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Abstract: Computational Fluid Dynamics (CFD) frameworks of supercritical cryogenic fluids need
to employ Real Fluid models such as cubic Equations of State (EoS) to account for thermal and
inertial driven mechanisms of fluid evolution and disintegration. Accurate estimation of the non-
linear variation in density, thermodynamic and transport properties is required to computationally
replicate the relevant thermo and fluid dynamics involved. This article reviews the availability,
performance and the implementation of common Real Fluid EoS and data-based models in CFD
studies of supercritical cryogenic fluids. A systematic analysis of supercritical cryogenic fluid (N2, O2

and CH4) thermophysical property predictions by cubic (PR and SRK) and non-cubic (SBWR) Real
Fluid EoS, along with Chung’s model, reveal that: (a) SRK EoS is much more accurate than PR at low
temperatures of liquid phase, whereas PR is more accurate at the pseudoboiling region and (b) SBWR
EoS is more accurate than PR and SRK despite requiring the same input parameters; however, it is
limited by the complexity in thermodynamic property estimation. Alternative data-based models,
such as tabulation and polynomial methods, have also been shown to be reliably employed in CFD. At
the end, a brief discussion on the thermophysical modelling of cryogenic fluids affected by quantum
effects is included, in which the unsuitability of the common real fluid EoS models for the liquid
phase of such fluids is presented.

Keywords: cryogenic fluids; supercritical; real fluids; equations of state; computational fluid dynamics

1. Introduction

Cryogenic fluids are gases in atmospheric conditions which transition to liquid phase
usually below 120 K. Common cryogenic fluids include liquid nitrogen (LN2), liquid
oxygen (LOX), liquified natural gas (LNG), liquid air, liquid helium (LHe) and liquid
hydrogen (LH2). At present, cryogenic fluids are used in a range of application including
MRI (Magnetic Resonance Imaging), NMR (Nuclear Magnetic Resonance), cryogenic rocket
engines, LTS (low temperature superconductors) [1] as well as in propulsion systems such
as the case of high efficiency Internal Combustion Engines-Cryopower RSCE [2–4] and
‘methalox’ cryogenic rocket engines [5,6].

Cryogenic fluids exist as liquids at very low temperatures even at atmospheric pres-
sures, although in practice their transportation and storage requires compression at high
pressures as well. When they are used in a real life applications they will transition from
their liquid state that are maintained during storage back to their natural gaseous state after
being exposed to a high pressure and temperature operating environment. Here we refer as
“high” operating conditions above their critical point (see Table 1) which results in complex
phase change phenomena taking place. For instance, in cryogenic rocket engines while the
fuel (liquid hydrogen) and oxidiser (liquid oxygen) are stored in their liquid phase at low
temperatures and high pressures, the prevailing environment inside the combustion cham-
ber that they are injected is approximately 10 to 15 MPa and 3000 K which is a supercritical
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environment for both hydrogen and oxygen. The same is the case of methane that is used
as fuel in methalox cryogenic rocket engines. Another example is the compression chamber
of Cryopower RSCE Internal Combustion Engine, where liquid nitrogen is utilised as a
coolant in the compression chamber [2,4]. The maximum pressure in the chamber can reach
up to 7 MPa and the temperature exceeds 300 K, which is again supercritical for nitrogen.

At subcritical pressures, the cryogenic liquids behave similarly to atmospheric liquids.
When injected into high temperature environments, they break into droplets and ligaments
before vaporisation [7,8]. In our previous work we have shown that cryogenic fluids obey
primary atomisation/breakup regimes traditionally utilised for the categorisation of atmo-
spheric liquids [4]. On the contrary, at supercritical pressures, the injected cryogenic liquid
diffuses into the ambient environment more like a turbulent gas jet without exhibiting the
traditional primary and secondary breakup characteristics. This unique behaviour of cryo-
genic liquids injected into supercritical environment has been extensively experimented and
examined by Mayer et al. [7,9–12], Oschwald et al. [13–15] and Chehroudi et al. [8,16,17].

Table 1. Table of respective fluid critical properties of five cryogenic fluids (N2, O2, H2, He and CH4).
Data obtained from NIST webbook database [18].

Fluid Critical Critical
Pressure Temperature
Pc (MPa) Tc (K)

Nitrogen-N2 3.3958 126.192
Oxygen-O2 5.0430 154.581

Methane-CH4 4.5992 190.564

Hydrogen-H2 1.2964 33.145
Helium-He 0.22832 5.1953

An additional peculiarity of these fluids is that while for liquid sprays and gas jets
at atmospheric and subcritical pressures the thermophysical properties of the fluid (both
liquid and gas) can be assumed to be constant or having a linear dependency to temperature,
at supercritical pressure conditions these assumptions are not valid. The continuous yet
non-linear behaviour of cryogenic fluids and the associated thermophysical properties
at supercritical pressures around the critical temperature has been discussed for isolated
supercritical pressures under consideration by various researchers [10,19–25] and expanded
in a systematic manner for a wider range of supercritical pressures by some of them [4,5].
To elaborate, the steep drop in density and drastic spikes in specific heat capacity of nitrogen
around the critical temperature at supercritical pressures of 4 and 6 MPa were presented by
Mayer et al. [10], corresponding to his liquid nitrogen injection experiments and later on
by Kim et al. [19] for numerical simulation of Mayer et al.’s experiments. However, it is
not only the density which undergoes this steep transition, even the viscosity and thermal
conductivity of nitrogen were observed to transition steeply at these pressures [21–24].
In [4,5] the variations of all these properties for a range of supercritical (from low to high
supercritical) pressures of nitrogen (4 to 10 MPa) are shown. This non-linearity in the
properties and behaviour of the fluids at supercritical conditions is referred to as real
fluid behaviour, and is common for all fluids at supercritical pressures around the critical
temperature. In the case of most applications of cryogenic fluids where the pressure is
supercritical, the large temperature difference between the storage and operating conditions
makes them go through the critical temperature while transitioning from injection state
towards the operating state, which makes these fluids highly sensitive to the thermal
influence in addition to the flow dynamics. In other words, the evolution of such injected
cryogenic fluids/jets is controlled by both thermal and inertia phenomena. The thermal
influence on the cryogenic jet evolution known as ’thermal disintegration mechanism’ has
been first analysed in significant detail by Banuti [26], who focused on the liquid nitrogen
injection into supercritical pressure and temperature environment corresponding to the
experiments of Mayer et al. [10]. He demonstrated that the decay of such nitrogen jets



Energies 2023, 16, 885 3 of 30

were strongly influenced by the thermodynamic state (and properties) of the fluid. More
recently, in [4,5] the interplay of the thermal and the mechanical disintegration mechanisms
(including turbulence) was also investigated.

One of the primary requirements for Computational Fluid Dynamics (CFD) ap-
proaches in order to accurately simulate the evolution dynamics of cryogenic fluids at
supercritical pressures is the implementation of numerical models that are able to estimate
thermodynamic properties—enthalpy/ specific heat capacity and thermal conductivity (to
account for the thermal interactions), in addition to density and viscosity (to account for
inertial and mechanical effects) adequately as they vary with temperature. The National In-
stitute of Standards and Technology (NIST) Reference Fluid Thermodynamic and Transport
Properties Database (REFPROP) [27] is considered to be one of the most accurate databases
for the thermophysical properties of single-component cryogenic and supercritical fluids.
However, it should be noted that the database is in reality built upon several individual
models including, but not limited to, Modified Benedict Webb Rubin (MBWR) [28,29],
Helmholtz-energy equation of state and Extended Corresponding States (ECS) each hav-
ing their applicability limitations. Another alternative is the CoolProp [30] built upon
Helmholtz-energy equation of state. Although several exclusive Equations of State (EoS)
have been specifically developed for natural gas and natural gas mixtures such as Per-
turbed Chain-Statistical Associating Fluid Theory (PC-SAFT) [31] and Groupe Européen de
Recherches Gazières (GERG-2004) [32] and its subsequent expansion to GERG-2008 [33]
EoS, none such EoS or thermophysical models exist specifically for cryogenic fluids. While
Liquified Natural Gas (LNG) and liquid CH4, being cryogenic could make use of natural
gas/gas-mixture specific EoS mentioned above, Cubic EoS such as Peng–Robinson (PR) [34]
and Soave-Redlich-Kwong (SRK) [35] are still the most preferred EoS for non-hydrocarbon
single-component and multi-component cryogenic fluid simulations.

One point that needs to be highlighted is that, although there are several more complex
real fluid EoS models—than the ones mentioned above–available in the literature, the focus
in this paper would be specifically on common EoS which do not require extensive fluid-
specific parameters. The reason is that when CFD frameworks are developed they need to
be general to model a wide range of fluids and conditions. Implementation of case specific
thermophysical models limits the applicability of the numerical approaches although in
some case might be beneficial in terms of accuracy. The cubic EoS are a good fit to be
coupled with CFD approaches as they only require as input the critical parameters of
the fluid under consideration. This enables these EoS to be utilised for several different
cryogenic fluids in CFD simulations, without the need to model them according to specific
fluids. Although the cubic EoS only relates the state variables from which the density
can be obtained directly, the thermodynamic properties can be obtained from the use of
departure functions and ideal gas values. However for the prediction of the transport
properties-viscosity and thermal conductivity, additional models that provide coupling
with the EoS exist. See for example the work presented in a range of publications [36–40].
In this paper the applicability of these EoS and of the supplementary models will be limited
to commonly used cryogenic fluids (such as for example N2). Hydrogen and helium are
excluded because quantum effects come in to play. Only a brief discussion will be included
in the end of the paper for completeness.

The paper is structured as follows: After introducing (above) the need for real fluid
thermophysical/EoS models in CFD simulations of cryogenic fluids at supercritical pressure
environments, a brief overview of the variation in thermophysical properties from cryogenic
temperatures to high temperatures at supercritical pressures of nitrogen (N2) is presented
using NIST data [18]. This introductory analysis of N2 is included in order to provide a
better understanding of the drastic yet continuous variation around the temperatures of
phase transition at supercritical pressures. Then, starting with a review of the real fluid
EoS commonly utilised in numerical simulations, specific cubic and non-cubic EoS (PR,
SRK and SBWR) are discussed. This is also followed by a brief demonstration of how
to obtain thermodynamic and transport properties from these EoS. The performance of
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these EoS models in the estimation of the thermophysical properties of cryogenic N2, O2,
and CH4 at supercritical pressures are presented and compared against NIST data. This
is then followed by a review of past CFD approaches and the real fluid EoS utilised in
them to simulate cryogenic fluids introduced into supercritical pressure environments.
For completeness, alternative data based thermophysical models-polynomial fitting of
NIST data and tabulated thermophysical properties- used in some numerical simulation
studies to mitigate the complexities in using real fluid EoS are also discussed. Lastly,
the peculiarities associated with modelling cryogenic fluids influenced by quantum effects
are discussed briefly along with the deficiencies of utilising common real fluid EoS for
such fluids. Finally, the important conclusions summarise the current state of common real
fluid EoS and other thermophysical models used in CFD simulations of cryogenic fluids in
supercritical environments.

2. Peculiarities of Thermophysical Properties at Supercritical Pressure Conditions

To understand the thermophysical transition of cryogenic fluids at supercritical con-
ditions, the NIST isobaric thermophysical properties (density, specific heat capacity at
constant pressure, viscosity and thermal conductivity) of N2 chosen as the case fluid are
presented for various pressures, starting from a low subcritical pressure of 0.1 MPa and up
to a high supercritical pressure of 10 MPa (see Figure 1 adapted from [4]). The reason that
N2 is chosen is because it is well studied and experimented due to its inertness, abundance,
cost and safety, and furthermore LN2 has been often used as surrogate for other cryogenic
fluids in experiments [7,9,10]. The plots presented here for a series of 10 isobaric pressures
(from low subcritical to high supercritical) shed light on the thermophysical property
variation with increase/decrease in pressures as well as the isobaric conditions that are
representative of many of its applications.

From the plots in Figure 1, it can be seen that at subcritical pressures from a very low
temperature of 70 K with increase in temperature the LN2 eventually reaches the boiling
temperature where phase transition from liquid to gas takes place. The thermophysical
properties instantly change from that of a liquid to that of a gas. In the figure, the phase
change corresponding to the discontinuity in the thermophysical properties at subcritical
pressures of 0.1 MPa to 3 MPa is denoted by dashed lines. Above the boiling point,
for subcritical pressures the gas phase density, specific heat capacity, viscosity, and thermal
conductivity can be assumed constant or linear. While at near-critical subcritical pressures
(Pc = 3.396 MPa for N2) gradients start to appear near the boiling temperature, the boiling
point discontinuity still persists. Whereas above the critical pressure the discontinuity
ceases and the transition from liquid to supercritical fluid occurs without any associated
thermophysical property discontinuity.

Although beyond the critical point the fluid is generally known as a supercritical fluid,
with increase in temperature at supercritical pressures, around the critical temperature
the thermophysical properties-density, viscosity and thermal conductivity, transform from
properties of liquid to that of something like a gas phase as in the case of N2 from the figure.
The difference to subcritical pressures is that the phase change occurs in a continuous
manner over a temperature range. In terms of heat capacity, as the temperature of the
fluid approaches this temperature, there is a distinct rise in isobaric specific heat capacity
which peaks at a particular temperature before falling back, and this can be seen in Figure 1
for supercritical pressures (4 to 10 MPa). This particular temperature where the peak of
specific heat capacity is located is known as the pseudoboiling temperature and is always
greater than the critical temperature of N2 (126.192 K). With increase in pressure above
the critical pressure the peaks of specific heat capacity fall and flatten out. Simultaneously,
the respective pseudoboiling temperature progressively shifts to higher temperatures and
the steep curves of other thermophysical properties around the pseudoboiling temperature
expand and smooth out as the pressure increases. In a P-T diagram the line connecting the
pseudoboiling temperatures of respective supercritical pressures forms the Widom line,
which is the line separating supercritical fluids into liquid-like and gas-like fluids [41–44].
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The transition region around the Widom line where major transition in thermophysical
properties take place is also sometimes known as the pseudoboiling region.

Figure 1. NIST data of density (top-left), specific heat capacity at constant pressure (top-right), vis-
cosity (bottom-left) and thermal conductivity (bottom-right) for nitrogen at pressures from 0.1 MPa
to 10 MPa, against temperature. Adapted from [4].

3. Real Fluid Equation of State (EoS)

Most fluids in their gaseous phase at subcritical pressures behave like ideal gases and
obey the ideal gas law. Hence, the well-known ideal gas EoS is sufficient to determine the
properties of the fluid. Supercritical fluids do not obey the ideal gas law and are named
“real fluids”. Hence to estimate the rapidly yet continuously changing thermophysical
properties of these fluids at supercritical pressure conditions (described in the previous
section), a real fluid EoS needs to be employed in CFD frameworks. The cubic EoS are
commonly used to model real fluids and have been further improved through corrections
based on empirical data to increase their accuracy. These cubic EoS require input data
only relevant to the critical parameters and fundamental properties of the fluid, which
enhances their applicability to a wide range of fluids. A second category of EoS, known as
empirical EoS, utilise empirical parameters specific to the fluid of interest which are derived
from empirical data/experiments of that fluid. Although the accuracy of the empirical
EoS might be even better than the cubic EoS, a large number of parameters are usually
required as input for the empirical EoS to be accurate around the transcritical/near-critical
and supercritical regions.
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3.1. Cubic Equations of State

The cubic EoS were originally introduced by Van der Waals [45] in 1873, for which
he was awarded the Noble Prize in 1910. The Van der Waals (VdW) EoS relates the state
parameters, pressure, molar volume (volume of 1 mole of substance) and temperature (P, v
and T), taking into account the size of molecules and the attraction and repulsion forces
which exist due to molecular interaction. This is a significant advancement with respect to
the ideal gas law (and ideal gas EoS) which considers the gas molecules to be point masses
and the collision between these point masses as perfectly elastic. The VdW EoS is however
not appropriate for modelling fluids at supercritical conditions, as it fails at the liquid and
transcritical regions. For example, in the work of Hickey et al. [46], the author shows that
the VdW EoS under-predicts the liquid density of CO2 to a large extent up to the critical
temperature at supercritical pressures.

In the original VdW EoS, the attraction parameter a and repulsion parameter b depend
purely upon the critical parameters of the fluid. Since the initial derivation of the equation,
several modifications to the attraction and repulsion parameters have been suggested based
on empirical data to improve the accuracy of the respective proposed EoS. Two of the most
widely used such cubic EoS, Peng–Robinson (PR) by Peng [34] and Soave–Redlich–Kwong
(SRK) by Soave [35] are given in Equations (1) and (3) respectively where R is the univer-
sal gas constant in addition to the defined parameters. Both PR and SRK determine the
attraction parameter aα as dependant on temperature experienced and acentric factor ω,
in addition to the critical parameters (critical pressure Pc and critical temperature Tc) of the
fluid. These EoS can also be rewritten as cubic equations of the compressibility factor Z
according to the classification of the cubic EoS (see Equations (2) and (4)). Although nu-
merous other improved/adapted EoS based on PR and SRK can be found in the literature,
they are used mostly to improve the accuracy of the prediction of the vapor–liquid phase
equilibrium (VLE) calculations encountered at subcritical pressure conditions [47,48] rather
than addressing the modelling issues of supercritical conditions.

The Peng–Robinson (PR) EoS is given as [34]:

P =
RT

v− b
− aα

v(v + b) + b(v− b)
(1)

where

a = 0.45724
(RTc)2

Pc
and b = 0.07780

RTc

Pc

α = (1 + m(1− T0.5
r ))2 Tr = T/Tc

m = 0.37464 + 1.54226ω− 0.26992ω2

The cubic form of PR EoS in terms of compressibility factor Z is given as [34]:

Z3 − (1− B)Z2 + Z(A− 3B2 − 2B)− (AB− B2 − B3) = 0, (2)

where
Z =

Pv
RT

A =
αaP
(RT)2 B =

bP
RT

The notations a, b and the temperature dependent function—α are the same as in the
PR EoS (Equation (1)).

The Soave–Redlich–Kwong (SRK) EoS is given as [35]:

P =
RT

v− b
− aα

v(v + b)
(3)

where

a = 0.42747
(RTc)2

Pc
and b = 0.08664

RTc

Pc
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α = (1 + m(1− T0.5
r ))2 Tr = T/Tc

m = 0.480 + 1.574ω− 0.176ω2

The cubic form of SRK EoS in terms of compressibility factor Z is given as [35]:

Z3 − Z2 + Z(A− B− B2)− AB = 0, (4)

where
Z =

Pv
RT

A =
αaP
(RT)2 B =

bP
RT

The notations a, b and α are the same as in the SRK EoS (Equation (3)).

3.2. Non-Cubic Equations of State

Apart from the cubic EoS, which trace their foundations in molecular dynamics (molec-
ular interaction and size of molecules) equation of VdW [45], numerous other theoretical
and empirical non-cubic EoS models can be found across the literature. Among these
non-cubic EoS, those modelled around principle/law of corresponding states employ the
similarity of all fluids in their reduced state (i.e., with respect to their critical state) [49–52],
whereas others are based on purely empirical data based on fluid specific isotherm fits such
as Benedict-Webb-Rubin (BWR) EoS [53]. The empirical data based EoS models usually
require a large number of input parameters specific to the fluid of interest. For example,
BWR EoS requires 8 parameters, specific to each fluid for which the state variables need to
be related. Several modified EoS based on BWR can also be found in the literature which
require even more fluid-specific parameters, such as the Younglove’s Modified Benedict–
Webb–Rubin (MBWR) [28,29] EoS which requires 32 parameters. Most of the empirical EoS
and even the cubic EoS, although not convenient to apply can be recast into virial form,
and hence in their virial form can also be grouped under virial EoS [50,54,55]. The virial
expansion which expresses pressure or compressibility of a particle system as an infinite
power series was proposed by Kamerlingh Onnes [56].

SBWR

Another empirical EoS which is of significant interest is the Soave modification of
BWR (SBWR) EoS by Soave [57,58]. Soave modified the BWR by eliminating the terms
with minimum influence and by correlating the empirical parameters with the critical
values of the respective fluids, SBWR utilises no more parameters than PR and SRK and
has a better accuracy than the cubic EoS at near critical regions [57,58]. The parameters
required for SBWR EoS are just the critical properties (Pc, Tc) and the acentric factor ω
which significantly enhances the applicability of SBWR for a wide range of fluids.

The Soave modified BWR (SBWR) EoS in terms of compressibility factor is given
as [58]:

Z =
P

RTρ
= 1 + Bρ + Cρ2 + Dρ4 + Eρ2(1 + Fρ2)exp(−Fρ2), (5)

where

B =
RTc

Pc

[
βc + 0.422

(
1− 1

T1.6
r

)
+ 0.234ω

(
1− 1

T3
r

)]

D =

(
RTc

PC

)4
δc

[
1 + d1

(
1
Tr
− 1
)
+ d2

(
1
Tr
− 1
)2
]

E =

(
RTc

Pc

)4
[

εc + e1

(
1
Tr
− 1
)
+ e2

(
1
Tr
− 1
)2

+ e3

(
1
Tr
− 1
)2
]

F =

(
RTc

Pc

)2
f Z2

c Tr =
T
Tc

Zc = 0.2908− 0.099ω + 0.04ω2
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d1 = 0.4912 + 0.6478ω d2 = 0.3000 + 0.3619ω

e1 = 0.0841 + 0.1318ω + 0.0018ω2 e2 = 0.0750 + 0.2408ω− 0.0140ω2

e3 = −0.0065 + 0.1798ω− 0.0078ω2 f = 0.77

βc = bZc δc = dZc
4 εc = eZc

2

e =
2− 5Zc

(1 + f + 3 f 2 − 2 f 3)exp(− f )
d =

1− 2Zc − e(1 + f − 2 f 2)exp(− f )
3

b = Zc − 1− d− e(1 + f )exp(− f )

4. Thermophysical Property Derivation Based on EoS
4.1. Density

As the EoS relates the state variables of a fluid i.e., pressure, volume and temperature
for a fixed mole of the fluid, the density can be obtained directly from the relation ρ = M/v
or in terms of compressibility factor as ρ = P× M/(Z × R× T), where M is the molar
weight of the fluid.

4.2. Thermodynamic Properties-Enthalpy and Specific Heat Capacity

Thermodynamic properties, such as enthalpy, entropy and Gibbs free energy, are
estimated using departure functions and ideal gas values, and cannot be calculated directly
from the EoS as is the case for density. This is also known as dense fluid correction [19,59].
These departure functions are derived from fundamental thermodynamic relations based
on the basic laws of thermodynamics [54]. In general, to estimate any real fluid property,
the following relations hold:

Propertyreal f luid = Propertyidealgas + Propertydeparture. (6)

The ideal gas values of enthalpy and specific heat capacity can be obtained straight-
forwardly through well known models [60–62]. The departure enthalpy and specific heat
capacity from real EoS such as PR and SRK can be obtained through the simplification of
enthalpy departure function [34,54]. The reader is referred to the Appendix A for departure
enthalpy and specific heat capacity functions associated with PR and SRK as well as the esti-
mation of real fluid enthalpy and specific heat capacity values from the ideal gas values and
departure values. For the case of SBWR EoS, this method of estimating the enthalpies from
departure functions is more complex due to the equation being a higher order polynomial
and having an exponential function in it. Soave [58] has stated that the thermodynamic
properties derived from SBWR are expected to be accurate however there is lack of any
clear method to derive the departure functions from SBWR available in the literature.

4.3. Transport Properties-Viscosity and Thermal Conductivity

The transport properties that complement density and thermodynamic properties
estimations are derived through additional models such as the Chung et al.’s [36] method.
The Chung et al.’s method has its origins in the Boltzmann equation. While the Chapman–
Enskog Theory (CET) mathematically derives the equations for viscosity and thermal
conductivity from the Boltzmann equation for a simple molecular, non polar and non
associating (non hydrogen bonding) dilute gas [63], the applicability of the equation for
viscosity and thermal conductivity from CET is extended to all dilute gases including
polar and associating gases through empirical correlations [36]. The applicability of these
equations is further extended to dense gases through further empirical correlations by
Chung et al. [36]. Other methods to estimate the transport properties—viscosity and
thermal conductivity along with EoS exist [37–40,64], though most of them have limitations
in applicability or restricted to one property. Chung et al.’s method on the other hand
requires only density as input (which can be obtained from EoS) to estimate dilute and
dense gas transport properties in a unified manner. Chung et al.’s method is detailed in the
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Appendix A and the equations there have been rewritten from Chung et al.’s [36] to obtain
and return values in SI units.

5. Predictions of Real Fluid EoS for Various Cryogenic Supercritical Fluids
Investigated in CFD Studies

While at subcritical pressures the EoS can return up to 3 roots (consisting of both real
and imaginary) in the regions of VLE (vapour-liquid equilibrium) where the minimum
root corresponds to liquid phase and the maximum root corresponds to the vapour/gas
phase, at supercritical pressures only one positive real root exists for the cubic EoS due
to the existence of singular liquid phase below and supercritical phase above the critical
temperature. To assess the performance of the real fluid EoS (PR, SRK and SBWR) along
with Chung et al.’s method, their estimation of isobaric thermophysical properties for pop-
ular cryogenic fluids (N2, O2 and CH4) are presented below at a near-critical supercritical
pressure, intermediate supercritical pressure and a high supercritical pressure (>=2Pc) and
compared against the accurate NIST thermophysical property database [18]. Table 2 shows
the absolute pressure values examined and their correspondence with the critical values.

Table 2. Table of respective supercritical pressures of three cryogenic fluids (N2, O2 and CH4) for
which the thermophysical properties were estimated using EoS and the EoS–Chung model, where Pc

is the critical pressure and Pr is the reduced pressure of the respective fluid.

Fluid Near-Critical Super-Critical High Pc
P (MPa) Pr ( P/Pc) P (MPa) Pr (P/Pc) P (MPa) Pr (P/Pc) (MPa)

N2 4 1.2 7 2.1 3 2.9 3.396
O2 6 1.2 8 1.6 10 2 5.043

CH4 5 1.1 8 1.7 10 2.2 4.599

5.1. Density

Density estimations at supercritical pressures by PR, SRK and SBWR compared against
NIST data for the three cryogenic fluids—nitrogen (N2), oxygen (O2) and methane (CH4) are
presented in Figure 2, where the density estimates for N2 are compared with experimental
data by Nowak [65] and Straty [66] as well. Although PR significantly overestimates low
temperature liquid densities, it is very accurate in estimating the liquid phase density at
temperatures around the pseudoboiling temperature. The entire supercritical phase density
is estimated accurately by PR. While SRK is accurate for the most part in estimating the
liquid and supercritical phase densities at supercritical pressures, It slightly underestimates
their densities around the pseudoboiling temperature. On the other hand, SBWR estimates
the liquid and supercritical phase density of all the three cryogenic fluids—N2, O2 and
CH4 accurately at all temperatures including around the pseudoboiling temperature at
supercritical pressures.
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Figure 2. Plots of estimated density using PR, SRK and SBWR EoS compared with NIST and
experimental data by Nowak [65] and Straty [66] for cryogenic fluids (N2, O2 and CH4) at three
supercritical pressures.

5.2. Thermodynamic Properties-Enthalpy and Specific Heat Capacity

As mentioned earlier, due to the lack of available methods for thermodynamic property
derivations from SBWR EoS, only PR and SRK EoS are presented and compared against
NIST data. The thermodynamic properties—enthalpy and specific heat capacity of nitrogen
(N2), oxygen (O2) and methane (CH4)—estimated by the PR and SRK at supercritical
pressures are presented in Figures 3 and 4. The enthalpy estimates by both PR and SRK
at supercritical pressures are very accurate when compared against NIST. Though upon
taking a closer look at Figure 3, one can find small deviations in PR and SRK around the
pseudoboiling temperature where steep changes in enthalpy occur. This is particularly
more noticeable for the low supercritical pressures, i.e., just above Pc. On the other hand,
although the liquid and supercritical phase specific heat capacities of all the three cryogenic
fluids are estimated accurately by both PR and SRK for most of the temperature range,
there is considerable underestimation around the specific heat capacity peaks located at the
pseudoboiling temperature, particularly at low supercritical pressures just above Pc.
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Figure 3. Plots of estimated enthalpy using density from PR and SRK compared against NIST for
cryogenic fluids (N2, O2 and CH4) at three supercritical pressures.
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Figure 4. Plots of estimated enthalpy using density from PR and SRK compared against NIST for
cryogenic fluids (N2, O2 and CH4) at three supercritical pressures.

5.3. Transport Properties-Viscosity and Thermal Conductivity

The transport properties—viscosity and thermal conductivity—estimated by
Chung et al.’s transport model along with all the EoS-PR, SRK and SBWR for the cryogenic
fluids - nitrogen (N2), oxygen (O2) and methane (CH4) at supercritical pressures are pre-
sented in Figures 5 and 6 respectively. PR (along with Chung et al.’s model) considerably
overestimates low temperature liquid phase viscosity for all the three cryogenic fluids as
seen in the Figure 5. Though, the entire supercritical phase viscosity and liquid phase
viscosity close to the pseudoboiling point temperature are estimated accurately by PR.
SRK (along with Chung et al.’s model) on the other hand manages to estimate the entire



Energies 2023, 16, 885 13 of 30

liquid and supercritical phase viscosities accurately. SBWR presents with similar excellent
accuracy as that of SRK in estimating the viscosities. Similar to its viscosity predictions, PR
(along with Chung et al.’s model) considerably overestimates low temperature liquid phase
thermal conductivity for all the three cryogenic fluids as seen in the Figure 6. While SRK
and SBWR are relatively more accurate in predicting the liquid phase thermal conductivity,
at very low temperatures SRK estimates are relatively more accurate whereas around the
pseudoboiling temperature SBWR estimates are more accurate. The high temperature super-
critical phase thermal conductivity on the other hand is relatively better estimated by all the
EoS in a similar manner, though the drastic changes around the pseudoboiling temperature
particularly at near critical pressures is not captured by any of the EoS accurately.

Figure 5. Plots of estimated viscosity using Chung et al.’s model and density from PR, SRK and
SBWR compared against NIST for cryogenic fluids (N2, O2 and CH4) at three supercritical pressures.
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Figure 6. Plots of estimated thermal conductivity using Chung et al.’s model and density from PR,
SRK and SBWR compared against NIST for cryogenic fluids (N2, O2 and CH4) at three supercriti-
cal pressures.

5.4. Summary

In general, for the entire range of temperatures and supercritical pressures SRK is
more accurate than PR in predicting all the thermophysical properties. However, if lower
temperature liquid phase is not of interest, then PR is a better choice than SRK in estimating
thermophysical properties of liquid phases and supercritical phase very close to Tc, i.e., the
pseudoboiling region, whereas the non-cubic SBWR is more accurate than the cubic EoS
(PR and SRK explored in this research) in estimating fluid’s density and even the transport
properties throughout all supercritical pressures and temperatures. However, since the for-
mulation to estimate thermodynamic properties using SBWR does not exist in the literature,
It would be of much interest to cryogenics that thermodynamic property derivations from
SBWR is formulated to estimate all the required thermophysical properties. The deviations
in transport properties (thermal conductivity in particular) by SBWR-Chung reveals that
these are limitations of Chung et al.’s model in itself, as the SBWR density estimates are
very accurate.

6. CFD Simulations of Cryogenic Fluids at Supercritical Pressures

In CFD, complex fluid flows are predicted through the solution of the governing
equations, i.e., conservation of mass, momentum and energy. With respect to the Finite
Volume Method (FVM)—the most popular discretisation method in CFD—the partial
differential of these governing equations in the conservative form are solved over discrete
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control volumes. The partial differential of these conservation equations are given in
Equations (7)–(9).

The mass conservation as continuity equation:

∂ρ

∂t
+∇ · (ρU) = 0, (7)

where ρ is density, t is time and U is the velocity vector.
The momentum conservation as momentum equation is:

∂ρU
∂t

+∇ · (ρUU) = −∇p +∇ · τ + fb, (8)

where, in addition to the previously defined, τ denotes the viscous stress tensor and fb
accounts for the body forces

The energy conservation as energy equation in terms of total energy is:

∂

∂t
(ρE) +∇ · (ρUE) = −∇ · q−∇ · (pU) +∇ · (τ ·U) + Q + fb ·U, (9)

where, in addition to the previously defined, E is total energy, q is heat flux and Q represents
heat sources and sinks

In the above momentum equation, the viscous stress tensor τ requires as input the
viscosity µ. Whereas the total energy E in the energy equation can be constituted in terms
of internal energy e and kinetic energy K as E = e + K or in terms of enthalpy h and kinetic
energy as E = h− p/ρ + K, where the kinetic energy term can be further expanded to
K = u2/2. The enthalpy h can also be further expanded in terms of specific heat capacity
Cp and temperature T to obtain energy equation in terms of temperature [67]. The thermal
conductivity is utilised to determine the heat flux q according to Fourier’s law as q = −k∇T
where k is the thermal conductivity and T is the temperature. As a result, it can be seen
that the various different thermophysical properties have their respective role in these
conservation equations.

In many CFD simulations of fluids at atmospheric and subcritical pressures, simplified
forms based on constant fluid property assumptions are usually utilised. For CFD studies
of cryogenic fluids at supercritical pressures, even at isobaric conditions, the conserva-
tion equations are solved in general form without simplifications (apart from the body
forces and heat sources/sinks), to account for the continuously varying thermophysical
properties [5,21,23,24,59,68–70]. These equations are then required to be coupled with real
fluid thermophysical models such as real fluid EoS, such that based on the local temper-
ature or state of the fluid, the thermophysical properties are updated at each time step.
However to mitigate the stability and deviation issues arising due to the non linearity
in thermophysical properties estimated by real fluid EoS, multiple updates (within the
same time-step) of thermophysical properties before and after the solution of governing
equations are suggested [22,24,59].

In the case of cryogenic fluids at supercritical pressures, the absence of discontinu-
ity between liquid and supercritical fluid phases (seen earlier in Section 2) dictates the
treatment of the phases. Even if there are two phases present (liquid and supercritical
phase) in reality only one specie is involved. Characteristic of this scenario are the experi-
ments of liquid nitrogen injection into supercritical nitrogen (although referred as GN2)
by Mayer et al. [10]. For these cases, a single set of mass, momentum and energy equation
with no additional transport equations is sufficient to simulate the flow and is referred as
single-specie approach [23,24,69,71]. However, when more than one cryogenic fluids at
supercritical pressures are involved such as liquid oxygen injected coaxially with methane
in [21] or liquid oxygen with hydrogen in [72], it is necessary to solve additional equation/s
for specie continuity. This method where two different fluids or phases are approximated
as a single fluid for mass, momentum and energy continuity with separate treatment for
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fluid continuity is known as the one-fluid (or single-fluid) approach [5,19–21,70]. The main
advantage of one-fluid approach for cryogenic fluids at supercritical pressures is that it
can be used for multi-specie cases as well as single-specie cases. In the one-fluid approach
although single set of mass, momentum and energy equations are solved for the mixture,
additional continuity equations in terms of mass fraction [21,70] or mixture fraction [19,20]
or even volume fraction [5] with inter-diffusion are solved for fluid continuity. Here, the in-
jected and the ambient/chamber fluid are considered separately whether they are of the
same or different species, and the properties of the mixture constituting both injected and
chamber fluid are calculated through various mixing or averaging rules/methods such
as Van der Waals mixing rules [21], mole fraction weighted average [70], volume fraction
weighted average [5], etc. Regardless of the variations across single-fluid approaches they
have all shown to perform well against experimental data such as the case in [10] of single-
specie cryogenic fluid injection of liquid nitrogen into supercritical nitrogen at supercritical
pressures, when coupled with an appropriate real fluid thermophysical model [5,19–21,70].
It should be pointed out that the one(single)-fluid’s approach’s accuracy in simulation of
multi-specie cryogenic fluid cases is largely unknown due to the unavailability of detailed
quantitative experimental data to compare.

7. Real Fluid EoS in CFD Simulations of Cryogenic Fluids at Supercritical Pressures

Among the recent CFD studies of cryogenic fluids at supercritical pressures
[19–22,24,46,59,69,70,73], cubic EoS—especially PR and SRK—remain the most popular
choice for numerical simulations. Their relative simplicity and their applicability to various
fluids in addition to their ability to predict mixture properties is a significant advantage.
While the cubic EoS are simple and perform well at all regions including the vapour-liquid
equilibrium and transcritical regions, they still have their respective shortcoming. Al-
though SRK and PR both predict the density of the gas and high temperature supercritical
phases accurately, the PR deviates largely around low temperature liquid phase, whereas
the SRK’s accuracy decreases around the critical and pseudoboiling points, as usually
previewed by researchers simulating cryogenic fluids [19–21,23] and also as shown by
our analysis above. While the volume translation methods [74,75] have been shown to
increase the accuracy of PR estimations significantly, the associated complexity in obtaining
analytical solutions of departure functions for thermodynamic properties has limited its
applicability in CFD [22]. Both PR and SRK have also been found to significantly under-
estimate the specific heat capacity peaks at supercritical pressures [76]. Other non cubic,
empirical EoS such as Younglove’s [28,29] Modified Benedict Webb Rubin (MBWR) EoS
have also been used but on a more limited basis (see for example [77]) due to the asso-
ciated complexity. Unlike the cubic EoS, the MBWR EoS as mentioned earlier requires a
large number of empirical parameters specific to each fluid, which significantly limits its
applicability to CFD codes since they need to be imported a priori.

Table 3 summarises various EoS and thermophysical models used by researchers
for CFD simulations of cryogenic injection at supercritical pressures which are compared
against cryogenic injection experiments. Referring to the table, the notation the thermo-
physical properties column as “PR or SRK derived” represents that the thermodynamic
properties were obtained from the departure functions and the respective EoS, whereas the
transport properties are obtained through the mentioned supplemented models. As already
mentioned while the cubic EoS on their own cannot estimate the transport properties, some
EoS such as the MBWR have independent equations and empirical parameters to estimate
transport properties. Regardless, the Chung et al.’s [36] method along with cubic EoS is the
most popular choice as seen in the table.

The density measurements from experiments of single-specie cases of liquid nitrogen
injected into supercritical nitrogen at supercritical pressures by Mayer [10] is a popular
choice for validation of the CFD studies, where the injected liquid transitions into a su-
percritical fluid and then diffuses into the supercritical environment. With respect to
the performance of PR and SRK in these CFD studies, although some researchers prefer
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SRK over PR for their simulations [24,69] and vice-versa [46,70,73], many of the earlier
researchers have performed simulations utilising both PR and SRK to compare their re-
spective effects on the simulations of cryogenic jets in supercritical environment [19–21,59].
Both PR and SRK when used in CFD studies were able to predict the density variations
associated with pseudo-boiling behaviour of the injected liquid as it transitions and the flow
develops into a jet. It was observed that the difference between PR and SRK in simulation
of such cryogenic jets were insignificant and both of them were in good agreement with
experiments. Some differences are observed in centreline density predictions of liquid
nitrogen by PR and SRK EoS, [19–21]. Kim et al. [19] has further highlighted the differences
of PR and SRK on turbulent transport properties in CFD where PR predicts a higher tur-
bulent viscosity for the jet at the pseudoboiling regions, whereas SRK results in a higher
turbulent kinetic energy. However, there is almost no difference between CFD results
utilising PR and SRK in estimating the spreading rate [20] or the density decay of the jet
further down [19–21]. The comparison of PR and SRK EoS in these CFD studies against
experiments led some researchers to state the superiority of one EoS over the other. These
conclusions should be taken with caution because of the large uncertainties in the exper-
imental measurements themselves. Very few simulations utilise ideal gas EoS alongside
PR and/or SRK for simulations. They were used to mostly demonstrate that the real fluid
behaviour associated with the transition of fluid properties around the pseudo-boiling
regions cannot be predicted by the ideal EoS [19,20,24].

Table 3. Table summarising the EoS and thermo-physical models used in some past numerical
simulation of cryogenic fluids. The last column refers to the experiments against which the predicted
behaviour of the cryogenic jets is compared.

Simulation EoS Thermodynamic Transport Experiment
Properties Model Simulated

Mayer et al. [10] (2003) Lee-Kesler Chung et al. [36] Mayer et al. [10]
Zong et al. [68] (2004) SRK SRK derived 32 term BWR [37,38] Chehroudi et al. [78]

Schmitt et al. [71] (2010) PR PR derived Chung et al. [36] Mayer et al. [10]
Kim et al. [19] (2011) PR and SRK PR and SRK Chung et al. [36] Telaar et al. [11]

derived Oschwald et al. [15]
Park [20] (2012) PR and SRK PR and SRK Chung et al. [36] Telaar et al. [11]

derived Oschwald et al [15]
Petite et al. [21] (2013) PR and SRK PR and SRK Chung et al. [36] Mayer et al. [10]

derived
Pfitzner et al. [73] (2013) PR PR derived Chung et al. [36] Telaar et al. [11]

Mayer et al. [10]
Hickey [46] (2014) PR PR derived Chung et al. [36] Braman et al. [12]

Muller et al. [22] (2016) PR PR derived Chung et al. [36] Mayer et al. [10]
Banuti et al. [77] (2016) MBWR based MBWR based MBWR based Mayer et al. [10]

data tabulation data tabulation data tabulation [28,29] Branam et al. [79]
Li et al. [24] (2018) SRK SRK derived Viscosity- Telaar et al. [11]

Zéberg-Mikkelsen et al. [40] Mayer et al. [10]
Thermal conductivity
-Vasserman et al. [39]

Lagarza-Cortés et al. [69] (2019) SRK SRK derived Chung et al. [36] Mayer et al. [10]
Ningegowda et al. [70] (2020) PR PR derived Chung et al. [36] Mayer et al. [10]

Ma et al. [59] (2021) PR and SRK PR and SRK Viscosity-
derived Zéberg-Mikkelsen et al. [40] Mayer et al. [10]

Thermal conductivity
-Vasserman et al. [39]

8. Alternative Approaches of Modelling Thermophysical Properties
8.1. Polynomial Fitting of Data

While other EoS models require extensive coding to implement in numerical simu-
lations, the ease of access to NIST data [18] as well as CoolProp [30] containing accurate
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thermophysical properties of various cryogenic fluids enables methods based on poly-
nomial fitting to be used with sufficient accuracy. The isobaric, isochoric or isothermal
thermophysical properties from NIST can be regressed into polynomial form of any degree.
The accuracy of the polynomial fit to the data increases with the increase in the degree
of the polynomial. Care should be taken to include sufficient significant figures in the
coefficients of the polynomial to return accurate estimates. These polynomials can then be
used as “equations” for thermophysical properties in numerical simulations. For example
one of the most popular current softwares for CFD, OpenFOAM [80] has a built-in thermo-
physical model which allows the use of up to 8th order polynomials. It should be noted
that high order polynomials might deviate from the fitted data outside of the fit domain,
however this can be counterbalanced by fitting the polynomials over a larger range than
that used for simulation. Figure 7 shows the polynomial fitting of NIST data of N2 from [4],
used in supercritical cryogenic simulations [5]. These supercritical cryogenic simulations
also include Mayer et al. [10] ‘case 9’ where cryogenic N2 was injected into an isobaric
chamber maintained at 6 MPa supercritical pressure. The injection temperature is more
than 120 K and the chamber temperature is 298 K. By using NIST data for an extended
range of 70 K–400 K sufficient accuracy was ensured. Although the specific heat capacity at
constant pressure deviates by around 40% at the pseudo-boiling point for 6 MPa, for higher
supercritical pressures the peak is lower and a better polynomial fit is observed. Excluding
the specific heat capacity, other thermophysical properties utilising the polynomial fitting
model show sufficient accuracy even at near critical pressures where a steep change in
these thermophysical properties is present (see Figure 7).

Figure 7. Polynomial fitting of NIST data for isobaric thermophysical properties of N2—specific
heat capacity at constant pressure, density, viscosity and thermal conductivity at 6, 10 and 17 MPa.
Adapted from [4].

8.2. Tabulation

Tabulated properties are another alternative to EoS in numerical simulations to accu-
rately model the thermophysical properties of the fluid under consideration. The NIST
thermophysical property database [18] and data from CoolProp [30] can be used as dataset
for the base of tabulation of common cryogenic fluids at wide range of pressure and
temperature conditions. It should be pointed though that the tabulation method is not
limited to these databases alone. Any EoS estimates can be tabulated to reduce the com-
putational time. For example, a two-dimensional tabulation model of Temperature and
(required) Thermophysical properties obtained from a multi-EoS real fluid model has been
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demonstrated recently by Jafari et al. [81] to simulate isobaric cryogenic and supercritical
conditions with increased computational efficiency while avoiding a loss in effective accu-
racy, when compared to the respective EoS. These simulations by Jafari et al. demonstrated
the capability to capture the condensation of H2 in the case of binary fluid case of LOX
injected with coaxial H2 at supercritical pressures of LOX . The local reduction in the criti-
cal point as the LOX forms a mixture with H2, denoting local subcritical mixing regimes
within an overall supercritical environment condition was also reflected in the simulation
results, providing evidence for detailed capture of thermodynamic phenomena while using
tabulation models. In contrast, Yang et al. [82] utilised a pre-built 2D tabulation model
corresponding to the case, based solely on thermophysical property data from experiments
in simulation of LOX and CH4 mixing at supercritical conditions. Yang et al. demonstrated
that such tabulation models can accelerate the computational simulation by a factor of 2,
and evaluation of the properties by a factor of 10, while demonstrating excellent accuracy
against the chosen benchmark case.

Though the recent simulations by other researchers have been limited to 2D tabulation
models of (Temperature-Thermophysical property) for isobaric cases, it is viable to even
utilise a 3D tabulation model of (Pressure–Temperature–Thermophysical property) for non-
isobaric (and non-isothermal) cases such as when applied to the simulation of compression
chambers in RSCE mentioned in the introduction. Such 3D tabulation models should also
result in considerable computational acceleration (with respect to EoS), although with
increase in dimensions of the tabulation model the advantage in computational acceleration
will decrease. Another advantage of the tabulation model is that it can be utilised for any
fluid, through tabulation of thermophysical property from other complex EoS or databases,
while avoiding the extensive coupling necessary for the EoS to be implemented effectively
in simulations. Correspondingly for simulations consisting of different type of fluids, it
also provides leverage to select specific EoS for each fluid in simulation depending on the
accuracy requirements. Nevertheless, additional research is necessary to understand the
impact of interpolation method and discretisation of the tabulated data on simulations.

9. Discussion on Cryogenic Fluids with Quantum Effects

While the above presented thermophysical properties trends are common across most
cryogenic fluids and their transition at supercritical pressures, due to quantum effects at low
temperatures, there are exceptions that will be discussed briefly here. Specifically, helium-
4, the prevalent isotope of helium and hydrogen show significant deviations from the
general trends. Helium (i.e., helium-4) is unique as it exists as a superfluid (zero viscosity)
liquid phase at a very narrow range of very low temperatures. The phase diagram of
helium (Figure 8) shows the superfluid liquid phase (helium 2) and the general liquid
phase (helium 1) existence regions, along with the lambda(λ)-curve (also known as the
lambda-line). Instead of the triple point, the lambda (λ) point is considered the lower
limit of thermodynamic functions and EoS for helium (He) [83], as quantum effects tend to
be significant at very low temperatures (below the λ-point temperature) [1] where it also
exhibits superfluidity.
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Figure 8. Phase diagram of helium with pressure in log scale. Adapted from [84].

In the case of hydrogen (H2), the quantum effects are observed through its spin
isomers and the much higher characteristic rotational temperature. Any amount of H2
consists of both of its molecular isomers: ortho- and para-hydrogen, whose composition
depends on the equilibrium temperature. Ortho- and para-spin isomers having different
nuclear spin configuration, have different ground state energy levels [85]. As a result,
the thermodynamic properties of ortho- and para-hydrogen deviate significantly (up to
30%) at temperatures up to 300 K [83]. While at low temperatures (below 77 K) the
composition is dominated by para-hydrogen, at higher temperatures (above 77 K) the
composition is dominated by ortho-spin isomer of hydrogen. The transition from ortho-
to para-hydrogen and vice-versa is not spontaneous. Increase/decrease in temperature
slowly drives the ortho- to para- (and vice-versa) transition over time (which can even
take many days) to achieve a new equilibrium composition. This variance in composition
of para:ortho from 100:0 at 0 K, to 25:75 at higher temperatures requires the properties
to be calculated according to the equilibrium composition of ortho- and para-hydrogen
with respect to temperature. (At 77 K the ortho to para composition is exactly 50:50).
Normal hydrogen, considered as a pure fluid for practical purposes, is a mixture of ortho-
and para-hydrogen in 25:75 composition [86]. Another interesting feature underlining
the influence of quantum effects in H2 is the rotational contribution to internal energy
of diatomic molecules. Unlike other single-component diatomic molecules such as N2
and O2 whose rotational temperature is much lower at 2–3 K, the characteristic rotational
temperature of H2 is 87.6 K, above which the rotational excitation starts to contribute to the
internal energy of diatomic molecules [55]. The maximum rotational energy for diatomic
H2 though, is only attained at even higher temperatures (around 200 K) after the complete
actuation of rotation. As a result, the internal energy of H2 lies between that of monoatomic
and diatomic at temperatures within this range. Thus, the thermodynamic properties of
hydrogen are also observed to deviate significantly at lower temperatures from the ones
expected for diatomic fluids.

Thermophysical Property Estimation of Hydrogen (H2) and Helium (He) Using Common Real
Fluid EoS

The density estimations of hydrogen (H2) and helium (He) through PR, SRK and
SBWR provide sufficient accuracy for most of the supercritical range. However, the liquid
phase and lower temperature supercritical phase estimations are affected by the quantum
effects and show significant deviations (see Appendix B). These inaccuracies in density are
expected to also affect the thermodynamic properties since the thermodynamic properties
are in reality obtained from EoS. The transport properties estimations of H2 and He by
these EoS also show large deviations and are not able to capture the trends in the curve
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at the liquid phase. As a result, those few CFD simulations involving hydrogen (H2) at
supercritical pressures which although employ PR or SRK EoS for the high temperature
(well above critical temperature) supercritical phase [87,88], the deviations due to quantum
influence at liquid phase are unlikely to be significant.

10. Conclusions

The continuous variation in thermophysical properties associated with the phase
transition of cryogenic fluids at supercritical pressures and the thermal as well as inertial
influence in the evolution of such fluids in a supercritical environment requires appropriate
real fluid thermophysical property models for density as well as thermodynamic and
transport properties, to be able to simulate the evolution of such fluids adequately.

While the cubic EoS—particularly PR and SRK—are able to estimate density and
thermodynamic properties—enthalpy and specific heat capacity—additional models are
required for the estimation of transport properties—thermal conductivity and viscosity.
When used along with Chung et al.’s model for transport properties, although SRK is
more accurate than PR in predicting these thermophysical properties for a wider range of
liquid to supercritical phases at supercritical pressures, PR is more accurate around the
pseudoboiling region. The non cubic EoS SBWR, on the other hand, although being more
accurate than PR and SRK for the entire range of temperatures and phases at supercritical
pressures, is limited by the complexity in obtaining thermodynamic properties.

From the review of past single-specie and one-fluid CFD approaches to simulat-
ing cryogenic fluids at supercritical pressure conditions, both PR and SRK along with
Chung et al.’s transport properties model are commonly utilised due to the requirement
of minimal fluid specific parameters (only critical properties are needed) and are deemed
to be sufficiently accurate for predicting the evolution of cryogenic fluids in CFD studies.
Although there are other, more complex non cubic EoS available in the literature, due to
the high cost of implementation associated with the requirement of several fluid specific
parameters, they are scarcely utilised in CFD simulation of cryogenic fluids. On the other
hand, data-based alternate thermophysical models such as polynomial fitting and tabula-
tion are easier to implement and also reduce the computational cost and perform on a par
with, or even better than, EoS when utilised within their limitations. It is also worth noting
that the uncertainty in the few available experiments to compare the simulation with makes
it hard to ascertain which of these real fluid EoS are more accurate for CFD simulations,
especially considering that other sources of error (grid accuracy, discretisation etc) affect
the final predictions. Regardless, it is clear that an appropriate real fluid model needs to be
utilised for meaningful simulations of cryogenic fluids at supercritical pressures that can
accurately reproduce the fluid properties that are characterised by steep gradients, sharp
peaks, and which are non-monotonous. While the cubic EoS models can be reliably utilised
for several common cryogenic fluids, these models are rendered inadequate to estimate the
liquid phase thermophysical properties of cryogenic fluids in which quantum effects are
important, such as hydrogen and helium.
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Appendix A. Thermophysical property estimation methods from PR, SRK and
SBWR EoS

Appendix A.1. Thermodynamic Properties—Enthalpy and Specific Heat Capacity

Enthalpy departure [34,54]:

Hdep = RT(Z− 1) +
V∫

∞

[
T
(

δP
δT

)
V
− P

]
dV (A1)

Appendix A.1.1. Real Fluid Enthalpy

The real fluid enthalpy can be estimated using the equation H = Hig + Hdep where
H is the real gas enthalpy, Hig is the ideal gas enthalpy and Hdep is the deviation.The
departure function of enthalpy mentioned above in Equation (A1) can be simplified using
SRK and PR. Their simplified forms are given below in Equations (A2) and (A3).

The departure enthalpy for the PR is simplified as:

Hdep = RT(Z− 1) +

[
T da

dT − a

2
√

2b
ln
(

Z + 2.44B
Z− 0.414

)]
(A2)

The departure enthalpy for SRK is simplified as:

Hdep = RT(Z− 1) +

[
T da

dT − a
b

ln
(

Z + B
Z

)]
(A3)

where for both PR and SRK
da
dT

=
−am

√
α√

TTC

The other notations are the same as in the respective EoS in Section 3.1.
By replacing da/dT into the enthalpy departure equation for the EoS, the equations

can be freed of differential functions and easily implemented in a computational model.

Appendix A.1.2. Real Fluid Specific Heat Capacity

The relation between the real and ideal gas specific heat capacities can be formulated
as Cp = Cpig + Cpdep. Since Cp = δH/δT, the departure of the specific heat capacity turns
out to be Cpdep = δHdep/δT. Thus, the departure function of Cp for the preferred EoS can
be obtained from the enthalpy departure functions specified in Section A.1.

The Cp departure function for PR is derived as:

Cpdep = R
(
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−
δZ
δT − 0.414 δB

δT
Z− 0.414B

)]

+

 T d2a
dT2

2
√

2b
ln
(

Z + 2.44B
Z− 0.414B

) (A4)

where

δZ
δT

= −Z2(δC2/δT) + Z(δC3/δT) + δC4/δT
3Z2 + 2C2Z + C3

d2a
dT2 =

am(m + 1)
2T
√

TTc

C2 = B− 1 C3 = A− 3B2 − 2B
δC2

δT
=

δB
δT
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δC3

δT
=

δA
δT
− 2

δB
δT
− 6B

δB
δT

δC4

δT
= −

(
A

δB
δT

+ B
δA
δT
− 2B

δB
δT
− 3B2 δB

δT

)
δA
δT

=
A
a
(da/dT)− 2A

T
δB
δT

= −B
T

The Cp departure function for SRK is derived as:

Cpdep = R
(

T
δZ
δT

+ Z− 1
)
+

[(
T da

dT − a
b

)(
Z δB

δT − B δZ
δT

Z(Z + B)

)]

+

T d2a
dT2

b
ln
(

Z + B
Z

) (A5)

where
δZ
δT

= −Z(δC3/δT) + δC4/δT
3Z2 − 2Z + C3

d2a
dT2 =

am(m + 1)
2T
√

TTc

C3 = A− B− B2 δC3

δT
=

δA
δT
− δB

δT
− 2B

δB
δT

δC4

δT
= −

(
A

δB
δT

+ B
δA
δT

)
δA
δT

=
A
a
(da/dT)− 2A

T
δB
δT

= −B
T

da/dT is already given in their respective enthalpy departure equations in Section A1
and all other notations are the same as in their respective EoS in Section 3.1. Similar to the
enthalpy departure, all the differentials in Cp departure functions can be replaced prior to
implementation in a computational model.

Appendix A.2. Transport Properties

Appendix A.2.1. Dilute Gas Viscosity

Chapman-Enskog Theory relates viscosity as [36]:

µ0 = 2.669× 10−6 (MT)1/2

σ2Ω∗
(A6)

where µ0 = viscosity in µPa·s, M = Molecular weight in g/mol, T = Temperature in K,
σ = potential distance parameter in Angstrom and Ω∗ = reduced collision integral.

Ω∗ which depends on the inter-molecular potential can be determined empirically by
the following equation [36].

Ω∗ =
A

(T∗)B +
C

exp(DT∗)
+

E
exp(FT∗) + G(T∗)Bsin(S(T∗)W − H) (A7)

where

A = 1.16145 B = 0.14874 C = 0.52487 D = 0.77320 E = 2.16178

F = 2.43787 G = −6.435× 10−4 H = 7.27371 S = 18.0323

W = −0.76830 σ = 0.809V1/3
c T∗ = 1.2593

T
Tc
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Strictly, Equation (A6) is only applicable to simple-molecular, non-polar and non-
associating gases. To extend its applicability to poly-atomic, polar and associating fluids,
an empirical factor Fc was introduced [36]. This empirical factor takes into account the
acentric factor ω for molecular structure, correction factor k for hydrogen bonding effect in
associating fluids and dimensionless dipole moment µr for polar effects.

Fc = 1− 0.2756ω + 0.059035µr
4 + k (A8)

For non-polar and non-associating gases such as N2, O2, H2, He and CH4 as well,
the empirical factor can be reduced to:

Fc = 1− 0.2756ω (A9)

Finally, the viscosity for dilute gases (µ0) by Chung et al. [36] rewritten in S.I units is
given by:

µ0 = (4.0785× 10−4)
(MT)1/2

V2/3
c Ω∗

Fc (A10)

where µ0 = dilute gas viscosity in µPa·s, M = molecular weight in g/mol, T = temperature
in K, Vc = critical volume in m3/mol, Ω∗ = empirical equation for inter-molecular potential
given in Equation (A7) and Fc = empirical factor given in Equation (A9) for non-polar and
non-associating fluids.

Appendix A.3. Dilute Gas Thermal Conductivity

The thermal conductivity for dilute gases (λ0) by Chung et al. [36] can be rewritten in
S.I units from dilute gas viscosity(µ0) as:

λ0 = (3.118× 10−2)
µ0

M
ψ (A11)

where

ψ = 1 + α

(
0.215 + 0.28288α− 1.061β + 0.26665Z

0.6366 + βZ + 1.061αβ

)
α =

Cvig

R
− 3

2
β = 0.7862− 0.7109ω + 1.3168ω2 Z = 2.0 + 10.5Tr

2

λ0 = thermal conductivity in W/(m·K), Cvig = ideal gas specific heat capacity at
constant volume in J/(mol·K), R = gas constant 8.314 J/(mol·K). The term β theoretically
depends on viscosity and density, but has been empirically correlated with the acentric
factor ω.

Appendix A.4. Dense Gas Viscosity

The dense gas viscosity (µ) by Chung et al. [36] can be rewritten in S.I units as:

µ = µk + µP (A12)

where

µk = µ0

(
1

G2
+ A6Y

)

µP =

[
36.344× 10−5 (MTc)1/2

V2/3
c

]
A7Y2G2exp

(
A8 +

A9

T∗
+

A10

T∗2

)

Y =
ρVc × 103

6M
G1 =

1.0− 0.5Y
(1−Y)3
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G2 =
A1

1−exp(−A4Y)
Y + A2G1exp(A5Y) + A3G1

A1 A4 + A2 + A3

µ = dense gas viscosity in µPa· s, µ0 = dilute gas viscosity in µPa·s, which can be calculated
as described in the Section A.2.1. M = molecular weight in g/mol, Tc = critical temperature
in K, Vc = critical volume in m3/mol, T∗ = non dimensional temperature (Equation (A7))
and ρ = density in kg/m3 A1-A10 are functions of acentric factor ω, reduced dipole moment
µr and association factor κ.

These empirical functions Ai (A1–A10) are used to account for molecular geometry,
polar nature and hydrogen bonding effects on viscosity.

Ai = a0(i) + a1(i)ω + a2(i)µr
4 + a3(i)κ (A13)

For non-polar and non-associating fluids, such as nitrogen (N2), oxygen (O2) and
hydrogen (H2), these empirical functions can be reduced to

Ai = a0(i) + a1(i)ω (A14)

The numerical value of the constants a0, a1, a2 and a3 can be found in Chung et al.’s
publication [36].

Appendix A.5. Dense Gas Thermal Conductivity

The dense gas thermal conductivity (λ) by Chung et al. [36] can be rewritten in S.I
units as:

λ = λk + λP (A15)

where

λk = λ0

(
1

H2
+ B6Y

)
λP =

[
1.272× 10−5 (Tc/M)1/2

V2/3
c

]
B7Y2H2T1/2

r

H2 =
B1

1−exp(−B4Y)
Y + B2G1exp(B5Y) + B3G1

B1B4 + B2 + B3
Tr =

T
Tc

λ = dense gas thermal conductivity in W/(m·K) λ0 = dilute gas/low pressure thermal
conductivity in W/m·K, which can be calculated as described in Section A.3. M = molecu-
lar weight in g/mol, Tc = critical temperature in K and Vc = critical volume in m3/mol. Y
and G1 are the same as in the Section A.4. B1–B7 are functions of acentric factor ω, reduced
dipole moment µr and association factor κ.

The empirical functions Bi (B1-B7) here are used to account for molecular geometry,
polar nature and hydrogen bonding effects on thermal conductivity.

Bi = b0(i) + b1(i)ω + b2(i)µr
4 + b3(i)κ (A16)

For non-polar and non-associating fluids, such as nitrogen (N2), oxygen (O2) and
hydrogen (H2), these empirical functions can be reduced to

Bi = b0(i) + b1(i)ω (A17)

The numerical value of the constants b0, b1, b2 and b3 can also be found in Chung et al.’s
publication [36].
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Appendix B. Estimations of PR, SRK and SBWR for Hydrogen and Helium

Figure A1. Plots of estimated density using PR, SRK and SBWR EoS compared with NIST for two
cryogenic fluids-H2 and He, at three supercritical pressures.

Figure A2. Plots of estimated viscosity using Chung et al.’s model and density from PR, SRK and
SBWR compared against NIST for cryogenic fluids-H2 and He at three supercritical pressures.



Energies 2023, 16, 885 27 of 30

Figure A3. Plots of estimated thermal conductivity using Chung et al.’s model and density from PR,
SRK and SBWR compared against NIST for cryogenic fluids-H2 and He at three supercritical pressures.
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