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Abstract 

Steady state harmonic response of nonlinear soil-structure interaction problems is addressed in this 

paper. Due to well-known stiffness degradation phenomenon, the steady-state study is referred to 

small-medium strain condition whereas no significant pore water pressure change is observed (e.g. 

clayey soils and sands in drained conditions). A novel cyclic hysteretic model based on the Preisach 

formalism is proposed to describe the cyclic behavior of soil-foundation interaction. Through a 

harmonic balance procedure, furthermore, the steady state response of nonlinear soil-structure 

interaction problems is determined. Equivalent amplitude-dependent stiffness and damping have been 

derived in closed form to reliably describe the nonlinear soil-structure interaction phenomenon. Those 

expressions are as a function of the elastic foundation stiffness and horizontal force and moment 

capacity of the foundation. Furthermore, handy expressions of equivalent fundamental period and 

damping also dependent from the level of the excitation are also derived. The proposed hysteretic 

model, moreover, has the advantage to be easily calibrated to match modulus reduction and damping 

curves determined from numerical or experimental tests. Numerical applications and comparisons 

with more advanced models and experimental data available in literature are also presented. 

Keywords: Nonlinear soil-structure interaction, Preisach model, soil hysteresis, harmonic balance. 
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1  Introduction 

Soil-structure interaction (SSI) studies can be tracked back to the late 19th century and a recent review 

of the main achievements can be found in the paper by Kausel [1]. Earlier contributions, still used 

nowadays by researchers and practitioners, are based on the study of the response of an infinite (or 

semi-infinite) elastic medium under either imposed loads or imposed displacements. A collection of 

those solutions is presented in the book from Poulos and Davis [2] and in the Dobry and Gazetas [3] 

paper. Due to the nonlinear behaviour of the soil medium the nonlinear soil-structure interaction 

problem has been investigated in the last five decades. It has to be pointed out that the assumption of 

linear soil-structure interaction may not be always beneficial and might differ significantly from the 

nonlinear case [4,5]. To date three main approaches are used for the analyses of nonlinear soil 

structure interactions problems (see e.g. Jakub and Roesset, [6]): i) linear analysis using soil 

properties consistent with the expected level of strains in the soil with the consequent use of an 

estimated reduced shear modulus and increased damping; ii) iterative linear analyses using soil 

properties (modulus and damping) adjusted to match assigned shear modulus reduction and damping 

curves; iii) nonlinear analysis in the time domain using a discrete model (e.g. finite elements or finite 

differences) with appropriate nonlinear constitutive equations for the soil. In this regard, the sustained 

development of computational tools allows researchers and practitioners to consider various 

complicated phenomena in their analyses. Major drawback of this approach is the high computational 

cost and the difficulty to calibrate accurately advanced FE models with experimental data. A 

comparison between equivalent linear and fully nonlinear SSI analysis has been recently carried on 

by Bolisetti et al. [4]. In the framework of Finite Element approach for nonlinear SSI, computational 

aspects are generally addressed through reduced domain models see e.g Santisi D’Avila and Lopez-

Caballero [7] or through macro elements (see e.g. Pecker and Chatzigogos [8], Chatzigogos et al [9], 

Figini et al [10], Cavalieri et al [11]). Despite the high level of accuracy of FE models, simplified 
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models in SSI study still remain attractive, as allow practitioners and researches, with a minimum 

computational effort, to perform parametric analyses and to develop a feel for the physical meaning 

and relative importance of the various factors, with more personal control of calculations (Dobry 

[12]). In this regard, non-linear Winkler models representing the cyclic soil behavior have been 

widely used for different applications. Specifically, Boulanger et al. [13] studied soil-pile foundation 

interaction through the dynamic Beam-on-Nonlinear-Winkler-Foundation model. Subsequently, this 

approach has been extended by Raychowdhury and Hutchinson [14] to shallow foundations and 

applied to nuclear reactors in [15]. An analytical approach has been proposed in [16] to evaluate the 

moment–rotation response for both uplift- and yield-only conditions of a rigid foundation on a 

Winkler soil model. This approach has been extended by Allotey and El Naggar [17] to provide a 

complete analytical solution for the static moment–rotation response of a rigid foundation resting on 

a Winkler soil model. A generalized Winkler model for the behavior of shallow foundations has been 

proposed by Houlsby et al. [18]. In the last decade a growing body of literature has been devoted to 

simplified models and the calibration of nonlinear springs able to capture the main features of 

nonlinear SSI such as the equivalent period and foundation damping. In this regard, nonlinear rocking 

stiffness have been determined by Gazetas et al. [19] through an empirical approach based on FE 

analyses conducted on rocking foundations for various foundation shapes considering homogeneous 

clay under undrained conditions. This approach has been extended by Anastasopoulos and 

Kontoroupi [20] and applied to motorway bridges in [21]. A nonlinear sway-rocking model has been 

developed in [22]. Recently, a study on the stiffness degradation and damping of pile foundations 

under dynamic loadings has been performed in [23] by calibrating nonlinear translational and 

rotational springs through experimental data from centrifuge tests. The above simplified models have 

been used either to determine equivalent fundamental periods for different level of excitations of the 

nonlinear SSI systems [19] or to determine the whole-time domain response [20-22]. Moved by the 
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necessity to gather relevant dynamic information for design purposed Ahmadi et al [24] used an 

equivalent linearization approach to MDOF system with nonlinear Coulomb-type SSI springs and 

also highlighted the lack of simplified studies in this regard for nonlinear soil-structure interaction 

problems.  

In this paper, the steady state response for nonlinear SSI problems is investigated with the aim to 

provide simple basic information useful for design purpose. Steady state dynamic response is 

manifested in soil-structure interaction problems whereas no significant pore water pressure change 

is observed, such as for small-medium strain in clayey soils and sands in drained conditions (see e.g. 

Li et al. [23] and Vucetic and Mortezaie [25]) and therefore the dependency of stiffness and damping 

from the number of cycles can be neglected. 

In this regard, the harmonic balance approach originally proposed by Iwan [26] and Spanos [27] is 

herein extended to nonlinear SSI problems to determine equivalent stiffness and damping coefficients 

both dependent from the response amplitude. The steady state response is readily determined by 

solving a system of nonlinear algebraic equations. Equivalent fundamental periods are also 

determined. Moreover, the Preisach model of hysteresis [28] widely adopted up until now in the 

framework of ferromagnetism, and more recently adopted to the study of hysteretic behaviour of 

structural and mechanical systems is adopted for the first time in this paper to model nonlinear soil-

structure interaction problems. Preisach representation of hysteresis belongs to the class of model 

based on the distributed elements, which assume that hysteresis can be considered such as a 

superposition of simple hysteretic operators. A detailed description of the Preisach hysteresis 

representation can be found in [29, 30]. The main feature of the Preisach model is the capability to 

adjust itself to various hysteretic phenomena and even capture nonsymmetric minor loops present in 

many physical systems. Various classical hysteretic model can be represented via the Preisach 

formalism. For instance, the Jenkins and the distributed Jenkins-Iwan models can be seen as particular 
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case of the Preisach model of hysteresis. It is worth nothing, the Jenkins-Iwan model (known also as 

Iwan model) has been used for nonlinear soil-structure interaction in earlier contributions (see e.g. 

[4], [7], [8], and [31]), therefore suggesting the more general Preisach model can be also tailored for 

SSI studies. It has to be emphasized, due its versatility, the Preisach model of hysteresis is calibrated 

to match perfectly both stiffness and damping curves determined by experimental tests and/or 

available in literature, such those proposed in [19] and in [23]. Moreover, closed-form expressions of 

model parameters are suitably determined for Iwan-type hysteresis. Numerical results show the 

accuracy and the efficiency of the proposed approach. 

 

   2  Problem formulation 

Consider the MDoF system depicted in Figure 1a. The superstructure is a linear behaving structure. 

The foundation is considered rigid and resting on a nonlinear compliant soil. The nonlinear soil-

structure interaction mechanism is modelled trough two uncoupled nonlinear hysteretic springs as 

depicted in Figure 1b. The equations governing the motion of the structure undergoing forced 

vibrations can be cast in the following form: 

𝑴𝑴�̈�𝒖(𝑡𝑡) + 𝑪𝑪�̇�𝒖(𝑡𝑡) + 𝑲𝑲𝒖𝒖(𝑡𝑡) + 𝒉𝒉(𝑡𝑡) = 𝒑𝒑(𝑡𝑡)         (1) 

where 𝒖𝒖(𝑡𝑡) is the vector collecting the i=1,…,n degrees of freedom of the system, 𝑢𝑢𝑖𝑖, 𝑴𝑴 is the mass 

matrix listing the floor masses 𝑚𝑚𝑖𝑖, C is the damping matrix , 𝑲𝑲 is the stiffness matrix collecting the 

floor stiffnesses 𝑘𝑘𝑖𝑖, and 𝒉𝒉(𝑡𝑡) is the nonlinear hysteretic vector encompassing the nonlinear forces 

generated by the soil springs, i.e. the horizontal force, 𝑓𝑓ℎ and the moment 𝑓𝑓𝜃𝜃, and 𝒑𝒑(𝑡𝑡) is the loading 

vector. 
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Figure 1: Structure resting over a non-linear compliant soil a) and its discretization b) 

 

Figure 2: 3-DoF nonlinear soil-structure system 

For the simplest case (Figure 2) of 3-DoF nonlinear soil-structure coupled system ( 𝑖𝑖. 𝑒𝑒.  𝒖𝒖(𝑡𝑡) =

[𝑢𝑢 𝑢𝑢𝐹𝐹 𝜃𝜃]𝑇𝑇 ) those matrixes reduces to  

𝑴𝑴 = �
𝑚𝑚 0 0
0 𝑚𝑚𝐹𝐹 0
0 0 𝐼𝐼𝐹𝐹

�                                                                (2) 

where m is the superstructure mass, 𝑚𝑚𝐹𝐹 is the foundation mass,  𝐼𝐼𝐹𝐹 is the foundation moment of inertia 

and  

a) b) 
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𝑲𝑲 = �
𝑘𝑘 −𝑘𝑘 −𝑘𝑘 𝐻𝐻
−𝑘𝑘 𝑘𝑘 𝑘𝑘 𝐻𝐻
−𝑘𝑘 𝐻𝐻 𝑘𝑘 𝐻𝐻 𝑘𝑘 𝐻𝐻2

�                                                           (3) 

in which 𝑘𝑘  is the superstructure lateral stiffness and 𝐻𝐻 the height of the superstructure. Also, 

𝑪𝑪 = �
𝑐𝑐 −𝑐𝑐 0
−𝑐𝑐 𝑐𝑐 0

0 0 0
�                                                                (4) 

with 𝑐𝑐 the viscous damping of the superstructure. It is noted the damping matrix (4) can be tailored 

to consider additional mechanism of dissipation of energy such as the radiation damping, herein 

omitted for simplicity’s sake. The hysteretic term can be written as  

𝒉𝒉(𝑡𝑡) = [0 𝑓𝑓ℎ(𝑢𝑢𝐹𝐹 , �̇�𝑢𝐹𝐹) 𝑓𝑓𝜃𝜃(𝜃𝜃, �̇�𝜃)]𝑇𝑇                                                  (5) 

where 𝑓𝑓ℎ(𝑢𝑢𝐹𝐹, �̇�𝑢𝐹𝐹) and 𝑓𝑓𝜃𝜃(𝜃𝜃, �̇�𝜃) are the nonlinear hysteretic elements pertinent to the translational and 

rotational foundation degrees of freedom 𝑢𝑢𝐹𝐹 and 𝜃𝜃, respectively. 

Once defined a pertinent model of the hysteretic elements (see e.g. reference [19-23]) the time domain 

solution can be readily performed through various numerical algorithms such as the Runge-Kutta, 

Hilber-Hughes-Taylor or Newmark methods. For design purposes, however, it might be useful to 

determine the steady-state response, the equivalent period and the damping useful for parametric 

studies that do not require the full step-by-step time history response. 

3  Steady-state harmonic response 

In this section, the steady-state harmonic response of the soil-structure systems governed by Eq. (1) 

is addressed. Despite this approach has been successfully applied in the last 5 decades to mechanical 

and structural systems manifesting hysteresis ([26], [27]), to the authors’ best knowledge it has not 

been applied yet to nonlinear SSI problems. Due to the mathematical structure of Eq. (1) the state-

state harmonic response can be readily determined. To this aim, the loading term in Eq. (1) is assumed 
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to be a harmonic excitation, i.e. p(𝑡𝑡) = 𝒑𝒑0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝑡𝑡), with 𝒑𝒑0 the vector listing the input amplitudes, 

𝜔𝜔 the circular frequency and 𝑡𝑡 is the time. The approach herein adopted assumes that the solution 

exhibits a pseudo-harmonic behavior, thus the response foundation degrees of freedom and their 

velocities can be written in the form 

𝑢𝑢𝐹𝐹(𝑡𝑡) = 𝑎𝑎ℎ(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔 𝑡𝑡 + 𝜙𝜙(𝑡𝑡)),     �̇�𝑢𝐹𝐹(𝑡𝑡) = −𝑎𝑎ℎ(𝑡𝑡)𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠(𝜔𝜔 𝑡𝑡 + 𝜙𝜙(𝑡𝑡)) ,    (6) 

and 

𝜃𝜃(𝑡𝑡) = 𝑎𝑎𝜃𝜃(𝑡𝑡) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔 𝑡𝑡 + 𝜙𝜙(𝑡𝑡)),     �̇�𝜃(𝑡𝑡) = −𝑎𝑎𝜃𝜃(𝑡𝑡)𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠(𝜔𝜔 𝑡𝑡 + 𝜙𝜙(𝑡𝑡)) ,      (7) 

in which the amplitudes 𝑎𝑎ℎ(𝑡𝑡) and 𝑎𝑎𝜃𝜃(𝑡𝑡) and the phase 𝜙𝜙(𝑡𝑡) are assumed slowly varying with respect 

to time. According to this assumption, the nonlinear terms 𝑓𝑓ℎ(𝑢𝑢𝐹𝐹, �̇�𝑢𝐹𝐹) and 𝑓𝑓𝜃𝜃(𝜃𝜃, �̇�𝜃) are appropriately 

replaced, in a harmonic balance sense, by the expressions (Spanos [27], Spanos et al. [33-34]) 

𝑓𝑓ℎ(𝑢𝑢𝐹𝐹, �̇�𝑢𝐹𝐹) = 𝑐𝑐𝑒𝑒,ℎ(𝑎𝑎ℎ)�̇�𝑢𝐹𝐹 + 𝑘𝑘𝑒𝑒,ℎ(𝑎𝑎ℎ)𝑢𝑢𝐹𝐹,                (8) 

where 

𝑐𝑐𝑒𝑒,ℎ(𝑎𝑎ℎ) = − 1
𝜋𝜋𝜔𝜔𝜔𝜔ℎ

∫ 𝑓𝑓ℎ(𝑎𝑎ℎ 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎ℎ𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 ,            (9) 

and 

𝑘𝑘𝑒𝑒,ℎ(𝑎𝑎ℎ) = 1
𝜋𝜋𝜔𝜔ℎ

∫ 𝑓𝑓ℎ(𝑎𝑎ℎ 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎ℎ𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0  ,                 (10) 

are the equivalent horizontal damping and stiffness, respectively. Similar expressions are determined 

for the rotational hysteretic element, that is: 

𝑓𝑓𝜃𝜃(𝜃𝜃, �̇�𝜃)  = 𝑐𝑐𝑒𝑒,𝜃𝜃(𝜃𝜃)�̇�𝜃+ 𝑘𝑘𝑒𝑒,𝜃𝜃(𝜃𝜃)𝜃𝜃,                 (11) 

where 

𝑐𝑐𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = − 1
𝜋𝜋𝜔𝜔𝜔𝜔𝜃𝜃

∫ 𝑓𝑓𝜃𝜃(𝑎𝑎𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎𝜃𝜃𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 ,            (12) 
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and 

𝑘𝑘𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = 1
𝜋𝜋𝜔𝜔𝜃𝜃

∫ 𝑓𝑓𝜃𝜃(𝑎𝑎𝜃𝜃 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎𝜃𝜃𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0  ,             (13) 

Therefore, the equivalent linear system of Eq. (1) is 

𝑴𝑴�̈�𝒖(𝑡𝑡) + (𝑪𝑪 + 𝑪𝑪𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃))�̇�𝒖(𝑡𝑡) + (𝑲𝑲 + 𝑲𝑲𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃))𝒖𝒖(𝑡𝑡) = 𝒑𝒑0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝑡𝑡)   (14) 

where 𝑲𝑲𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) and 𝑪𝑪𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) are the equivalent stiffness and equivalent damping matrixes, 

respectively. For the 3DoF system given in Figure 2, 𝑲𝑲𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) and 𝑪𝑪𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) assume the following 

form: 

𝑲𝑲𝑒𝑒(𝑎𝑎ℎ,𝑎𝑎𝜃𝜃)  = �
0 0 0
0 𝑘𝑘𝑒𝑒,ℎ(𝑎𝑎ℎ) 0
0 0 𝑘𝑘𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃)

�                                         (15) 

and 

𝑪𝑪𝑒𝑒(𝑎𝑎ℎ,𝑎𝑎𝜃𝜃) = �
0 0 0
0 𝑐𝑐𝑒𝑒,ℎ(𝑎𝑎ℎ) 0
0 0 𝑐𝑐𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃)

�                                           (16) 

Roto-translational coupling can be also included through pertinent off-diagonal terms whereas 

necessary. The steady-state response can be now readily determined by the meaning of the frequency-

response function given by the equation 

U(𝜔𝜔)= [(𝑲𝑲 + 𝑲𝑲𝑒𝑒(𝑎𝑎ℎ,𝑎𝑎𝜃𝜃)) + (𝑪𝑪 + 𝑪𝑪𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃)) − 𝜔𝜔2𝑴𝑴]−1𝒑𝒑0,           (17) 

which represents a nonlinear algebraic equation, as the vector U(𝜔𝜔) encompasses also the amplitudes 

𝑎𝑎ℎ and 𝑎𝑎𝜃𝜃, whose solution can be pursued by traditional numerical techniques such us the Newton’s 

method. It is noted, by the meaning of Eq. (14) for the 3DoF system the equivalent fundamental 

period can be determined in closed form by solving the eigenvalue problem 

(𝑲𝑲 + 𝑲𝑲𝑒𝑒(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃))𝚽𝚽(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) = 𝑴𝑴𝚽𝚽(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃)𝛀𝛀2(𝑎𝑎ℎ,𝑎𝑎𝜃𝜃)             (18) 
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where 𝚽𝚽(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) and 𝛀𝛀2(𝑎𝑎ℎ ,𝑎𝑎𝜃𝜃) are the modal and spectral matrices both functions of the amplitudes 

𝑎𝑎ℎ and 𝑎𝑎𝜃𝜃, respectively. For the particular case of massless rigid foundation (i.e. 𝑚𝑚𝐹𝐹 = 𝐼𝐼𝐹𝐹 = 0) the 

solution of the eigenproblem (18) leads to 

1
𝜔𝜔𝑒𝑒
2(𝜔𝜔ℎ,𝜔𝜔𝜃𝜃) 

= 𝑚𝑚�1
𝑘𝑘

+ 1
𝑘𝑘𝑒𝑒,ℎ(𝜔𝜔ℎ)

+ 𝐻𝐻2

𝑘𝑘𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)
�                                           (19) 

where 𝜔𝜔𝑒𝑒 (𝑎𝑎ℎ,𝑎𝑎𝜃𝜃) is the equivalent fundamental frequency. After simple algebra Eq. (19) can be 

written as 

𝑇𝑇𝑒𝑒(𝜔𝜔ℎ,𝜔𝜔𝜃𝜃)
𝑇𝑇

= �1 + 𝑘𝑘
𝑘𝑘𝑒𝑒,ℎ(𝜔𝜔ℎ)

+ 𝑘𝑘 𝐻𝐻2

𝑘𝑘𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)
                                           (20) 

in which  𝑇𝑇 is the fixed base period and 𝑇𝑇𝑒𝑒(𝑎𝑎ℎ,𝑎𝑎𝜃𝜃) is the equivalent period of the nonlinear SSI 

system. Eq. (20) can be seen as the extension of the equivalent period determined by Veletsos and 

Meek [34] to the case of nonlinear SSI systems. Similar expression has been recently determined by 

Gazetas et al. [19] for dominant rocking systems through a different approach. Furthermore, for the 

massless rigid foundation (and for the particular case of  c= 0 and 𝒑𝒑0 = [𝑎𝑎0 𝑚𝑚 0 0]) Eq. (17) 

leads to: 

𝑎𝑎 =
𝜔𝜔0𝑚𝑚�𝐻𝐻2𝑘𝑘�𝑘𝑘� 𝑒𝑒,ℎ(𝜔𝜔ℎ)�+�𝑘𝑘+𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)��𝑘𝑘� 𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)��

𝐻𝐻2𝑘𝑘2 𝑚𝑚 𝜔𝜔2−𝐻𝐻2𝑘𝑘2�𝑘𝑘� 𝑒𝑒,ℎ(𝜔𝜔ℎ)�+�𝐻𝐻2𝑘𝑘+𝑘𝑘�𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)���𝑘𝑘+𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)�(𝑘𝑘−𝑚𝑚𝜔𝜔2 )−𝑘𝑘2�
             (21) 

𝑎𝑎ℎ =
𝜔𝜔0𝑘𝑘𝑚𝑚�𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)�

𝐻𝐻2𝑘𝑘2 𝑚𝑚 𝜔𝜔2−𝐻𝐻2𝑘𝑘2�𝑘𝑘� 𝑒𝑒,ℎ(𝜔𝜔ℎ)�+�𝐻𝐻2𝑘𝑘+𝑘𝑘�𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)���𝑘𝑘+𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)�(𝑘𝑘−𝑚𝑚𝜔𝜔2 )−𝑘𝑘2�
             (22) 

𝑎𝑎𝜃𝜃 =
𝜔𝜔0𝐻𝐻𝑘𝑘𝑚𝑚�𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)�

𝐻𝐻2𝑘𝑘2 𝑚𝑚 𝜔𝜔2−𝐻𝐻2𝑘𝑘2�𝑘𝑘� 𝑒𝑒,ℎ(𝜔𝜔ℎ)�+�𝐻𝐻2𝑘𝑘+𝑘𝑘�𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)���𝑘𝑘+𝑘𝑘�𝑒𝑒,ℎ(𝜔𝜔ℎ)�(𝑘𝑘−𝑚𝑚𝜔𝜔2 )−𝑘𝑘2�
             (23) 

where  

𝑘𝑘�𝑒𝑒,ℎ(𝑎𝑎ℎ) = 𝑘𝑘𝑒𝑒,ℎ(𝑎𝑎ℎ) + 𝑖𝑖 𝑐𝑐𝑒𝑒,ℎ(𝑎𝑎ℎ)𝜔𝜔                              (24) 

and 
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𝑘𝑘�𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = 𝑘𝑘𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) + 𝑖𝑖 𝑐𝑐𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃)𝜔𝜔                              (25) 

are the equivalent complex lateral and rotational stiffnesses, respectively. Also, in Eq. (21) 𝑎𝑎 denotes 

the steady state amplitude of the top mass. Similar, although lengthier, expressions can be determined 

by including mass foundation but herein omitted for simplicity’s sake.   

In order to determine the equivalent period of the nonlinear SSI system it is, therefore, necessary to 

calculate: i) the equivalent stiffnesses and damping coefficients by applying Eqs (9), (10), (12) and 

(13); ii) solving the nonlinear Eq. (17) for assigned input frequency 𝜔𝜔 to determine the amplitudes 𝑎𝑎ℎ 

and 𝑎𝑎𝜃𝜃; iii) solve the eigenproblem of Eq. (18) to determine the equivalent fundamental 

periods/frequencies.  

It is noted that stiffnesses and damping have been provided in literature for specific cases and soil 

conditions (see e.g. [19] and [23]) as a function of the foundation displacements and/or rotations. 

They provide a valuable approximation and can be applied in lieu of equivalent stiffnesses and 

damping so to avoid step i). In the most general cases, however, the equivalent stiffnesses and 

damping need to be determined first. In this regard, it is noted, the solution of the integrals given in 

Eqs. (9), (10), (12), and (13) might be challenging from an analytical point of view and they might 

need to be solved through numerical integration. In the following sections, the versatile Preisach 

hysteretic model is tailored for modelling the nonlinear soil-structure interaction and closed form 

solutions will be provided.  

4  Modelling Nonlinear SSI via the Preisach formalism 

Let assume the nonlinear soil hysteretic elements  𝑓𝑓𝑖𝑖(𝑥𝑥, �̇�𝑥) (𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃) are given by the 

superposition of two terms: a zero-memory part 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍 (𝑥𝑥, �̇�𝑥)  and a purely hysteretic part, 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥), 

monitoring the memory of the system (see e.g. [34], [36]). That is,  
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𝑓𝑓𝑖𝑖(𝑥𝑥, �̇�𝑥) = 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍 (𝑥𝑥) + 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥);   𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃    (26) 

The non-hysteretic zero-memory term, 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍 (𝑥𝑥)   in general is nonlinearly related to the instantaneous 

displacements and rotations only and it is strictly related to the backbone of the nonlinear cyclic soil 

behaviour. On the other hand, the hysteretic component 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥), monitoring the memory of the 

system, is a function of the history of 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃  and it governs the energy dissipation of the system 

strictly related to the damping mechanism. According to the Preisach formalism, the hysteresis is the 

result of the superposition of an infinite set of elementary hysteresis operators (hysterons or relay 

operators) 𝑓𝑓𝛼𝛼,𝛽𝛽, having local memory (Fig. 3), whose explicit expression is given by the following 

equation (see e.g., [29, 30]): 

𝑓𝑓𝛼𝛼,𝛽𝛽(𝑥𝑥, �̇�𝑥) = �+1 if 𝑥𝑥 > 𝛼𝛼 or 𝑥𝑥 > 𝛽𝛽 and decreasing
−1 if 𝑥𝑥 < 𝛽𝛽 or 𝑥𝑥 < 𝛼𝛼 and increasing      (27) 

where 𝛼𝛼 and 𝛽𝛽 are the variables that define the Preisach plane. 

 

 

 

 

 

Figure 3: Preisach hysteron 

According to Preisach formalism, the hysteretic term 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) is determined via the equation 

𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) = ∬ 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑓𝑓𝛼𝛼,𝛽𝛽(𝑥𝑥, �̇�𝑥)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽𝛼𝛼≥𝛽𝛽 ,         𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃           (28) 

where 𝜇𝜇(𝛼𝛼,𝛽𝛽) is an appropriate weight function. Note that, in Eq. (27) the decreasing and the 

increasing state can be determined either comparing the previous values of the displacement (or the 

𝑓𝑓𝛼𝛼 ,𝛽𝛽  

𝑥𝑥 αβ

1−

1
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rotation) 𝑥𝑥(𝑡𝑡) or through the sign of the velocity �̇�𝑥(𝑡𝑡). In the latter case the velocity assumes the role 

of events ordering keeping satisfied the rate-independence memory of the hysteresis.  

The investigation of the Preisach formalism is considerably facilitated via the geometric interpretation 

of the model [30].  Indeed, consider now that the weight function 𝜇𝜇(𝛼𝛼,𝛽𝛽) is a finite function defined 

in the domain 𝐷𝐷 within the equation 𝛼𝛼 ≥ 𝛽𝛽, 𝛼𝛼 = 𝛼𝛼𝑃𝑃; 𝛽𝛽 = 𝛽𝛽𝑃𝑃, defining a triangle in the Preisach plane, 

as shown in Figure 4.  Each point of the domain 𝐷𝐷 in the Preisach plane represents a relay operator. 

It follows that in a given time instant the domain 𝐷𝐷 can be subdivided in two sub-domains: the domain 

𝑆𝑆+(𝑥𝑥) encompassing the set of the relay operators in the +1 status, and the domain 𝑆𝑆−(𝑥𝑥) 

encompassing the set of the relay operators in the −1 status, see Figure 4. It can be shown [30], that 

the interface 𝐿𝐿(𝑥𝑥) is a staircase defined by the dominant maxima and minima of the input 𝑥𝑥(𝑡𝑡). 

 

 

   

 

 

 

 

 

Figure 4: The Preisach Plane 

Moreover, if the input increases the final link of the interface will be a horizontal segment, while if 

the input decreases it will be a vertical segment; both segments originate at a point of the line 𝛼𝛼 = 𝛽𝛽. 

This geometric interpretation allows one to rewrite Eq. (28) in the form 

α β=

β

α
Pα α=

Pβ β=

( )tγ

,j jα β

𝑓𝑓𝛼𝛼 ,𝛽𝛽  

𝑓𝑓𝛼𝛼 ,𝛽𝛽  

𝑓𝑓𝛼𝛼 ,𝛽𝛽  

𝑥𝑥 

𝑥𝑥 

𝑥𝑥 

𝑆𝑆−(𝑥𝑥) 

𝑆𝑆+(𝑥𝑥) 

𝐿𝐿(𝑥𝑥) 



14 

𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) = � 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
𝑆𝑆+(𝑥𝑥)

− � 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
𝑆𝑆−(𝑥𝑥)

= 2 � 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
𝑆𝑆+(𝑥𝑥)

−�𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽
𝐷𝐷

 

         𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃           (29) 

Thus, knowing the weight function and the temporal evolution of the domain 𝑆𝑆+(𝑥𝑥) it is possible to 

evaluate the restoring force 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥).  The evolution of the domain 𝑆𝑆+(𝑥𝑥) can be handy determined 

via its geometric representation.  Specifically (see e.g. [30]), the area of the domain 𝑆𝑆+(𝑥𝑥) can be 

decomposed in a set of triangles bounded by the dominant maxima and dominant minima of 𝑥𝑥(𝑡𝑡). 

Thus, setting the area of the triangle bounded by the j-th dominant maximum 𝛼𝛼𝑗𝑗 and by the j-th 

dominant minimum 𝛽𝛽𝑗𝑗 (see Figure 4) equal to 

𝐹𝐹(𝛼𝛼𝑗𝑗 ,𝛽𝛽𝑗𝑗) = ∫ ∫ 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽𝛼𝛼
𝛽𝛽𝑗𝑗

𝛼𝛼𝑗𝑗
𝛽𝛽𝑗𝑗

,       (30) 

the hysteretic term 𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) for the ascending and descending status, Eqs. (28) and (29) are given by 

the following equations (see e.g. [33], [37]): 

𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) = 2 �𝐹𝐹�𝑥𝑥,𝛽𝛽𝑠𝑠−1�+ 2𝐹𝐹�0,𝛽𝛽𝑃𝑃� − 2𝐹𝐹�0,𝛽𝛽0�+ �𝐹𝐹�𝛼𝛼𝑗𝑗,𝛽𝛽𝑗𝑗−1� − 𝐹𝐹�𝛼𝛼𝑗𝑗,𝛽𝛽𝑗𝑗�
𝑠𝑠−1

𝑗𝑗=2
� − 𝐹𝐹�𝛼𝛼𝑃𝑃,𝛽𝛽𝑃𝑃� 

  (31) 

and 

𝑓𝑓𝑖𝑖,𝐻𝐻 (𝑥𝑥, �̇�𝑥) = 2 �𝐹𝐹�𝛼𝛼𝑠𝑠,𝛽𝛽𝑠𝑠−1� − 𝐹𝐹(𝛼𝛼𝑠𝑠,𝑥𝑥) + 2𝐹𝐹�0,𝛽𝛽𝑃𝑃� − 2𝐹𝐹�0,𝛽𝛽0�+ �𝐹𝐹�𝛼𝛼𝑗𝑗,𝛽𝛽𝑗𝑗−1� − 𝐹𝐹 �𝛼𝛼𝑗𝑗,𝛽𝛽𝑗𝑗�
𝑠𝑠−1

𝑗𝑗=2
�

− 𝐹𝐹�𝛼𝛼𝑃𝑃,𝛽𝛽𝑃𝑃� 

(32) 
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Eqs. (31) and (32) can be used along with Eq. (1) to determine the time domain response of the 

nonlinear SSI system with Preisach hysteresis. Moreover, the equivalent stiffness and damping 

coefficients can be determined replacing Eqs. (26), (31) and (32) in Eqs. (9), (10), (12) and (13), that 

is 

𝑐𝑐𝑒𝑒,𝑖𝑖(𝑎𝑎𝑖𝑖) = − 1
𝜋𝜋𝜔𝜔𝜔𝜔𝑖𝑖

�∫ 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 +

                     ∫ 𝑓𝑓𝑖𝑖,𝐻𝐻(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎𝑖𝑖𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 � =

                     − 1
𝜋𝜋𝜔𝜔𝜔𝜔𝑖𝑖

�∫ 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 + 4𝐹𝐹(𝑎𝑎𝑖𝑖,−𝑎𝑎𝑖𝑖) −

                      2 ∫ 𝐹𝐹(𝑎𝑎𝑖𝑖 ,𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗𝜋𝜋
0 + 2∫ 𝐹𝐹(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗,−𝑎𝑎𝑖𝑖) 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗 𝑑𝑑𝜗𝜗

2𝜋𝜋
𝜋𝜋 �,           (33) 

and 

𝑘𝑘𝑒𝑒,𝑖𝑖(𝑎𝑎𝑖𝑖) =
1
𝜋𝜋𝑎𝑎𝑖𝑖

�� 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗
2𝜋𝜋

0
+ � 𝑓𝑓𝑖𝑖,𝐻𝐻(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 ,−𝑎𝑎𝑖𝑖𝜔𝜔 𝑐𝑐𝑖𝑖𝑠𝑠 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗

2𝜋𝜋

0
�

=   
1
𝜋𝜋𝑎𝑎𝑖𝑖

�� 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗
2𝜋𝜋

0
−   2� 𝐹𝐹(𝑎𝑎𝑖𝑖 ,𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗

𝜋𝜋

0

+ 2� 𝐹𝐹(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗,−𝑎𝑎𝑖𝑖) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗
2𝜋𝜋

𝜋𝜋
� 

 (34) 

In deriving Eqs. (33) and (34), owing to the pseudo-harmonic behavior of the response process, the 

dominant maxima 𝛼𝛼𝑗𝑗 and the dominant minima 𝛽𝛽𝑗𝑗 have been set equal to the amplitude value and its 

opposite value respectively. That is: 

𝛼𝛼𝑗𝑗 = 𝑎𝑎𝑖𝑖;    𝛽𝛽𝑗𝑗 = −𝑎𝑎𝑖𝑖.    𝑖𝑖 = ℎ ,𝜃𝜃           (35) 

It has to be emphasized that the weigh function 𝜇𝜇(𝛼𝛼,𝛽𝛽) appearing in Eq. (30) can be determined either 

experimentally through the first-order transition curves [30, 38] or calibrating a model to fit in a least-
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square sense pertinent experimentally or numerically evaluated data (see e.g. [39-40]). Lubarda et al. 

[38] have derived the weight functions in a closed form for the Jenkins model (i.e. linear spring in 

series with a Coulomb friction element) [41] and for the Iwan model [26][42], known also as Jenkins-

Iwan distributed model (composed of an infinite number of Jenkins elements). In the following 

section the particular case of uniform weight function (i.e. Iwan distributed model) will be explored. 

 

5 Steady-state harmonic response of Preisach nonlinear SSI systems with uniform weight 

function: Iwan’s distributed model 

The distributed Jenkins-Iwan model has been proved to be a particular case of the of the most general 

Preisach model (see e.g. Lubarda et al. [38], Spanos et al. [33]) In this regard the pertinent weight 

function 𝜇𝜇(𝛼𝛼,𝛽𝛽) , herein tailored for the SSI problem assumes the following form for the horizontal 

hysteretic element 

𝜇𝜇(𝛼𝛼,𝛽𝛽) = −𝑘𝑘ℎ2

4
1

2𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
,                 (36) 

and for the rotational element 

𝜇𝜇(𝛼𝛼,𝛽𝛽) = −𝑘𝑘𝜃𝜃2

4
1

2𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚
                 (37) 

where 𝑉𝑉𝑚𝑚𝜔𝜔𝑚𝑚 and 𝑍𝑍𝑚𝑚𝜔𝜔𝑚𝑚 assume the role of the limiting horizontal load and maximum attainable values 

of overturning moment of the foundation, respectively, while 𝑘𝑘ℎ and 𝑘𝑘𝜃𝜃 are the elastic stiffnesses (see 

e.g.  [2], [3]) of the given foundation. Owing to the mathematical structure of the weight functions 

(36) and (37), after simple algebra, using Eqs. (30), (33) and (34) closed form expressions of the 

equivalent damping and the equivalent stiffness are determined. Namely, for the horizontal hysteretic 

element 
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𝑐𝑐𝑒𝑒,ℎ(𝑎𝑎ℎ) = 𝜔𝜔ℎ𝑘𝑘ℎ
2

3𝜋𝜋𝜔𝜔𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
 ,                 (38) 

and 

𝑘𝑘𝑒𝑒,ℎ(𝑎𝑎ℎ) = 𝑘𝑘ℎ −
𝑘𝑘ℎ
2𝜔𝜔ℎ

4𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
                   (39) 

and for the rotational element 

𝑐𝑐𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = 𝜔𝜔𝜃𝜃𝑘𝑘𝜃𝜃
2

3𝜋𝜋𝜔𝜔𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚
 ,                 (40) 

and 

𝑘𝑘𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = 𝑘𝑘𝜃𝜃 −
𝑘𝑘𝜃𝜃
2𝜔𝜔𝜃𝜃

4𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚
                   (41) 

Interestingly, substituting the values of the equivalent damping and stiffnesses in Eqs. (24) and (25) 

and recalling the definition of “hysteretic” damping (see e.g., Kramer [43]) , the loss factors 𝜂𝜂𝑒𝑒,ℎ(𝑎𝑎ℎ) 

and 𝜂𝜂𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃), where  

𝜂𝜂𝑒𝑒,ℎ(𝑎𝑎ℎ) = 𝑐𝑐𝑒𝑒,ℎ(𝜔𝜔ℎ)𝜔𝜔
𝑘𝑘𝑒𝑒,ℎ(𝜔𝜔ℎ) = 4

12𝜋𝜋𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
𝑘𝑘ℎ𝑚𝑚ℎ

−3𝜋𝜋
;    ∀  𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

𝑘𝑘ℎ𝜔𝜔ℎ
< 1

4
                              (42) 

and 

𝜂𝜂𝑒𝑒,𝜃𝜃(𝑎𝑎𝜃𝜃) = 𝑐𝑐𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃)𝜔𝜔
𝑘𝑘𝑒𝑒,𝜃𝜃(𝜔𝜔𝜃𝜃) = 4

12𝜋𝜋𝑀𝑀𝑚𝑚𝑚𝑚𝑚𝑚
𝑘𝑘𝜃𝜃𝑚𝑚𝜃𝜃

−3𝜋𝜋
;    ∀  𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚

𝑘𝑘𝜃𝜃𝜔𝜔𝜃𝜃
< 1

4
                              (43) 

which are, as expected, amplitude dependent and frequency independent. It has to be emphasized 

equations (38-41) are determined by the knowledge of the elastic stiffness foundations available in 

literature (see e.g. [3]) and the limiting horizontal load and maximum attainable values of overturning 

moment of the foundation that can be determined through a simple pushover analysis or through 

simplified formulas (see e.g. [19]). Also, it is noted that although Eqs. (33)-(38) can reliably capture 
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the main features of cyclic behavior of soil-foundation interaction for low level of the excitation, they 

might not be able to capture the typical hyperbolic shape of the stiffness backbone and damping.  

In the next section a procedure is proposed to calibrate the Preisach model to fully match 

experimental/numerical evaluated stiffness degradation and damping curves (even beyond the typical 

inflection point). 

6 Matching stiffness degradation and damping curves 

In this section a procedure for calibrating the Preisach model of hysteresis to fit experimental stiffness 

degradation and damping curves is proposed. To this aim, by combining Eqs. (26) and (28), the 

hysteretic element can be rewritten in the following form 

𝑓𝑓𝑖𝑖(𝑥𝑥, �̇�𝑥) = 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍 (𝑥𝑥) + ∬ 𝜇𝜇(𝛼𝛼,𝛽𝛽)𝑓𝑓𝛼𝛼,𝛽𝛽(𝑥𝑥, �̇�𝑥)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽𝛼𝛼≥𝛽𝛽 ;   𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃  (44) 

Assuming the weigh function 𝜇𝜇(𝛼𝛼,𝛽𝛽) is uniform over the whole domain, that is 

𝜇𝜇(𝛼𝛼,𝛽𝛽) = 𝜒𝜒𝑖𝑖              (45) 

Eq. (30) can be solved in closed form, leading to the following equation   

𝐹𝐹�𝛼𝛼𝑗𝑗 ,𝛽𝛽𝑗𝑗� = 𝜒𝜒𝑖𝑖
1
2
�𝛽𝛽𝑗𝑗 − 𝛼𝛼𝑗𝑗�

2
,            (46) 

The equivalent stiffness given in Eq. (34), that is set coincident with the experimentally or 

numerically evaluated stiffness degradation, reduces to 

𝑘𝑘𝑒𝑒,𝑖𝑖(𝑎𝑎𝑖𝑖) = 1
𝜋𝜋𝜔𝜔𝑖𝑖

�∫ 𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑎𝑎𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗) 𝑐𝑐𝑐𝑐𝑐𝑐 𝜗𝜗 𝑑𝑑𝜗𝜗2𝜋𝜋
0 � + 2𝜒𝜒𝑖𝑖𝑎𝑎𝑖𝑖 ≡ 𝑘𝑘𝑏𝑏𝑏𝑏,𝑖𝑖(𝑎𝑎𝑖𝑖)     (47) 

It can be easily proved that Eq. (42) is identically satisfied for the following zero-memory counterpart 

of the hysteretic element:  

𝑓𝑓𝑖𝑖,𝑍𝑍𝑍𝑍(𝑥𝑥) = 𝑘𝑘𝑏𝑏𝑏𝑏,𝑖𝑖(𝑎𝑎𝑖𝑖)𝑥𝑥− 2𝜒𝜒𝑖𝑖𝑎𝑎𝑖𝑖𝑥𝑥             (48) 
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The damping coefficient, on the other hand, given by Eq. (33) reduces to 

𝑐𝑐𝑒𝑒,𝑖𝑖(𝑎𝑎𝑖𝑖) = −8 𝜔𝜔𝑖𝑖 𝜒𝜒𝑖𝑖
3𝜋𝜋𝜔𝜔

             (49) 

and rearranging the above equation, the unknown value of the weight function 𝜇𝜇(𝛼𝛼,𝛽𝛽) = 𝜒𝜒𝑖𝑖 is 

retrieved imposing the matching with the damping curve 𝑐𝑐𝑒𝑒𝑚𝑚𝑒𝑒,𝑖𝑖(𝑎𝑎𝑖𝑖) experimentally or numerically 

evaluated (see e.g. Li et al. [23] and Kramer [43]) 

 𝜒𝜒𝑖𝑖 = −3𝜋𝜋𝜔𝜔𝑐𝑐𝑒𝑒𝑚𝑚𝑒𝑒,𝑖𝑖(𝜔𝜔𝑖𝑖)

8 𝜔𝜔𝑖𝑖
      𝑎𝑎𝑖𝑖 > 0       (50) 

Finally, the Preisach (or also Preisach-Iwan) model of hysteresis matching given stiffness degradation 

and damping curves is given in compact form as  

𝑓𝑓𝑖𝑖(𝑥𝑥, �̇�𝑥) = 𝑘𝑘𝑏𝑏𝑏𝑏,𝑖𝑖(𝑎𝑎𝑖𝑖)𝑥𝑥+ 𝜒𝜒𝑖𝑖 �∬ 𝑓𝑓𝛼𝛼,𝛽𝛽(𝑥𝑥, �̇�𝑥)𝑑𝑑𝛼𝛼𝑑𝑑𝛽𝛽𝛼𝛼≥𝛽𝛽 − 2𝑎𝑎𝑖𝑖𝑥𝑥� ;   𝑖𝑖 = ℎ ,𝜃𝜃 and 𝑥𝑥 = 𝑢𝑢𝐹𝐹,𝜃𝜃  (51) 

in which the first term represents the backbone of the hysteresis loop while the second term monitors 

the memory of the system and the energy dissipation purged by the 2𝑎𝑎𝑖𝑖𝑥𝑥 term so to match a given 

stiffness degradation curve. It has to be emphasized that as both modulus reduction and damping 

curves are present in the calibration process, the proposed model offers a promising strategy to 

overcome the persistent problem with the more widely used non-linear soil models to match 

simultaneously modulus reduction and damping curves. 

 

7  Numerical Results 

7.1 Harmonic steady state response of nonlinear Preisach-Iwan rocking dominated and 

translational dominated systems 
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In this section the harmonic steady state response of two classical models used to investigate the key 

features of soil-structure-interaction systems is explored. Namely, massless foundation translational 

dominated and rocking dominated systems depicted in Figures 5 are herein discussed. 

 

 

Figure 5: 2-DoFs nonlinear soil structure systems: a) translational dominated; b) rocking dominated 

 

By adopting the proposed equivalent spring and damping closed form expressions determined in 

section 5 through the Preisach-Iwan formulation, the steady state solution for the translational 

dominated system Fig 5a are given substituting Eqs. (38) and (39) into Eq. (17) 

𝑎𝑎 = 𝜔𝜔0𝑚𝑚 �𝜔𝜔ℎ 𝑘𝑘ℎ
2(4𝑖𝑖−3𝜋𝜋)+12(𝑘𝑘+𝑘𝑘ℎ)𝜋𝜋𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚�

−𝜔𝜔ℎ 𝑘𝑘ℎ
2(−4𝑖𝑖+3𝜋𝜋)(𝑘𝑘−𝑚𝑚 𝜔𝜔2)+12𝜋𝜋𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚(𝑘𝑘𝑘𝑘ℎ−(𝑘𝑘+𝑘𝑘ℎ)𝑚𝑚 𝜔𝜔2)            (52) 

𝑎𝑎ℎ = − 12𝜔𝜔0𝑚𝑚𝑘𝑘𝜋𝜋𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
𝜔𝜔ℎ 𝑘𝑘ℎ

2(−4𝑖𝑖+3𝜋𝜋)(𝑘𝑘−𝑚𝑚 𝜔𝜔2)+12𝜋𝜋𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚(𝑘𝑘𝑘𝑘ℎ−(𝑘𝑘+𝑘𝑘ℎ)𝑚𝑚 𝜔𝜔2)               (53) 

and for the rocking dominated system (Figure 5b) by substituting Eqs. (40) and (41) into Eq. (17) 

𝑎𝑎 = 𝜔𝜔0𝑚𝑚 �𝜔𝜔𝜃𝜃 𝑘𝑘𝜃𝜃
2(−4𝑖𝑖+3𝜋𝜋)−12�𝐻𝐻2𝑘𝑘+𝑘𝑘𝜃𝜃�𝜋𝜋𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚�

𝜔𝜔𝜃𝜃 𝑘𝑘𝜃𝜃
2(−4𝑖𝑖+3𝜋𝜋)(𝑘𝑘−𝑚𝑚 𝜔𝜔2)+12𝜋𝜋𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚(−𝑘𝑘𝑘𝑘𝜃𝜃−(𝐻𝐻2𝑘𝑘+𝑘𝑘𝜃𝜃)𝑚𝑚 𝜔𝜔2)             (54) 

𝑎𝑎𝜃𝜃 = − 12𝜋𝜋𝜔𝜔0𝑚𝑚 𝐻𝐻 𝑘𝑘 𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚
𝜔𝜔𝜃𝜃 𝑘𝑘𝜃𝜃

2(−4𝑖𝑖+3𝜋𝜋)(𝑘𝑘−𝑚𝑚 𝜔𝜔2)+12𝜋𝜋𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚(−𝑘𝑘𝑘𝑘𝜃𝜃−(𝐻𝐻2𝑘𝑘+𝑘𝑘𝜃𝜃)𝑚𝑚 𝜔𝜔2)             (55) 

a) b) 
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Representing nonlinear algebraic expression that can be readily solved through traditional numerical 

procedures. Interestingly, by introducing the following set of non-dimensional parameters in Eqs. 

(52) and (53) for the translational dominated system: 

𝜓𝜓 = 𝜔𝜔0𝑚𝑚 
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

;  𝑄𝑄 = 𝜔𝜔ℎ𝑘𝑘ℎ
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

;   𝑄𝑄𝜔𝜔 = 𝜔𝜔𝑘𝑘
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

;   𝛼𝛼 = 𝜔𝜔0
𝜔𝜔ℎ

;     𝜂𝜂 = 𝜔𝜔
𝜔𝜔ℎ

               (56) 

and for the rocking dominated system in Eqs. (54) and (55) 

𝜓𝜓 = 𝜔𝜔0𝑚𝑚 𝐻𝐻
𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚

;  𝑄𝑄 = 𝜔𝜔𝜃𝜃𝑘𝑘𝜃𝜃
𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚

;   𝑄𝑄𝜔𝜔 = 𝜔𝜔𝑘𝑘𝐻𝐻
𝑍𝑍𝑚𝑚𝑚𝑚𝑚𝑚

;   𝛼𝛼 = 𝜔𝜔0
𝜔𝜔𝜃𝜃

;     𝜂𝜂 = 𝜔𝜔
𝜔𝜔𝜃𝜃

               (57) 

and taking the absolute value, it is possible to cast a single nondimensional steady state solution for 

both translational dominated and rotational dominated systems, that is: 

𝑄𝑄𝜔𝜔 = 𝛼𝛼2𝜓𝜓� 16𝑄𝑄2+9𝜋𝜋2(𝑄𝑄−4𝛼𝛼2)2

16𝑄𝑄2(𝛼𝛼2−𝜂𝜂2)2+9𝜋𝜋2(𝑄𝑄𝜂𝜂2−𝛼𝛼2(−4+𝑄𝑄+4𝜂𝜂2))2
                 (58) 

and  

𝑄𝑄 = 12𝜋𝜋𝛼𝛼2𝜓𝜓
�16𝑄𝑄2(𝛼𝛼2−𝜂𝜂2)2+9𝜋𝜋2(𝑄𝑄𝜂𝜂2−𝛼𝛼2(−4+𝑄𝑄+4𝜂𝜂2))2

            (59) 

 

where 𝑄𝑄𝜔𝜔 is the non-dimensional amplitude of the top displacement and 𝑄𝑄 is the nondimensional 

amplitude of the base motion (i.e the base translation or rotation). Figures (6) and (7) depict Eqs. (58) 

and (59) for a set of selected parameters and for fixed values of the parameter 𝛼𝛼  (i.e. the ratio between 

the fully fixed frequency and the SSI fundamental frequency) and compared with the results 

determined from the time domain analysis, i.e. solving eq. (1) along with Eqs. (31) and (32) thought 

the 4th order Runge-Kutta scheme. 
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Figure 6 Non-dimensional steady state harmonic response for translational and rocking dominated nonlinear 

SSI systems for various values of the normalized amplitude 𝜓𝜓 and frequencies ratio 𝛼𝛼 = 1.2 a) top 

displacement and b) base translation and/or rotation. Proposed approach (solid line) and time history analysis 

(symbols) 
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Figure 7 Non-dimensional steady state harmonic response for translational and rocking dominated nonlinear 

SSI systems for various values of the normalized amplitude 𝜓𝜓 and frequencies ratio 𝛼𝛼 = 1.3 a) top 

displacement and b) base translation and/or rotation. Proposed approach (solid line) and time history analysis 

(symbols) 

𝜓𝜓 = 0.01 

𝜓𝜓 = 0.05 

𝜓𝜓 = 0.1 

𝜓𝜓 = 0.01 

𝜓𝜓 = 0.05 
𝜓𝜓 = 0.1 

𝜂𝜂 𝜂𝜂 

 𝑄𝑄𝑎𝑎
 𝜓𝜓

 
 𝑄𝑄
 𝜓𝜓

 

𝜓𝜓 = 0.01 

𝜓𝜓 = 0.05 

𝜓𝜓 = 0.1 

𝜓𝜓 = 0.01 

𝜓𝜓 = 0.05 
𝜓𝜓 = 0.1 

𝜂𝜂 𝜂𝜂 

 𝑄𝑄𝑎𝑎
 𝜓𝜓

  𝑄𝑄
 𝜓𝜓

 
 𝑎𝑎) 𝑏𝑏)  

 𝑎𝑎) 𝑏𝑏)  



23 

From the exam of the figures, it can be seen the excellent matching of the proposed approximated 

solution of the harmonic steady state responses and the numerical integration. It has to be emphasized 

the numerical integration required an ad-hoc implementation. Even if the Runge Kutta procedure is 

embedded in various mathematical packages, the solution of Eq. (1) in conjunction with Eqs. (31) 

and (32) requires the storage of the dominant maxima and dominant minima at each step, which is 

difficult to combine with built-in subroutines.  

Moreover, the figures show clearly the range of values in which nonlinear SSI provides larger values 

respect to the linear assumption of the SSI despite there is an increment of the damping ratio and a 

period elongation. The latter can be determined by introducing the non-dimensional parameters given 

in Eqs. (56) and (57). Specifically, the stiffness degradation and the equivalent loss factor are given 

by the following equations 

𝑘𝑘𝑒𝑒,𝑖𝑖(𝑄𝑄)
𝑘𝑘𝑖𝑖

= 1 − 𝑄𝑄
4

;    ∀𝑄𝑄 < 4 ;   𝑖𝑖 = ℎ,𝜃𝜃             (60) 

and 

𝜂𝜂𝑒𝑒,𝑖𝑖(𝑄𝑄) = 4𝑄𝑄
12𝜋𝜋−3𝜋𝜋𝑄𝑄

;    ∀𝑄𝑄 < 4 ;   𝑖𝑖 = ℎ,𝜃𝜃             (61) 

while the ratio of the equivalent period over the fully fixed period is given by  

𝑇𝑇𝑒𝑒(𝑄𝑄)
𝑇𝑇

= �
𝜑𝜑

1−𝑄𝑄4
+ 1                     (62) 

where the non-dimensional parameter 𝜑𝜑 is introduced and it assumes the following values for soil- 

structure-interaction systems translational dominated  

𝜑𝜑 = 𝑘𝑘
𝑘𝑘ℎ

                                                (63) 

and for rotational dominated  
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𝜑𝜑 = 𝑘𝑘 𝐻𝐻2

𝑘𝑘𝜃𝜃
                                                (64) 
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Figure 8 Stiffness degradation a) loss factor b) and ratio of equivalent period c) versus the non-dimensional 

base displacement (or rotation) amplitude.  

From the exam of Figure 8, it is clear that the Preisach-Iwan model is able to capture typical stiffness 

degradation and damping curve up to the inflection point. 

 

 

7.2 Harmonic steady state response of a simple structure on batter pile foundation   

In this section, the steady state response of a simple structure on batter pile foundation resting on 

Fontainebleau sand extensively studied by Li et al [23] and validated by centrifuge tests is herein 

addressed. The nonlinear soil-structure interaction problem is modelled by a 3DoF system (see Figure 

2) with base horizontal and rotational spring and dashpot elements given by the following equations 

[23]: 

𝑘𝑘ℎ(𝑎𝑎ℎ) = 𝑘𝑘ℎ𝑚𝑚𝑚𝑚𝑚𝑚
1+αh 𝜔𝜔ℎβh                (65) 

𝑐𝑐ℎ(𝑎𝑎ℎ) = Dhmax�𝑚𝑚ℎ �
𝑘𝑘ℎ(𝜔𝜔ℎ)
𝑘𝑘ℎ𝑚𝑚𝑚𝑚𝑚𝑚

�
2
− 𝑠𝑠ℎ �

𝑘𝑘ℎ(𝜔𝜔ℎ)
𝑘𝑘ℎ𝑚𝑚𝑚𝑚𝑚𝑚

� + 1� 2�𝑘𝑘ℎ(𝑎𝑎ℎ)m𝐹𝐹     (66) 

𝜂𝜂𝑒𝑒 ,𝑖𝑖(𝑄𝑄) 𝑇𝑇𝑒𝑒(𝑄𝑄)
𝑇𝑇

 
𝑘𝑘𝑒𝑒 ,𝑖𝑖(𝑄𝑄)
𝑘𝑘𝑖𝑖

 

𝑄𝑄 𝑄𝑄 𝑄𝑄 

 𝑎𝑎) 𝑏𝑏)  𝑐𝑐) 

𝜑𝜑 = 0.5 
𝜑𝜑 = 1 

𝜑𝜑 = 2 
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𝑘𝑘𝜃𝜃(𝑎𝑎𝜃𝜃) = 𝑘𝑘𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚
1+α𝜃𝜃 𝜔𝜔𝜃𝜃β𝜃𝜃

           (67) 

𝑐𝑐𝜃𝜃(𝑎𝑎𝜃𝜃) = D𝜃𝜃max(𝑚𝑚𝜃𝜃(𝑘𝑘𝜃𝜃(𝜔𝜔𝜃𝜃)
𝑘𝑘𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚

)
1.1
− 𝑠𝑠𝜃𝜃(𝑘𝑘𝜃𝜃(𝜔𝜔𝜃𝜃)

𝑘𝑘𝜃𝜃𝑚𝑚𝑚𝑚𝑚𝑚
) + 1)2�𝑘𝑘𝜃𝜃(𝑎𝑎𝜃𝜃)IF;    (68) 

whose relevant parameters are given in Table 1.  

 

Table 1: Main constant for horizontal and rotational stiffness degradation and damping curves for 

batter pile foundation after Li et al. [23] 

i=ℎ, 𝜃𝜃 𝑘𝑘𝑖𝑖𝑚𝑚𝜔𝜔𝑚𝑚 αi  βi  Dimax - 𝑚𝑚𝑖𝑖 𝑠𝑠𝑖𝑖 

Horizontal 2.3 × 105𝑘𝑘𝑘𝑘/𝑚𝑚 200 1.05 0.6 0.88 1.8 

Rotational 2.35 × 106𝑘𝑘𝑘𝑘𝑚𝑚/𝑟𝑟𝑎𝑎𝑑𝑑𝑐𝑐 5.0 × 103 1.4 0.6 0.63 1.5 

 

Additional details can be found in the pertinent reference [23].  The lateral stiffness degradation and 

damping curves are depicted in Figures 9 and 10. Specifically, Figure 9 shows the lateral stiffness 

and damping versus the base displacements 

 

 Figure 9 Horizontal stiffness degradation a) and damping b) curves for batter pile foundation after Li et al 

[23]  

𝑘𝑘ℎ(𝑎𝑎ℎ) 

𝑎𝑎ℎ 𝑎𝑎ℎ 

𝑐𝑐ℎ(𝑎𝑎ℎ)
2�𝑘𝑘ℎ(𝑎𝑎ℎ)m𝐹𝐹

      𝑎𝑎) 𝑏𝑏)  
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while the degradation of the rotational stiffness and damping are depicted in Figure 10 
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Figure 10 Rotational stiffness degradation a) and damping b) curves for batter pile foundation after 

Li et al [23]  

The procedure proposed in section 6 is therefore herein applied. The steady state response is then 

evaluated and compared with the results from the time history analyses. Relevant results are reported 

in Figures 11 and 12. Excellent match is determined also in this case despite the strong nonlinearity. 

Moreover, Figures 13 and 14 present the comparisons of the numerically evaluated trajectories 

(harmonic input at 2Hz) of the absolute top mass displacements (𝑢𝑢𝑇𝑇 = 𝑢𝑢 + 𝑢𝑢𝐹𝐹 + 𝐻𝐻 𝜃𝜃) for both 

superstructure heights H=5.12m and H=14.16m with the steady state solution determined through the 

proposed approach. Steady state results are in excellent agreement and practically coincident with the 

centrifuge results provided in [23].   

  

𝑘𝑘𝜃𝜃(𝑎𝑎𝜃𝜃) 

𝑎𝑎𝜃𝜃  𝑎𝑎𝜃𝜃  

𝑐𝑐𝜃𝜃(𝑎𝑎𝜃𝜃)
2�𝑘𝑘𝜃𝜃(𝑎𝑎𝜃𝜃)IF

 
 𝑎𝑎) 𝑏𝑏)  
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Figure 11 Steady state response of the 3Dof System after Li et al [23]  for batter pile foundation and 

H=5.12m: a) top relative displacement, b) base translation c) base rotation. Proposed approach (solid line) 

and time history analysis (symbols) 
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Figure 12 Steady state response of the 3Dof System after Li et al [23]  for batter pile foundation and 

H=14.16m: a) top relative displacement, b) base translation c) base rotation. Proposed approach (solid line) 

and time history analysis (symbols) 
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Figure 13 Comparison of the time history of the absolute top mass displacement (solid line) and steady state 

solution (dashed line) after Li et al [23]  for batter pile foundation and H=5.12m 

 

 

Figure 14 Comparison of the time history of the absolute top mass displacement (solid line) and steady state 

solution (dashed line) after Li et al [23]  for batter pile foundation and H=14.16m 

 

7.3 Harmonic steady state response of an onshore wind turbine on a shallow foundation  

In this section a practical application of the proposed approach is presented to analyse the steady state 

response of the 1.5 MW reference wind turbine designed by the National Renewable Energy 

Laboratory [44-45] reported in Figure 15. The wind turbine tower is 82.3m tall supported by a 17m-

diameter circular foundation. The marine soil deposit is a saturated Drammen clay [46] with a 

plasticity index PI =27%, a clay content of 45–55% and Liquid Limit of 55. The upper soil layer is a 

25.5m-thick soft clay over a 42.5m-thick medium-hard clay layer; properties are reported in Table 2. 

The finite element model of the whole soil-foundation-structure system is depicted in Fig 16. The 

u𝑇𝑇(𝑡𝑡) [𝑚𝑚]  

𝑡𝑡 [𝑐𝑐] 

u𝑇𝑇(𝑡𝑡) [𝑚𝑚]  

𝑡𝑡 [𝑐𝑐] 
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steel tower is simplified through beam elements with a constant hollow cross-section of diameter 

4.6m and thickness 0.013m. An elastic material with elastic modulus, 𝐸𝐸, of 2.0x1011 Pa and Poisson’s 

coefficient, 𝜈𝜈, of 0.3, is used. The total mass of the tower and of its components is idealized as lumped 

mass, mwt, of 78600kg at the top of the tower. The disk foundation of 3m thickness is modelled as 

rigid body with mass of 1634257kg and moment of inertia of 33195835 kgm2. 

The upper soil layer is simulated as ideal elastic-plastic material with yield stress equal to the 

undrained cohesion of Table 2 whilst the bottom layer is considered to remain elastic. 

The nonlinear soil-structure interaction problem is therefore addressed through the Preisach-Iwan 

model using the closed form expressions presented in Eqs. (38)-(41) with elastic translational and 

rotational stiffness given by the following expressions [47]:  

𝑘𝑘ℎ = 8𝐺𝐺𝑠𝑠1𝑅𝑅
2−𝜈𝜈𝑠𝑠1

1+ 𝑅𝑅
2𝐻𝐻𝑠𝑠

1+ 𝑅𝑅
2𝐻𝐻𝑠𝑠

𝐺𝐺𝑠𝑠
1

𝐺𝐺𝑠𝑠
2

                (69) 

 

𝑘𝑘𝜃𝜃 = 8𝐺𝐺𝑠𝑠1𝑅𝑅3

3�1−𝜈𝜈𝑠𝑠1�

1+ 𝑅𝑅
6𝐻𝐻𝑠𝑠

1+ 𝑅𝑅
6𝐻𝐻𝑠𝑠

𝐺𝐺𝑠𝑠
1

𝐺𝐺𝑠𝑠
2

             (70) 

where 𝐺𝐺𝑠𝑠𝑖𝑖 is the shear modulus of the ith-layer, R is the radius of the foundation and 𝐻𝐻𝑠𝑠 is the thickness 

of the upper layer. Using the data reported in Table 2, the calculated soil-foundation translational and 

rotational stiffness are equal to 𝑘𝑘ℎ = 9.856 × 108N/m,  𝑘𝑘𝜃𝜃 = 5.3585 × 1010Nm/rad  

respectively. 

 A pushover analysis is performed to derive the ultimate translational and rotational capacity of the 

foundation, Vmax=4657790N and Mmax=50146770Nm, respectively. The latter values along with 

Eqs. (69) and (70) are used in Eqs (38-41) to define the equivalent stiffness and damping according 

to the Preisach-Iwan model. 
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Nonlinear analyses are carried out by considering an external harmonic forces at several frequencies 

applied at the top of the tower with intensity 𝐹𝐹0 = 0.5𝑚𝑚𝑤𝑤𝑤𝑤 and  𝐹𝐹0 = 1.0 𝑚𝑚𝑤𝑤𝑤𝑤. A dynamic implicit 

step-by-step algorithm is used to perform the dynamic analysis in ADINA by setting the Newmark’s 

parameters, 𝛾𝛾 = 0.6 and 𝛽𝛽 = 0.3025, to damp out noises and to stabilize the integration scheme (see 

e.g. [48]). 

 
Figure 15: Geometry of the wind turbine and soil stratum for the nonlinear SSI analysis 
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Figure 16: FE model of the wind turbine and soil stratum for the nonlinear SSI analysis 

 

Table 2: Geometrical and mechanical soil data 

Soil Vs Hs [m] 𝐺𝐺𝑠𝑠 [Pa] 𝜈𝜈𝑠𝑠 𝜌𝜌𝑠𝑠 [g/m3] 𝐶𝐶𝑢𝑢 [Pa] 

Soft Clay 100 25.5 22000000 0.3 2200 30000 

Hard Clay 200 42.5 88000000 0.3 2200 - 

 

Figure 17 shows the comparison of the steady state calculated through the proposed approach 

modelling the wind turbine as 3Dof system and through the time history analysis performed in 

ADINA. Excellent match has been found also in this case. It is worth to emphasize from a 

computational point of view that the whole curve determined through the proposed approach required 

few seconds to be run while the FE solution required few hours. 
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Figure 17: Steady state response of the top displacements of the wind turbine: comparison between the 

proposed method (solid line) and FE results (symbols). 

 

8  Concluding Remarks  

In this paper, the steady state response for nonlinear soil-structure interaction problems is determined. 

To the best knowledge of the authors this is the first contribution addressing the steady state study of 

nonlinear soil-structure interaction problems in analytical (although simplified) fashion. By 

modelling the soil through a set of horizontal and rotational nonlinear springs, the harmonic balance 

approach is applied. Various closed form solutions have been derived to determine the equivalent 

period, damping and steady state amplitude. Furthermore, the Preisach formalism has been adopted 

to capture the hysteretic behaviour of soil for small and medium strain condition (therefore, the 

dependency of stiffness and damping from the number of cycles has been neglected). It has to be 

pointed out that that is not a limitation of the Preisach formalism as it might be able to capture very 

complicated phenomena including strain degradation for large deformations and foundation uplifting, 

but for those cases the dynamic response might not exhibit a steady state, therefore those phenomena 

have not been included in this paper. By using the Preisach-Iwan type hysteretic model, the proposed 

approach led to closed form solutions of the equivalent stiffness and damping foundation as a function 

of the ultimate base horizontal force and moment and the elastic foundation stiffnesses. Despite the 

𝑎𝑎 

𝜔𝜔 

𝐹𝐹0 = 0.5𝑚𝑚𝑤𝑤𝑡𝑡  

𝐹𝐹0 = 1.0𝑚𝑚𝑤𝑤𝑡𝑡  
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simplicity of the soil-structure-interaction model the comparison with realistic case scenarios showed 

an excellent accuracy and therefore the potential use for predesign purposes in a wide range of 

applications. 
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