearance of the regions with crossing trajec-
tories is typical of impulse jet flows, and standard Eulerian approaches fail
to describe correctly the distribution of droplet parameters in these regions.

The main aim of the study is to develop a fully meshless approach to65

simulating two-phase flows with phase transition as an alternative to the
conventional Lagrangian-Eulerian approach. The mathematical formulation
of the problem is described in Section 2. The details of the numerical method
are presented in Section 3. In Section 4, the numerical algorithm is verified
based on the comparison of its predictions with the known analytical solution70

for the Lamb vortex. Section 5 is focused on the numerical simulation of a
two-phase jet injection. The main results of the paper are summarised in
Section 6.

We appreciate that the model used in our analysis, particularly the part
referring to droplet heating and evaporation, might be too simplistic to allow75

its direct application to the analysis of realistic engineering processes. How-
ever, the approach proposed is expected to lay the basis for further work in
this direction, taking into account the realistic polydisperse nature of sprays
and using more advanced models for droplet heating and evaporation (Sazhin,
2006, 2014).80

2. Formulation of the problem

We consider a two-dimensional unsteady flow of a two-phase, gas-droplet
mixture with non-uniform temperature distribution taking into account droplet
evaporation or condensation. The carrier phase is a viscous heat-conducting
gas. The temperature variations in the gas are assumed to be sufficiently
small and the flow velocities sufficiently large to neglect the effects of buoy-
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ancy forces and regard the carrier phase as incompressible. The droplets are
spheres, treated as a pressureless continuum (Marble, 1970). Due to phase
transitions, the radius and mass of the droplets may vary with time. As-
suming that the droplet mass loading is small, we neglect the effects of the
droplets on the carrier phase. This is a standard assumption of the so-called
one-way coupled two-fluid approach, widely used in the literature to study
dilute gas-particle mixtures. The range of applicability of such an approach
has been widely discussed (e.g. Crowe (2005)). To describe the interphase
momentum exchange, the expression for the aerodynamic drag force is used
in the form suggested by Carlson and Hoglund (1964). This form takes into
account the correction to the Stokes drag for finite inertia effects. Since
the ratio of gas to droplet material densities is low (∼ 10−2 − 10−3),
the contribution of added mass, buoyancy and Basset forces can
be neglected. The expression for the heat transfer rate between the gas
and the droplets is used in the form suggested by Ranz and Marshall (1952).
This expression takes into account the effect of finite values of the Reynolds
numbers referring to the flow around a droplet (Res). Thus the force and
heat flux on the droplet are presented as follows:

fd = 6πσ∗µ∗ (v∗ − v∗

s) Ψd, (1a)

qs = 4πσ∗λ∗ (T ∗ − T ∗

s )Ψh, (1b)

where Ψd = 1 + Re2/3s /6; Ψh = 1 + 0.3Pr1/3Re1/2s ; Pr = cpµ
∗/λ∗; Res =

2ρ∗σ∗ |v∗ − v∗

s |/µ∗; the asterisk indicates the dimensional parameters; sub-
script ‘s’ refers to the dispersed phase parameters; Pr is the Prandtl num-
ber; ρ∗, µ∗, λ∗, and cp are the gas density, viscosity, thermal conductivity85

and specific heat at constant pressure, respectively; σ∗ is the droplet ra-
dius. More advanced models, including the combined effects of finite Res
and evaporation on droplet dynamics and heating processes, are discussed
in Abramzon and Sazhin (2006); Sazhin (2006, 2014).

The transport and thermodynamic coefficients are assumed to be con-90

stant. The phase transition on the droplet surface is assumed to be quasi-
equilibrium. Accordingly, the droplet surface temperature is related to the
vapour pressure by the Clapeyron-Clausius equation. Restricting our anal-
ysis to the case of droplets evaporating into their own vapour, there follows
that the relative variation of the droplet surface temperature is of the order95

of the variation in pressure divided by ρ∗H , where H is the latent heat of
evaporation (Wang and Osiptsov, 2002). Since in the flows considered below
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the pressure variations in the flow field are of the order of the pressure head
ρ∗U2, where U is a characteristic flow velocity, the relative variation of the
droplet temperature is expected to be of the order of U2/H . Considering wa-100

ter droplets or automotive fuel and flow velocities below 100 m/s, we obtain
that U2/H is less than fractions of a percent. Hence, we can expect that the
droplet surface temperature is unchanged in the entire region. Note that this
temperature can be assumed to be constant in the general case of droplet
evaporation into a foreign gas, after the initial stage of the heat-up process105

has been completed (Sazhin, 2014). We also assume that the temperature
inside the droplets is uniform (see Sazhin (2014) for the details).

Under these simplifications, the evaporation rate is controlled by the heat
reaching the surface of the droplet:

ṁ =
qs
H
. (2)

The following non-dimensional parameters are introduced:

r (rs) =
r∗ (r∗s)

L
, v (vs) =

v∗ (v∗

s)

U
,

T (Ts) =
T∞ − T ∗ (T ∗

s )

T∞ − Tref
, σ =

σ∗

σref
,

r = (x, y) , rs = (xs, ys) , v = (u, v) , vs = (us, vs) ,

where L and U are the length and velocity scales of the problem; Tref and
T∞ are the gas reference temperature (e.g. jet temperature at the inlet) and
the temperature in the far field, respectively, σref is the droplet radius scale110

(e.g. initial droplet radius in the case of initially monodisperse droplets); the
so-defined dimensionless temperature takes values between 0 and 1, with 0
corresponding to the temperature in the far field.

The carrier phase is described by the incompressible Navier-Stokes equa-
tions in the vorticity-velocity variables and the transient energy equation in
the heat influx form. As mentioned above, the thermal expansion and buoy-
ancy force effects are ignored. We base our analysis on the viscous-vortex
and thermal-blob methods (Andronov et al., 2006; Ogami, 1999), in which
the dimensionless carrier-phase equations are written in the form:

∂ω

∂t
+ div (ωv) =

1

Re
∆ω, (3a)

∂T

∂t
+ div(Tv) =

γ

RePr
∆T, (3b)
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where ω = ∇ × v is the vorticity; Re = ρ∗LU/µ∗ and γ = cp/cv are the
Reynolds number and the specific heat ratio. Equation (3a) is the vorticity115

transport equation which follows from the Navier-Stokes equations for an in-
compressible fluid. Equation (3b) is the transient heat conduction equation;
under assumption that U2 ≪ cp (T∞ − Tref), the friction dissipation term is
ignored.

Introducing the vortex and thermal diffusion velocities, vdv and vdT ,
Equations (3) are rewritten in the divergence forms:

∂ω

∂t
+ div (ω (v + vdv)) = 0, (4a)

∂T

∂t
+ div (T (v + vdT )) = 0, (4b)

where

vdv = − 1

Re

∇ω

ω
, vdT = − γ

RePr

∇T

T
.

System (4) describes the evolution of the vorticity and temperature fields.120

Assuming that the flow domain is unbounded and the finite-vorticity and
nonuniform temperature regions are bounded in space, the initial and bound-
ary conditions for System (4) can be formulated as:

ω (r, t0) = ω0 (r) ,

T (r, t0) = T0 (r) ,

r → ∞ : ω → 0, T → 0.

Once the vorticity field is calculated, then the velocity field can be re-
stored using the Biot-Savart integral.

The dispersed-phase dimensionless kinematic, momentum balance and
evaporation (2) equations can be written in the Lagrangian form:

drs
dt

= vs, (5a)

dvs

dt
=

β

σ2
(v − vs) Ψd, (5b)

dσ2

dt
= δ (T − Ts) Ψh, (5c)
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where

β =
6πσrefµ

∗L

mrefU
, δ =

8π

3

σrefLλ
∗ (T∞ − Tref)

mrefUH
,

Res = Res0σ |v − vs| , Res0 =
2ρ∗σrefU

µ∗
.

Here, β, δ, Res0 are the droplet inertia parameter (inverse to the Stokes
number (Marble, 1970)), evaporation parameter and the Reynolds number
of the flow around a droplet; mref is the mass of a droplet of radius σref .125

The initial conditions for System (5) are as follows:

t = t0 : rs = r0, vs = vs0,

Ts = Ts0 (r) , σ = σ0 (r) .

The flow of the ‘gas-evaporating droplet’ system is controlled by six similar-
ity parameters: the flow Reynolds number Re, the Prandtl number Pr, the
specific heat ratio γ, the droplet inertia and evaporation parameters (β and
δ), and the characteristic droplet Reynolds number Res.

3. Numerical algorithm130

The carrier phase parameters are calculated using the meshless vortex
and thermal blob methods, while the Lagrangian approach is used for calcu-
lating the dispersed phase parameters. We focus here only on the basics of
the numerical algorithm used in the vortex and thermal blob methods; see
(Ogami, 1999; Cottet and Koumoutsakos, 2000; Andronov et al., 2006) for135

further details.
Consider a bounded domain with a non-zero vorticity. This domain can

be discretised into N elements, with the area of the i-th element equal to
∆vi. Thus:

ω (r, t) ≈
N
∑

i=1

Γiζεi (r− rvi (t)) , (6a)

Γi ≈ ω0 (rvi (t0))∆vi = const, (6b)

where ζεi (r) are the so-called cut-off functions. The elements of discretisation
are called blobs. As follows from System (4), the blobs’ strengths Γi (equal
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to the initial velocity circulations along the blob contours as described by
the Stokes’ theorem) are conserved along the trajectory described by the
velocity v+vdv. The specific form of the cut-off functions ζεi, describing the
interpolation between blobs, is discussed later in this section. The current
viscous-vortex blob positions rvi are calculated from the system of ordinary
differential equations:

drvi
dt

= v (rvi, t) + vdv (rvi, t) . (7)

The equations, similar to (6) and (7) but for M thermal blobs, take the
form:

T (r, t) ≈
M
∑

i=1

Θiζεi (r− rT i (t)) , (8a)

Θi = T0 (rT i (t0))∆T i = const, (8b)

drT i

dt
= v (rT i, t) + vdT (rT i, t) , (9)

where Θi and rT i are the strength and position of the i-th thermal blob.
The accuracy of calculations depends on the choice of the form of the

cut-off function ζεi (r). In contrast to Lebedeva et al. (2013), where a very
simple cut-off function was used, we used the 4th order cut-off function,
recommended in Cottet and Koumoutsakos (2000):

ζεi (r) =
1

3πε2i

(

4− r2

ε2i

)

exp

(

−r2

ε2i

)

.

Here, εi is the core radius of the i-th blob (parameter associated with the
cut-off function ζεi (r)). Note that the choice of the εi affects the accuracy
of the results. The values of εi are discussed in the following sections. In a140

general case, the spatial discretisation of the initial domain into the viscous
blobs differs from that for the thermal blobs.

As follows from (6) and (8), the diffusion velocities are calculated using
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the following formulae (Andronov et al., 2006; Ogami, 1999)

vdv = − 1

Re

N
∑

i=1

Γi · ∇ζεi (r− rvi (t))

N
∑

i=1

Γiζεi (r− rvi (t))

,

vdT = − γ

RePr

M
∑

i=1

Θi · ∇ζεi (r− rT i (t))

M
∑

i=1

Θiζεi (r− rT i (t))

.

The velocity field is calculated using the Biot-Savart integral (Andronov et al.,
2006) and the mollified kernel of the 4-th order (Cottet and Koumoutsakos,
2000):

v (r) =
1

2π

N
∑

i=1

Γiez ×
r− rvi

|r− rvi|2
≈

≈ 1

2π

N
∑

i=1

Γiez × Fεi (r− rvi) , (10)

Fεi (r) =
r

2πr2

[

1 +

(

r2

ε2i
− 1

)

exp

(

−r2

ε2i

)]

.

At each time step, Equations (7) for all viscous-vortex blobs (indicated by
subscript ‘i’) are solved. Then for each thermal blob, Equations (9) are solved
using Expressions (10) to compute the fluid velocity at each point rT i (t). Fi-145

nally, the droplet parameters are calculated from (5) with the values of the
carrier phase velocity and temperature at any point rs (t) obtained using (10)
and (8). The systems of ordinary differential equations (7), (9), and (5) are
solved using the 4-th order Runge-Kutta method (Boost C++ Libraries v. 1.53,
2014).150

To summarise, the numerical algorithm under consideration com-
prises three components: viscous-vortex, thermal-blob and droplet
dynamics and evaporation. The first and the second components
will be verified against analytical solutions. The values of the num-
bers of thermal blobs, M and viscous-vortex blobs, N vary for dif-155

ferent problems in the general case and an investigation of the
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accuracy of the calculations of the carrier phase parameters should
be carried out for each specific problem. In our study, the starting
values of the numbers of thermal blobs and viscous-vortex blobs
are chosen such that the results are found to be independent of160

both M and N .
For the low Mach number flows considered, the effects of com-

pressibility are ignored as the temperature variation is relatively
small and the Froud number is relatively high (α∆T ∗/Fr2 ∼ 10−2,
where α is the thermal expansion coefficient, ∆T ∗ is the tempera-165

ture difference, Fr is the Froude number). In this case the buoyancy
force in the Boussinesq approximation can be neglected.

The method developed is based on a simple evaporation model,
which does not take into account the contribution of the heating-
up period and the vapour concentration distribution. In order170

to implement more advanced models, the equation for the vapour
concentration diffusion must be included as well. This equation
can be rewritten using ‘diffusion diffusion’ velocity as in (4) and
solved after introducing ‘diffusion blobs’. However, this analysis is
beyond the scope of the paper.175

4. Verification of the numerical method: Lamb vortex

The accuracy of calculations depends on a number of parameters entered
into the discretisation formulas (the numbers of viscous-vortex and thermal
blobs (N and M), the initial geometry of the blobs, the time step used in
calculating the systems of ordinary differential equations, and the blob over-180

lapping radii εi.)
To verify our numerical algorithm and to choose the appropriate values

of the above-listed parameters, we used a standard benchmark for testing
numerical codes based on the vortex methods, namely, the Lamb vortex
flow described by an exact analytical solution to the transient Navier-Stokes185

equations.
Let us introduce a Cartesian coordinate system with the origin at the

vortex centre. Then the vorticity and velocity fields for this vortex are given
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by the following formulae (Batchelor, 1967):















ω =
Re

4πt
exp

(

−Re
r2

4t

)

,

v = (u, v) =
(−y, x)

2πr2

[

1− exp

(

−Re
r2

4t

)]

,

(11)

where the Reynolds number is based on the initial velocity circulation Γ0:
Re = ρΓ0/µ. In Expressions (11) the length scale is taken equal to the
droplet velocity relaxation length lτ =

√

mrefΓ0/ (6πσrefµ), and the velocity
scale U = Γ0/lτ . This choice of the length and velocity scales corresponds to190

β = 1.
The initialisation of the viscous-vortex blobs was the same as in Lebedeva et al.

(2013), except that the blobs were placed on concentric circumferences, with
the radii increasing with a fixed step ∆r = 0.025 (rather than the step de-
creasing towards the vortex centre). This leads to a series of rings, with the195

blobs distributed uniformly in each ring. The strength of the blobs was cal-
culated as the difference in the circulations along the outer and inner radii
at t = t0 divided by the number of blobs in the ring. Since Solution (11) has
a singularity at t = 0, the initial time instant was taken as t0 = 1. Increasing
the number of blobs in the calculations, we found that a satisfactory accuracy200

could be achieved with 863 viscous-vortex blobs, and a core size ε = cε
√
h,

where h is the width of the corresponding ring, cε = 0.7 (Barba et al., 2005).
For this number of blobs our algorithm gives satisfactory results not only for
the velocity field but also for the derivatives of the velocity. Fig. 1a shows a
comparison of the predictions of the exact analytical and numerical solutions205

at various time instants for d2u/dtdy at the y = 0 cross-section, Re = 100.
The closeness of the plots shows that our numerical code is expected to be
reliable and that it can be used for the analysis of other flows.

In the next step, we verified the thermal part of our algorithm. Equation
(3b) is equivalent to Equation (3a), if γ = Pr. Hence, in this case, an exact
solution for the temperature field evolution, corresponding to the diffusion
of the localised temperature non-uniformity in the Lamb vortex field, can be
described as:

T =
Re

4πt
exp

(

−Re
r2

4t

)

(12)

Expression (12) was used to verify the calculations of the temperature field
distribution. The initial location of thermal blobs was the same as that of210

13



the viscous-vortex blobs. For Re = 100, the initial temperature distribution
was set as T = 25/π exp (−25r2) , t0 = 1. The strength of each thermal blob
is the temperature at the blob centre, multiplied by the blob area (the area of
a ring divided by the number of blobs in the ring). The temperature profiles
at the y = 0 cross-section at various time instants against the predictions215

of the analytical solution are presented in Fig. 1b. As in the case of
the vorticity field, the results were shown not to depend on the
number of thermal blobs when this number exceeded 863. The
latter number of thermal blobs has been used in our analysis.

Then the droplet parameters were calculated from the solution to Sys-
tem (5). The droplet evaporation was calculated for Re = 100, Pr = 0.8,
γ = 1.33, Res0 = 0, δ = −0.1. It was assumed that the heat flux is directed
towards the droplets. Hence, only evaporation takes place. The initial tem-
perature distribution was set as T = exp (−r2/0.04), which implies that
0 < T ≤ 1. Since the problem under study is axially symmetric, the fields of
the droplet parameters are presented as functions of the distance to the axis
of symmetry. The initial conditions for the dispersed phase are the following:

t = t0 : rs = r0, vs (rs) = v (rs) ,

Ts (x, y) = 0, σ = 1.

Inertial droplets tend to move away from the centre of the vortex. The220

droplets initially positioned closer to the vortex centre have higher initial
velocity and they overtake the droplets initially located at the periphery.
The trajectory intersections result in the formation of a multivalued field of
droplet parameters (see Figs. 3 and 4 at t = 3, t = 4, t = 5). In Fig 3, the
time and space evolution of droplet radii in the Lamb vortex are shown in the225

range from t = 1 to t = 5. The central region of the flow corresponds to the
highest difference in the temperatures between the carrier and the dispersed
phases, which leads to the highest evaporation rates. As mentioned earlier,
the direct effect of the evaporation process on the drag force coefficient is
not taken into account (see (Abramzon and Sazhin, 2006) for the details).230

However since the droplets evaporate, the drag force exerted on them reduces,
as their radii decrease. This effect is shown in Fig. 4, where the temporal
evolutions of |vs| and rs of a line of droplets, placed in the Lamb vortex,
are compared for the cases of evaporating and non-evaporating droplets for
t in the range t = 1 to t = 5. The dotted curve in Fig. 4 corresponds to235

the analytical solution (11). As droplets evaporate, their inertia decreases;
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σ∗, µm β δ
100 0.05 0.0014
50 0.21 0.006
10 5.5 0.14

Table 1: Dimensionless values of the droplet parameters

the droplet velocities are closer to those of the carrier phase in the case of
evaporating droplets.

5. Impulse two-phase jet flow

In this section, the approach described above is applied to the simulation240

of the injection of a cold, two-phase jet into a hot, quiescent gas. In the
case of an impulse jet with a step-like velocity distribution, a vortex ring (or
vortex pair) is usually formed after the jet injection (Gharib et al., 1998).
The study presented in this section is focused on the formation and dynamics
of a two-phase vortex pair.245

We consider the injection of a water spray with L = 0.01 m (nozzle
width), U = 1.5 m/s, T∞ − Tref = 50 K into water vapour. The dimension-
less parameters in this case are summarised in Table 1. In the two-phase jet
flow, small droplets have low inertia, and are easily entrained in the vortex
flow. Droplets with larger inertia form a different flow pattern, since they250

travel with a noticeable velocity slip relative to the carrier phase. Three
cases corresponding to droplets with different inertia were considered in or-
der to illustrate different flow regimes. The Cartesian coordinate system is
introduced: x-axis is directed along the jet axis of symmetry, the origin is
at the inlet of the jet. The calculation results are presented in Figs. 5-10255

for Re = 1000, Pr = 0.8, γ = 1.33, Res0 = 0, (i) β = 0.05, δ = 0.0014, (ii)
β = 0.21, δ = 0.006, (iii) β = 5.5, δ = 0.14.

In the calculations, the initial dimensionless vorticity distribution corre-
sponded to a smooth step-like velocity profile taken in the form:







u0 =
1

1 + exp (−100 (y + 0.4))
+

1

1 + exp (100 (y − 0.4))
− 1,

v0 = 0.

(13)

The initial dimensionless temperature distribution was taken as T0 (x, y) =
u0 (x, y). The initial conditions for the dispersed phase were assumed to be
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the following:

t = t0 : rs = r0, vs = (us0, vs0) = (0.8, 0) ,

Ts (x, y) = 1, σ = 1.

The vorticity inferred from the velocity distribution described by Sys-
tem (13) is zero in the most part of the domain, including the axis y = 0,
except for the two small regions at negative and positive y. This allows us
to initially position the viscous blobs in two rectangles [−4; 0] × [0.24; 0.56]
and [−4; 0] × [−0.56;−0.24]. The thermal blobs are located initially in the
rectangle [−4; 0]× [−0.5; 0.5]. The domain geometry (D/L = 4) corresponds
to the vortex pair ‘formation number’ (Gharib et al., 1998). The droplets
occupy the central part of the domain, the rectangle [−4; 0]× [−0.4; 0.4]. At
the initial time instant, the regions on both sides of the injected liquid col-
umn are free of droplets, and the droplet velocities are 20% less than that of
the carrier phase. At the initial instant of time, all blobs and droplets were
distributed uniformly. The strength of a blob was calculated as the product
of the corresponding value of the parameter (vorticity or temperature) and
the blob area. The variable core size for each blob was calculated using the
formulae recommended in Barba et al. (2005):

εi = cε min
j=1,N

(

√

|rvj − rvi|
)

for viscous-vortex blobs, and

εi = cε min
j=1,M

(

√

|rTj − rT i|
)

,

for thermal blobs, where cε = 1.01.
After the injection, the viscous-vortex blobs concentrated in two spirals,

being swirled in the opposite directions and propagating into the quiescent260

gas. The initial locations and velocities of thermal blobs differ from those of
viscous-vortex blobs. Hence, they fill a region different from the one occupied
by the viscous-vortex blobs. The instant locations of all the blobs at t = 5
and t = 14 (10000 viscous vortex and 10000 thermal blobs) are presented
in Fig. 5. Large grey circles correspond to the vortex blobs; different levels265

of shading indicate different values of blob strength; black dots refer to the
thermal blobs.
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The numerical results for the carrier phase velocity fields were compared
with the results predicted by the asymptotic analytical solution to the prob-
lem of the diffusion of a vortex pair (Gaifullin and Zubtsov, 2004), according
to which the ‘centres’ of the vorticity regions travel with the velocity:

VV C

(

t∗Γini

l20

)

=
Γini

4πl0

[

1− 8.736

(

t∗ν

l20

)2

+ 1.845

(

t∗ν

l20

)3
]

. (14)

The asymptotic solution (14) corresponds to the limit of high Reynolds num-
bers Rea = Γini/ν >> 1, Γini is the intensity of each of the vortices at the
initial time instant, and ±l0 are the initial ordinates of the vortices. Since
the vortex pair is symmetric, only the top vortex position was calculated
using the formula:

Γtop =
∑

i: yvi>0

Γi (15a)

rV C =
1

Γtop

∑

i: yvi>0

rviΓi (15b)

The reference values for the vortex center position and velocity were taken
at t = 4; for the analytical solution (14) the initial time instant was taken
equal to t0 = 2.6. In Fig. 6 a half-distance between the vortices, calcu-270

lated using 10000, 6400, and 3600 viscous-vortex blobs, is compared with
the asymptotic solution. Satisfactory accuracy was obtained when 10000
viscous-vortex blobs were used for the calculations. The results presented
in Figures 6-10 were obtained for 10000 viscous-vortex blobs, 10000 thermal
blobs, and 1681 droplets.275

The ‘thermal centres’ were calculated using the formula (cf. (15)):

Θtop =
∑

i: yvi>0

Θi (16a)

rTC =
1

Θtop

∑

i: yvi>0

rT iΘi (16b)

The positions of the vortex and thermal centres, calculated numerically, are
compared with the predictions of the asymptotic solution 14 (for vortex cen-
tre) in Fig. 6b. As follows from this figure, the ‘thermal centre’ is located
closer to the jet axis. This is due to the fact, that the viscous-vortex blobs
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are all involved in the spiral motion; whereas thermal blobs form spirals and280

characteristic tail features (see Fig. 5, t = 14).
Vortex centre dynamics predicted by the numerical simulation were com-

pared with the prediction of the asymptotic solution (14) for the cases of
Re = 100 and Re = 1000. The positions of the vortex pair centres are
presented in Fig. 7. As follows from this figure, the asymptotic solution285

(Re → ∞) predicts slightly higher values than the numerical simulations;
there is a better agreement between the results for the case of Re = 1000.
In both cases the numerical results agree satisfactorily with the predictions
of the analytical solution at the initial times (0 < t < 10); at later
times the discrepancy increases. This discrepancy becomes partic-290

ularly noticeable in the case of Re = 100 as the analytical solution
was derived in the limit of infinitely high Reynolds numbers of the
flow.

The cases of droplets with β = 5.5, β = 0.21, and β = 0.05 were consid-
ered (see Table 1). In Fig. 8-10, clouds of droplets at various time instants are295

presented. Due to their symmetry, only one half of the droplet flow pattern
is shown. In the top parts of the figures, the highest level of shading corre-
sponds to the largest droplets, and the lowest level to the smallest droplets.
In the bottom parts of the figures, the highest level of shading corresponds to
the largest phase velocity slips, and the lowest level to the smallest velocity300

difference. As one can see in these figures, after the injection, a vortex pair
forms in the carrier phase. The velocities of low-inertia particles (β = 5.5,
see Fig. 8) relax faster than the carrier phase velocities. Thus, the two-phase
flow is characterised by better mixing; the droplets form ring-like structures
and evaporate faster compared with the cases of larger droplets. At t = 8,305

smaller droplets are located closer to the jet axis, while larger droplets can
be seen at the periphery. This is attributed to the fact that, as droplets
enter the hot environment, they evaporate faster and are entrained in the
vortex earlier than the droplets which enter the flow at later times. At
t = 12, droplets remain behind the vortex, as large droplets move backwards310

and small droplets evaporate completely. The case β = 0.21 (see Fig. 9)
corresponds to the widest two-phase jet among the cases considered. The ve-
locities of the droplets, that were initially close to the inlet, decrease as they
enter the quiescent gas; the droplets that enter the flow later can overtake
the leading edge. The initially rectangular cloud of droplets is turned inside315

out after the injection, then it is deformed into a narrow band (see t = 8,
t = 12). The droplets at the sides move slower and evaporate more rapidly
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than those at the centre. As the droplets at the front of the two-phase region
evaporate and slow down, larger droplets move to the front edge (t = 12).
At later times the cloud of droplets is divided into two groups, positioned320

along the jet axis. The droplet sizes vary within a 7% range. In the case of
droplets with greater inertia (β = 0.05, see Fig. 10), their sizes remain almost
unchanged. The cloud of droplets deforms into a narrow band. The droplets
evaporate at a greater rate at the front of the two-phase region. Hence, larger
droplets remain at the rear part of the droplet cloud. The two-phase region325

remains closer to the jet axis.
These results are in good qualitative agreement with droplet be-

haviour observed in experiments. Begg et al. (2009) investigated
vortex ring-like structures visualised by fuel droplets in a combus-
tion chamber. It was shown that, in this flow, the largest droplets330

move faster along the axis of the vortex ring, and the smallest
droplets are entrained in vortex rotation. It was also shown that
the axial velocity of droplets on the axis is higher than that off the
axis.

6. Conclusion335

A meshless method based on a combination of the viscous-vortex and
thermal-blob methods for the carrier phase and the Lagrangian approach
for the dispersed phase is developed for the case of non-isothermal flow and
evaporating droplets. The effect of the droplets on the carrier phase was not
considered. Some numerical results referring to transient 2D gas-droplet flows340

are presented. The numerical code was verified for the non-isothermal Lamb
vortex flow. The predicted distributions of the carrier-phase parameters were
shown to be in good agreement with the analytical solution for the Lamb
vortex. The method was applied to simulate a plane impulse two-phase jet
flow. The injection of a cold ‘vapour-droplet’ jet into a hot quiescent gas345

was studied. The calculated parameters of the vortex pair formed after the
injection are shown to be in good agreement with the known asymptotic
solution for the diffusion of two vortices. Three typical cases corresponding
to different initial droplet diameters were considered. The flow with the finest
droplets shows better mixing among the three cases considered: low-inertia350

droplets form ring-like structures. The droplets of medium size collect into
narrow bands, the droplets at the band ends slow down and evaporate more
rapidly than at the centre. The cloud of droplets with the largest inertia
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remain close to the jet axis.This result was shown to be supported by
experimental observations. In the three cases considered, the evaporation355

process leads to different droplet size distributions in the flow field: (i) in the
case of small droplets, larger droplets collect behind the vortex pair; (ii) in
the case of medium size droplets, larger droplets accumulate at the front of
the two-phase jet; (iii) in the case of the largest droplets, larger droplets
accumulate at the trailing part of the two-phase region.360
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Figure 1: Comparison of the predictions of numerical (dotted) and analytical (solid) solu-
tions for the Lamb vortex profiles at the y = 0 cross-section: a) d2u/dtdy; b) T .
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Figure 2: Evolution of non-dimensional gas temperature profiles for the Lamb vortex at
the y = 0 cross-section.
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Figure 3: Time and space evolutions of non-dimensional droplet radii in the Lamb vortex.
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Figure 5: Blob distributions at time instants t = 5 and t = 14; black dots – thermal
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strengths of blobs. Note that the viscous-vortex and thermal blobs move independently.
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